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1. INTRODUCTION

In prof. Miyasawa’s paper, “An economic survival game”, there
seems to be one problem that requires more detailed consideration. More
prseicely, the functional equation (2. 1) in theorem 1 holds true only
under the conditions that V{(zx) defined in the above paper is finite for
x£>0, and that optimal strategies which attain this value exist, and
among which at least some are stationary in the sense that withdrawal
policy is independent of the periods or stages of the game. In this note
we shall deal with the problem more rigorously, considering first the
game {2y where the game should be terminated at the 7-th period unless
the ruin has not occurred before, and then all that remains should be
withdrawn ; then considering the limiting case when T tends to infinity.

2. THE EXISTENCE OF THE LIMITING VALUE

We denote the value of the game 27 as Vy(x), the meaning of
which is similar to that given in (1) and will be seen immediately.

Evidently, Vo(x)=max(x, 0).
We define GT(x)———wa Ve(x+2)dF(z: x), for >0
=0 for =0

then it is easily seen that
V(@)= sup (y+Gri(x—y))
(<y=r

=x+ sup (Gr-(y)—y) for >0
I=ysz

=0 for =<0

Lemma 1: Vi(x) and Gr(x) are monotone nondecreasing with 7.
Proof : We proceed by induction.

Since G,(0)=0, Vile)zx=Vi(x) for x>0

0=Vo(x) for =0

114



A Remark on Economic Survival Game 115

Gl(x)zprl(x—i—z) dF(z; )

gpro(xAAz) dF(z : 2)=G(x).

Assume that Ve(x)z Ve (x) and Grlz)ZGr(x), then
Ve (x)=2+sup(Gr(y)—y)
Zx+sup(Gr-(y)—y)=Vr(x),

GT+1(.Z‘)=p/ Vin(x+2)dF(z: x)

gprT(x»Jf-z) dF(z: 2)=G(x)
which completes the proof.
Lemma 2: If / (x+2)dF(z; ) :)'x—}-B for all >0

for some positive constant B,
Gr(x)—Gr- ()< Bp™!
Ve(x)— Vi (x)=BpT
Proof : First it is observed that

Go(x)=pro(x+z)dx(z 1 x)

for all x>0.

=pf:<w+.z>dF<z . #)<x+Bp.
Hence Vilz)— Vo(.il/'):S!l/lp(GT(y)——y)_S_Bp.
Assume that Ve(x)—Vri(x)=Bp” then
Gr(a)=Gra(e)=p [ [ Vata+a)=Vas(a+2) dF Gz : 2)

<p f Bo? dF(z : 2)=Bp™
Vea—Velx) =51;1>(Gr(y) —y)— sgp(GH(fy) —y)
ésgp.’ GCr{y)—Gr-(y))=BpT

which completes the proof.

Theorem 1: If the condition of lemmma 2 holds, Vy(&) and Gr(x) con-
verge uniformly to limits V(x) and G(x) respectively, as T tends to
infinity, and for which it holds that

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



116 Kei Takeuchi

V(oc)=ac+0 Ssup (S for >0
=0 for <0
G(x):pr(x-!—z)dF(z 1 x).

Proof : The uniform convergence is garanteed by lemmas 1 and 2, and
by the uniformity of convergence relations among G and V are maintained
in the limit.

Corollary : If F(x : z) is independent of & and

E(Z) :fz dF(2)

exists and is finite, Gr and Vr converge.
Proof: The existence of E(Z) implies

5iﬂ°z dF(2)<oo
and f :<x+z)dF<z>gx f “dFC+ ﬁ " dF(D)=zte
Lemma 3: If some C> !1) and D>0,
f_:<x+z) dF (z: 2)=Cx—D for all x>0
then Vr(®) - (00— DpT(CT=1J(C—1)  for all &>0.
Gr.(x)

Proof: The proof is done also by induction.
For V, the inequailty holds evidently, and assuming that it holds for
Vr we have,

G2(x)=p f V(2 dF (z: )

20 [ (00w +2)=Dpm(CT=DIC—D)IF(z : 2)
2 p((pCHT(Cx—D--DpT(CT-D[(C-1))
:<pC)T+1x_DpT+1(CT+1_1)/(0_1)
VT+L(-Z')=-%'+(‘SS‘~;§E(GT(ZI/>_Z/)
=+ sup ({(C)THy —Dp™(CT' =D /(C—1}—y)
JIST
:<pC>T+Ix_DpT+1(CT+1_1)/<C_1).
Theorem 2: If the condition of lemma 3 holds the value Viy(x) di-
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verges to infinity.

