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SUMMARY 

The prediction of a stationary time series is very important in the 
various fields of O. R. works. N. Wiener Cl) completed an elegant theory 
on the prediction. He introduced an integral equation of a predictor 
KCt) for a continuous time series JCt). Since this equation is singular and 
of special type we have to use the so-called Wiener-Hoph technique or 
the factorization to find K(t) from the equation. Sometimes to carry 
out this technique is very difficult when the auto-correlation function 
rp(t) of JCt) is not expressed in a simple form. 

The present paper includes an extension of the Wiener's theory. 
The prediction of a time series Jet) by an another time series gCt) will 
be introduced, by taking notice of the cross-correlation between JCt) 
and get). We shall deduce an integral equation of KCt). This time again, 
the integeral equation is singular, but since it will not need to apply the 
factorization technique, we could carry out KCt) in general. The results 
will reduce to the Wiener's case when JCt)-==gCt). Therefore this method 
is including the Wiener's prediction theory as a special case. This 
method will be modified for the cases of discrete time series, but the 
conventional method will be proposed for the practical purposes. 

THE FUNDAMENTAL EQUATION OF THE PREDICTOR 

Time series Jet) and get) are assumed to be continuous, bounded 
and their correlation functions exsist 

rp//(r)=lim ·2
1
T [T JCHr)JU)dt'j 

T-HJO J-T 

rp/g(r)=;~ 2~ ):/CHr)g(t)dt, (1) 
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IfJgg(1:)=lim 21T- [T !7Ct+1:)gCt)dt,J 
T-oo J-T 

where 1fJff, IPgg are the auto-correlation functions of ICt) and get) respe­
ctively and IfJfg is the cross-correlation function of ICt) and get). The 
correlation functions IfJff(1:) , lfJ/g(1:) , and IfJgg(1:) are continuous and their 
Fourier transforms are supposed to exsist 

<t> /J'Cp) ~ I: ~/J( c )'~"P' dT,] 
(/Jff'(P) = t IfJff(~7) sm 7rp7: d1:, 

(2) 

We shall predict the future value of ICt) after a lead of a units 
of time, l(t+a), a>O, from the values of I(t), get) on the interval of 
t( -00, t), where we assume the effects of g(t-1:) on ICt+a) are uni­
form in time and linear. Then we have the integral 

~~ g(t-1:)K(1:)d1: 

for the estimated value of I(t+a), introducing a linear predictor K(1:). 
We shall determine K( 1:) from I(t) and get) in the meaning of 

the theory of least squares. That is to find K(1:) minimizing the functi­
onal 

This is a variational caIculas. We ha ve 

1 [T { [0' }2 
l[K]=~~~ Z-T J-T I(t+a)- Jo get-1:)K(1:)d1: dt 

1 [T 
=~~~ 21' J _/(t+a)/(t+ .r.x)dt 

-2~~ K(1:)d1: ~~~ 2~ r/Ct+ a )get-1:)dt 

+ ~~ K(1:)d1:~~ K(a)da J~~ 2~ [/Ct-1:)g(t-a)dt, 

from (2), I[K] yields to be 
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+ ~~ K(r)dr~~ Cf!gg(r-a)K(a)dr. 

Now we introduce an arbitrary function M(r), assumed to be 
bounded variation and calculate J[K] for functional space K(r)+eM(r) 
where e is an arbitrary real number. 

J[K+eM]=J[K]-2e~~ Cf!fg(a+r)M(r)dr 

+2e~~ M(r)dr~~ Cf!guCr-a)KCa)da 

+<:2 ~~ M(r)dr~~ Cf!gg(r-a)M(a)da. (4) 

If K(r) is the solution minimizing J[K], it will be necessary to have 

(
aJ[K+<:M]) =0. 

as e~O 

Since M(r) is arbitrary, we have 

~ICf!fg(r+a)-)~ Cf!gg( r-a)K(a)da ]M(a)da=O 

or 

Cf!fg(r+a)=)~ Cf!guCr-a)K(a)da, r>O 

as a necessary condition. 

(5) 

Next we shall show that the condition (5) is sufficient to give the 
minimum value of I[K]. If we have (5), 

l[K+<:M] -J[R] =e2~~ M(r)dr~~ Cf!guCr-a)M(a)da. 

but being we have 

¥~ 2~ ~:I)~ f(t-r)M(r)dr Jdt=)~ M(r)dr~~ Cf!guCr-a)M(a)da, 

we have 
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I[K+eMJ-I[KJ~O 

which means that I[K+eMJ is minimum when M=O. 
Hence we have for the predictor KC r) 

~~ rpggCr-a)KCa)da=rpfgCr+a\ r2.0. 

This is an integral equation of KCr:, we have to find KCr) knowing the 
correlation functions rpfg and rpgg. 

When JCt) coincides with a(t), the cross correlaton function 
{jJfg(r+a) reduced to the auto-corrdation function rpftC'r+a), and (5) 
reduced to Wiener's equation. 

THE SOLUTION OF THE INTEGRAL EQUATION 

The fundamental equation of K(d is a singular integral equation 
of Fredholm's type of the first species. Multiplying cos rrpCr-z) on both 
sides of the equation and integrating from 0 to co by r, we have 

~~ cos rrp(r-z)rpfg(r+a)dr 

= ~~ cos rrpCr-Z)dr~~ cpguCr-a)KCa)da. 

At the right side, changing the integral variable from r to t by putting 
1:-a=t, we have 

~~ cos rrp(r-z)rpfg(r'1-a;dr 

= ~~ rpgg(t) cos rrp(t+a-z)dt ~~ K(a )da 

= (JjggcCp) ~~ cos rrp':a-z)K(a )da 

-(Jjgg.(p)~~ sin rrpCa-z)K(a)da. 

Similary we have also 

~~ sin rrp(r-z)CPfg(r+a)dr 

(6) 
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=(/jggs(P)~~ cos rrp(a-z)K(a)da 

-(/jggc(P)~~ sin rrp(a-z)K(a)da. (6') 

From these equations we shall eliminate the term containing 

~~ sin rrp(a-z)K(a)da, then we have 

~~ cos rrp(a-z)K(a)da 

= f"'~?gc(p) cosrrpjr-z) + </)ggsSJiLsin rrp(r-z) CPf (r+a)dr (7) 
Jo [(/jgg.Cp)J2+ [(/jggCCp)J2 g 

By the Fourier's integral theorem, if K(t) satisfies the Dirichlet 

condition for t>O, and if 

~~ I K I dt 

is bounded, then we have 

~~ dp~~ cos 7rp(t-~)K(~)d~= {~(t),' ~~~. 
Integrating both sides of (7) by P from 0 to co, we have 

K(t)= \'" d)"'(/jggc(p) cos 7rpC~-t)+(/jggsi!!)~in 7rpC~-t) 
Jo Jo [(/jggSCp)J2+ [(/jggc(p)]2 

X cpfg(~+a)d~, (8) 

where z and r are changed to t and ~ respectively. When t<O, the 
integral (8) vanishes, we do not need to apply the factorization 
technique. But if cpfg(~+a) is cpgg(~+a), the numerator of the integrand 
(8) yields to be 1 when a=O and the integral will diverge, therefore the 
solution given above does not apply to the case of Wiener's prediction. 

CONCLUSIONS 

The prediction theory of a stationary time series due to the cross­
correlation of two time series is established. This is an extension of 
the Wiener's exterpolation theory. The solution for K(d is founded in 
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a closed form. The factorization does not need in this case. This is the 
two stage prediction theory. The theory will be able to extend to the 
case of mUltistage prediction. 
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