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SUMMARY

The prediction of a stationary time series is very important in the
various fields of O. R. works. N. Wiener (1) completed an elegant theory
on the prediction. He introduced an integral equation of a predictor
K(t) for a continuous time series f(¢). Since this equation is singular and
of special type we have to use the so-called Wiener-Hoph technique or
the factorization to find K(¢) from the equation. Sometimes to carry
out this technique is very difficult when the auto-correlation function
o) of f(#) is not expressed in a simple form.

The present paper includes an extension of the Wiener’s theory.
The prediction of a time series f(#) by an another time series g(¢) will
be introduced, by taking notice of the cross-correlation between f(¢)
and ¢g(¢). We shall deduce an integral equation of K(¢). This time again,
the integeral equation is singular, but since it will not need to apply the
factorization technique, we could carry out K(#) in general. The results
will reduce to the Wiener’s case when f({)=g¢g(¢). Therefore this method
is including the Wiener’s prediction theory as a special case. This
method will be modified for the cases of discrete time series, but the
conventional method will be proposed for the practical purposes.

THE FUNDAMENTAL EQUATION OF THE PREDICTOR

Time series f(¢) and g(¢) are assumed to be continuous, bounded
and their correlation functions exsist

0 z')—hm N S S+ f(t)dt,

pr(o=lim o | fe+gm, (1
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gog,,(r)—llm 0 oo S g(t+o)g(t)dt,

where ¢y, ¢, are the auto-correlation functions of f(¢#) and ¢(¢) respe-
ctively and ¢y, is the cross-correlation function of f(¢#) and g(#). The
correlation functions ¢z(7), @r(7), and ¢4(r) are continuous and their
Fourier transforms are supposed to exsist

D)= So @5 ()cos Tpr dr,
w (2)
(fos(‘u)=go orr () sin rpr dr,
We shall predict the future value of f(¢) after a lead of a units
of time, f(t+a), a>0, from the values of f(¥), g(#) on the interval of

t(—oo, t), where we assume the effects of g(f—7) on f({+a) are uni-
form in time and linear. Then we have the integral

S:g(t—r)K(r)dz-

for the estimated value of f(#+a), introducing a linear predictor K(z).

We shall determine K(z) from f(#) and ¢g(¢) in the meaning of
the theory of least squares. That is to find K(z) minimizing the functi-
onal

I[Kjﬁhmz%rs {f(t+a, Sg(t—z-)K(r)drrdt. (3)

This is a variational calculas. We have

ITK]=lim 0 ST { f(t-i—a)—S:g(t—r)K(z-)erzdt

—hm fA+a)f(t+a)dt

1or ).,

S K(o)de lim Ft+argi—oat

nr ),

+S:K(‘r)drg K(@)do lim L " git—ogtt—-ora,

AN
from (2), ILK7] yields to be
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1[KJ=¢f,<0>—2S: ot K(Ddz

+ S:K(T)d‘rg: 00yt K(o)dr.

Now we introduce an arbitrary function M(z), assumed to be
bounded variation and calculate I[ K] for functional space K(z)+eM(z)
where ¢ is an arbitrary real number.

ITK+eM]=I1TK] _ZSS: or(a+)M(z)dr
+2ES:M(r)drS: 0ge(t—0)YK(0)do

te S:M(r)drg: 050t —)M(a)do. (4

If K(7) is the solution minimizing ITK], it will be necessary to have

(31[1{; eM] )M: o

Since M(z) is arbitrary, we have

S:[S%(T‘i‘a) —S:sogg(f—G)K(a)da:lM(a)da—-:O
or
¢f9<7+a)=S:@ag(r“a)K<ﬂ')dﬂ, =0 (5)

as a necessary condition.
Next we shall show that the condition (5) is sufficient to give the
minimum value of I[K]. If we have (5),

1[K+5M]—l[m=32S°°M<r>dzg°°gaqg(r—a)M(a)da.
[ 0
but being we have

lim o STT[S: f(t—r)M(r)dz-]Zdt= S:M(r)d'rs: oao(r—)M(2)do,

we have

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



An Extension of N. Wiener’s Prediction Theory 127

ITK+-eM]—-ITK1=0

which means that I[K+eM7] is minimum when M=0.
Hence we have for the predictor K(z)

SO gt —0) K(o)do=¢s(c+a), z=0.

This is an integral equation of K(¢), we have to find K(z) knowing the
correlation functions ¢z, and ¢g,.

When f(¢) coincides with ¢(#), the cross correlaton function
¢r{r+a) reduced to the auto-correlation function ¢s(z+a), and (5)
reduced to Wiener’s equation.

THE SOLUTION OF THE INTEGRAL EQUATION

The fundamental equation of K(7) is a singular integral equation
of Fredholm’s type of the first species. Multiplying cos ru(r—2) on both
sides of the equation and integrating from 0 to oo by 7z, we have

Sw cos wp(r—2)@s,(t4a)ddr
0

= S: cos np(r—z)drgm 0ee(t—0)K(o)do.

At the right side, changing the integral variable from r to ¢ by putting
t—o=1¢, we have

chos ap(t—2)pp(z+a)dr
0
= Swgogg(t) Ccos ny(z"+a—z)dtgm K(g)do
0 0
=<quc<y>8:cos ruio—2z)K(a)da

_q>”,(y)go sin 7 p(a—2)K(a)do. (6)
Similary we have also

Swsin ap(c—2)@r(r+a)dr
0
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=q)ws<mgwcos rp(o—2K(0)do
0

-—(ch(y)gwsin rpu(o—z)K(o)do. (6"
[

From these equations we shall eliminate the term containing

S sin ru(e—2)K(o)do, then we have
0

S: cos (o —2)K(o)do

— Squch‘) COSﬁ”ﬂ@—z)*’qpqqs(#) sin zp(t—2) 0s(t+adde (7

0 [Dooe )+ [Py ()12
By the Fourier’s integral theorem, if K(f) satisfies the Dirichlet

condition for £>>0, and if
Sw | K| dt
0

is bounded, then we have

® [ _[K®, t>0
Sodyso cosny(t—&)K(E)dE—[ 0 . 1<0.

Integrating both sides of (7) by g from 0 to co, we have

(= *@ge(pe) cos np(E—H) + Dyye(pr) sin wpu(§—1)
Ky={ | [ IREANERET SNANE

X @r(§+addE, (8)

where z and 7 are changed to f and & respectively. When #<0, the
integral (8) vanishes, we do not need to apply the factorization
technique. But if ¢gn(§+a) is @g(E+a), the numerator of the integrand
(8) yields to be 1 when a=0 and the integral will diverge, therefore the
solution given above does not apply to the case of Wiener’s prediction.

CONCLUSIONS

The prediction theory of a stationary time series due to the cross-
correlation of two time series is established. This is an extension of
the Wiener’s exterpolation theory. The solution for K(z) is founded in
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a closed form. The factorization does not need in this case. This is the
two stage prediction theory. The theory will be able to extend to the
case of multistage prediction.
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