When neither of the conditions of lemmas 2 or 3 holds, the con-
vergence or divergence of Vy{(x) cannot be ascertained immediately, and
it may happen that it depends on the value of x.

Lemma 4: V:(x) is monotone increasing in x.
The proof of this lemma is obvious.
Theorem 3: If for some x>0, it is shown that
Ve(xo)—oo as T—oo;
then for all x such that x>z, or

fwdF(z L 2)>0
x

]

Ve(x)—oo when T tends to infinity.
Corollary: If Vr(xy)—oo, and there exists a sequnce of x's: &, <%y -
<&, such that x,=x, and that

JIC e =23 .
then V{(x,)—oco.

3. THE EXISTENCE OF OPTIMAL STRATEGIES IN 2r

We shall next consider the problem whether there exists an opti-
mal strategy which attains the value of the game discussed in the pre-
vious section. We shall denote a withdrawal strategy at the initial period
of Q7 as wy(x), then whole of a strategy in 27 can be identified with a
sequence {wi(x)) k=12, ---T.

Lemma 4: For all T and for any ¢>0, there exists a sequence {wi(x)}
which is e—Dbest, that is, which attains a value not smaller than Vy(x)—e.
Proof: Let wi(x)=w’ be such that

Gra(y)—y"Z sup (Gy)—y)—,5;  Wherer yo=z—w’

then the sequence {w;(&)} satisfies the condition.
Theorem 4: If Vy(x) converges to a function V(&), then there exists
a strategy in £ which attains a value not smaller than V(&) —e.
We shall hereafter assume that the distribution of z, 7. e, F(z: x)
is independent of x, and will be denoted by F(z).
Under this assumption it holds that
Lemma 5: Vy(x)— Ve (x) and Gr(x)—Gr-1(x) are monotone non
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decreasing for >0, for T=1,2,-----
Proof: We shall proceed by induction.
It is evident that
Vi) — Vo(x) = sup (Go(y)—y)
<Y<

is monotone in x.
If Ve(x)— Ve (x) is monotone non decreasing,
Gr(a)=Gra@ =p [ 1 Valo+2) = Ves(a+2))AF@
-2

is also. We shall show that the monotonicity of the left side of the above
implies in turn that of

V() — V()= sup (Gr(y)—y)—sup (Gr-,(y)—y).

0sv< 0Sy<w

Let x;>x.>0, then sup (Gr(y)—y)=max( sup (Gr(y)—y), sup (G¢(y)
I=ysw1 (SYsze reSYSw1
—)) I sup (Gr(y)—y)=sup (Gr(y)—y), then
ISysT1 ISyswz2
Ven(x) — Ve(e) = sup (Gr(y)—y)— sup (Gr-(y)—y)
ISy<re ISy

=Vrulx)— Vi(2:)
and if sup (G (¥)—y)> sup (G (y)—y)
ISyses ISysw2

then there exists an x, such that
21>x0>%, and Gra(2)—x0>Gr(y)—y for all 0=y=<x,.
Since Gr(x)—Gr-1(x) is monotone,
Gr(x)— 202Gy —y—(Gr () —Y)+Gr1(20) — 20
>Gr(y)—~y for all 0<y<xs.

Consequently, sup (Gr(y)—y)— sup (Gr-1 (D —y)
=y I=Sy=r1
> sup (Gr(y)—y)— sup (Gr-((¥)—¥)
TIPS T Y
> inf (Go{y)—Gr(¥))
22 Yy
> sup (Gr(y)—Gr1(y))
(Sy=sme
2 sup (Gr(y)—y)— sup (G- (¥ —y)
ISysz? ISy=re
form which it follows that Vy« () —Ve(x)> V() — Vi),
Generally there does not necessarily exist an optimal strategy in
2r, but if Gp(x) is right continuous, there is an optimal strategy, for
then Gr(x)—x will have no negative jumps since Gr(x) is monotone
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non decreasing, and ssugz (Gr(y)—1vy) is attained by some value of .
[th7)

