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1. PROBLEM

In this paper we consider the problem of deciding the order in which
n items should be processed by m machines in order to minimize the
time required to complete all the operations.

Let m machines be named by M, M, M, and let m, ; be the
time required to process the ith item on the machine M, where the pro-
cessing requires that the machines be used by the some numerical order
for any item.

2. SOLUTION

In the following, we use the functional-equation approach. [1]
Let us define
fl, 3, ; 1=the time consumed in processing the remained items after
the processing of some definite sequence S of items, when the
machine M, is committed #,-; hours ahead for the machine M;_,,
k=2, 3, m ; and an optimal scheduling procedure is employed.

m=1

In this case, the last machine M, is committed =3 /; hours
k=1

ahead for the first machine M,.
Then, after the sequence S of items, if fth item is processed first,
we have (see Fig. 1)
S, g, s Bl=m+fT0, 5, ; 9G, O]

m
g, t)=,‘Z:2{mk,¢+max<f1(c'—)1—mk—1.i, 0}
where 0=t

8 =t —max(me-1,1— 12, 0)

If we choose the j th item to follow, we obtain, by putting
A(”:mh-l.t—mk,j+max(t)(¢‘)—mk,iy 0),
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Gantt chart
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Fig. 1.

SO, gy i Hl=mygtmy 4+ £10, 0, ; 9(, 4, ©)]
g(i, j, t)=mz,,+max(A§“, 0)
+ms, ;+max[ AP —max(— A, 0), 0]
+ms, ;+max[A® ~max[max(— AP, 0)— A, 0], 0]
+ms, ;4 max[A{® —max[max[max(— A, 0)—A°, 01— A", 0], 0]

+Mm, s+ max[ A% —max[max[max------max[max[max
(—AP, 0)—A4P, 01—A, 0] 1 —ARs, 0]—AS.,, 0], 0]

m
=3 {my, ;+max[ALP, —max[max[ - max[max[max(—A®, 0
k=2

—AP, 01—A, 0] 1—Af2,, 0], 01} (1
On the other hand, if we interchange the orders of the ith item
and the j th item, we obtain similarly

S, gy s tl=my g+my +f10, 0,5 9(j, 4, )]
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=g(J, i, t)Z{mk ++max[ AP —max[max[--- max[max[max

<—A§”, 0)— AP, 01— 457, 0]----]— AL, 01, 01} (2)
where H#P=t,
tr(c")=tk-—max(m,,_1‘j—tfc’_)l, 0),
k=1, 2, , m—1,

and

p
Akj)=mk+x,j +mk,¢+max(t§c”-—mk ED 0)

k=1, 2, , m—1.
So that, in the case when g¢(i, j, £)<g(j, i, ¢), after the /th and j th item
of the above both cases, if new f-term g which follows from ¢(i, j, ¢) is
smaller than the corresponding ¢-term for the g(j, ¢, ¢) for any of the
following items, than the order of operations which minimizes new f-term
is optimal. That is to say, if this condition follows we choose the order
of the items which yields minimum of ¢(i, j, #) and ¢(j, i, 1).
Hence, we obtain the next theorem.

Theorem. An optimal ordering is determined by the following rule:
‘When the above mentioned condition follows, item ¢ precedes item j if
g, j, O<g(4, i, D

If there is equality, eithere ordering is optimal, provided that it is
consistent with all the definite preferences.

3. SPECIALIZATION

In the case when m=2, the condition of the theorem holds and we
have the same result as both S. Johnson and R. Bellman had shown. [1],
{23.
For the case when m=3, for example, if
Min My ZMAX M4,

then, as we have
(€]
£, B Ste=mny,

the condition of the theorem holds. (see Fig. 2)

In this special case, we obtain, in (1)
Ak =Mp+1,1— My, 5, k—_—l, 2, ...... , m_z;
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Gantt chart
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Fig. 2.
and than
max(—AE“, O =my, ;—may,
2 8
max[max(—Af®, 0)—A45", 0] =§m,,,—§m;,;,
3 4
max[max[max(—A{, 0)—A45°, 01— A5, szzzlml'j—tz:zml’i’
Consequently, from (1) we have
m
g0, j, H=2 [mk,j+max[(mk,t—mk—l,j)
k=2
k-2 k-1 =
“(Zml,j—zml,i), 0 ‘}+mm,j
=1 1=2 §
r " m=-2 m-1 “!
+max\'A$,,)_1—<Zm;,j—sz¢,i), 0_] (3)
1=2 =

where
W _ OB 0
A,,._l—-m,,.,g—-mm_l,,+maX( m—=1—Mm-11, )

ke
=My =My, j— M+ MAXE L1, M ,8)

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



174 Ichiro Nabeshima

1D =t —max(Mp2 s~ s, 0)
= — M2t Emer -+ MINER2, M2 o)
= — Mm2,gt Emer ez
= —Mim-2.4+Em-1+ bz —MAX (Mg s—E 503, 0)
=—WMmp-2,i— Mnp-3, i+im-1+tm- 2+m1n(tm 3, mm-a,i)
= — (Mm-2,4F Mm-3,0) +Em-1+HEm-2Htais

m-2 m=1

=— Y mt+ 2 h
1=1 1=1
m-2

=—23 my+t
i=1

Hence, (3) becomes

m-1

k k-1
9G, j, = Z {mm,+max[§mz,i—lz_lmz,y, 0”
3 m-1 m=1 -
+Mm,j+ max[-lzzml‘»t'— lz;;mt’j_ lzlml’i
m=1
+max(t, Zm“), OJ
1=l

m
= Z mk,,+max[mm_¢—m1,¢— Z my, 5
k=2 1=1

m—1
+maX(t, > mu), 0}
=1

=My My, j+mm t+Mu, g
r m-1 —1
+max t Z my i, m; e mm,¢+ Z m;,, !
o =1 o4

Similarly we have

g(j, i 8
=—My j— My 1t W, 5 M ¢
m-1

+max( Zml Js MU, — My 5+ Z'mnj

i

Hence, from g(i 1, t)<g(], i, 1) we have
m-=1

max{_t Zm; & My Mm i+ Zml !i

m-1 m-1

q
<max[t, Z}mu, ml,j-»m,,.,j-%- ZmuJ
= i=1
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So that, if

m-1 m=1
max[ Z My s, My~ My i+ Z m;_j—J
=1 1=1

m-—1 m-1
<max$'l§__:1mz.j, My j— My, j+ zzzlml‘;} (5)

L

then the left hand of (4) is not larger than the right hand of (4).
From (5) we have
m-—1 m-1 m—1 m
> my+ 3 m;,,-{—max[—- > myy, —Z'mu_l
1=1 =1 1=1 =2 i
m=-1 m-1 m-—1 m
< Xmy+ Y ml,j'{"max’-'— > myy, —Zml.j}
1=1 1=1 L o1=1 1=2
hence we easily obtain the criterion,
m-1 m m—1 m
min[lz:lmz,,, lZ;mz't:I >min{21mu, ZMzJ].
L= - = 1=2
Consequently we obtain the next corollary.
Corollary.
When miin mk‘i;m?x M1

hold, an optimal ordering is determined by the following rule : Item ¢
precedes item j if

A rm—-l m
mmI lZ_lmu, IZ‘

=2

m—1 m
mz.j} <Zmin|-21 m, g, szu}-
= 1=
If there is equality, either ordering is optimal.
For the case m=3, this corollary coincides with the Johnson’s criterion. [2]
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