However, optimal strategy may not exist even in the simplest case
£,. Tt is easy to see that this actually happens when Gy (y)—y is mono-
tone decreasing for 0<y<x and lim G¢(y)#0. This circumstance is due

y—0

to the assumption that as long as we have however small amount of money
we can continue the game; but it is not perfectly realistic, and the as-
sumption that we can continue the game unless our money gets below
some fixed amount K is easier to handle and may seem more realistic. We
assume K is equal to zero, for it causes no essential loss of generality.
(Though some complexity may occur about the “clearance”.) In this
case the definitions of Gr(x) and V;(x) are slightly altered so that

GT(x)zpfw Vire(e+2) dF(2) for x>0.
and
Ve(x)=x+ sup(Gr(y)—1) for £>0.
oSy

Lemma 6: Gr(x) and Vy{x) defined as above are right continuous
for T=0,12,-----

Proof: Go(z)=p f " (2+DdF2) = pr(1— F(—5—0)) 4 p f "2 dF(2)

is certainly right continuous.
It is easy to see that the right continuity of Gr-;(x) implies that

of Vi(x); and since Vy(x+42+z) is monotone in Jdzx, Alirn Ve(x+dax+
x—+0

2)=Vpelx) impliesAiLriloGT(x+Ax) =Gp(x)
Thus it is shown that sup (Gr(y)—y) is attained in the interval
[0, x], and there there exists avalue y,° such that yz%=min{y*: Gr(y*)
—y*=sup (Gz(y)—y}
Lemma 7: y;° for T=1,2, - are monotone non decreasing.
Proof : Gr(yr)—~Gr1(yr®)
:man(GT(y)—y) ~(GCr1(yrH—yr*

2Gr(yY—yr— H};IX(GT—I(’!/) -y

=Gr(Yr-1)—Gr-1(yr-®
which, combined with the monotonicity of Gr—Gr;, establishes the
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lemma.
Theorem 5: The functions V(z) and V(&) are right continuous, and
if we put y°=;im y7°, it holds that

@) —y’=max(G{y)—y).
=ysw
Proof : The uniformity of convergence of Gp(x) and Vy(x) assures the

theorem.

4. THE EXISTENCE OF OPTIMAL STRATEGY IN 2

We shall now prove the following
Theorem 6: If Gy(x) and Vy(x) converge uniformly to G(x) and
V(x) respectively, and let = {w%(x)} be a stationary strategy such that
w(x)=x—y° and G(y*)—y’=max(G(y)—y), and ¥° is bounded. Then
70 is an optimal strategy for Q7.
Proof : We shall show that
Vizx, i‘&):li;n Velz, %)zliTm Ve(x)=V(x).

Let ¢ be any positive constant, then for sufficiently large T
sup (Gr(y)—y)—(Gr(y®)—y®)
(=<y=e
= 0SSI;EGG(GTQ/)—-Z/)-- sup (G —P+GYH—Gr(y")

=< sup (G -GN +GYH—Gr(y"» <e.
Put My= sup (Vr(x)— V(x, %), since

Ve(x)— Velx, )= sup (Gr-(y)—y)
ISysz

—(prT-l(yo+z ) dF(z - ) —y®)
=3sup (Gr-1(Y) =y~ (Cr(y)—y")

4o f (Vea(+2)— Vi (g0+z ; ) dF(z : o),

it is shown that Mr=Cr+pMyr_,, where Cr is a positive constant and
CT—>O as T.

It is easily seen that Vi(x,w)=x—y° and since Vy(x)— Vo(x,w)
=y% is bounded, M, is finite. And in view of the lemma below, it is
shown that Mr—0, which completes the proof.

Lemma 8: If for two sequences of positive constants {My} and {Cyr}
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Mr=Cr+pMr, =12,
0<p<1
then lim Cr=0 implies lim Mr=0.
Proof : Let Ny=Mgz/pT then Ny— Ny <Cr/pT, from which it it seen

that Mp<pTNT< }: pT-*Cy+ pTM,.
k=0
Assume that for k> K, C;<e, then for T>K,
K i
MTngZ Ck/pk‘i‘ Z pT_k6+pTM0
k=1 K+1

K
ékaZ Culp* +el(1—p)+p™M,.
=1

Since ¢ can be taken arbitrarily small, the lemma is proved.
Corollary : If F(z:x) is indepent of &, theorem 6 holds.
Proof : What remains to be proved is the boundedness of ¥°.
In a similar way like in lemma 2 and theorem 1, it is easily proved
that G(x)=x+C, from which it follows that y°=<C/(1—p), since for
y>C/(1—p)G(y)—y becomes negative.
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