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INTRODUCTION

In a previous paper (report-I}), the movement of a queue of
vehicles and the stability conditions under a disturbance have been
investigated. V It was assumed that a spacing between successive
vehicles was given only by the linear function of velocity of the following
vehicle. It was shown theoretically that the indicial responses of a
following were unstable for n<2/x, stable with cycling for 2/x <n<e or
without cycling for n=e, and, provided that #»>2sin wT/wT, the
propagation of a sinusoidal disturbance was stable. However, the actual
spacing between two successive vehicies in queue should depend on
both the velocities of the previous vehicie and its following one. In
this report, we will consider the stability problems from the standpoint
mentioned above,

BASIC EQUATIONS

Let a queue of individual vehicle be traveling to the right as is
shown in Fig. |. Let x,(#) and ».(#) be the coordinate and the velocity
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of the kth vehicle countered from the leading vehicle at a certain time ¢
respectively, and 7' the reaction time of driver.

The velocity of the (k-+1)th vehicle at the time #, wv,.,(f) is
determined as the result of reflection of both the clearance spacing
X (t—T) — 21 (£ —T) and the velocity ».(—7T) just before the reaction
time T of the driver, because there will be a delay of at least the
reaction time to respond to the variation of the motion of the preceding

vehicle.
As described in the report-I, the basic equation is

2 —T) 2 ¢ —T) =F[0.t—T), v (D], (1)
where F is a function which may be determined by taking the
experience of drivers into account. ,

To simplify the analysis, let us assume F be a linear function of
v, and v;.,, that is, the following relationship be assumed,

% —T) = %1 @ —T) =aw, (¢ —T) + B, () +by, (2)

where a, B and b, are constants.
Differentiating both sides of Eq. (2) with respect to #, we have

Vet —=T) = Vsy (t--T) = (t—T) + B (2). (3)

However, since it is evident that « is negative and B is positive in
actual vehicular traffic, we may put

a=—mT, B=nT, (4)
where m and »n are constants and T is the reaction time.
Hence the dynamic equation of traffic. flow, which should be
treated in this paper, becoms=s

U (t"T) — U1 (t“‘T) = '_‘mlr'l./k (t_"T) +71Tl;k+l (t) 3 (5)

for m=0 this basic equation corresponds to that presented by R. E.
Chandler, R. Herman and E. W, Montroll.»
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INDICIAL RESPONSES OF A FOLLOWING VEHICLE

Applying the Laplace transformation to Eq. (5), we have

Vis)e ™ — Vi (s)e ™

=—mTsV,(s)e T+ nTsVi.1(s) +mTe v, (0) —nT ., (0)

or
Verls) = 2L oomy,(6)
T e O) e 0 O), (6)
where

oo

Vils) = § : ve(t)etdl,  Vials)= S | venr (D etat,

and v,(0) and #..,(0) denote the initial velocities of the vehicles at
t=0.

The motions of the following vehicles are found by Eq. (6) if the
movements of the preceding vehicles are known. When the leading
vehicle moves with an acceleration or deceleration of the delta function
type, we shali call the movement of the following vehicle the indicial
response.

Now let us consider the case in which all the vehicles are
standing still and the leading vehicle starts at a constant velocity v,
with an impulsive acceleration,

Since the initial conditions are

v () =v, for £20 or V.(s)=wvo/s

Ve:1(0) =0, (=1, 2, 3, )

we have by repeated applications of Ep. (6)

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



On the stability of traffic flow (report-1I)

Vals) = nTs [s+e T 5 °

e—Tl

Vier(8) = (i ars ). LimTee. 2

ket s)—( nTs+e T8 (I+mTs s

To compute the inverse transforms of Eq. (7) for k=1, 2, V,(s)
V,(s) are g;cpanded in the power series as follows,

—T: e—le e-aTx e—ﬂ': e—bT: )
- & e~ e " ., e " ..
s) /vo= nTs2 TS T Tt T TS T s Tg ’

e T 2e-37¢ 3e4T* 4g73T*
Vs(s) /vo= TS T 3T 8st + AT T TpSTSsE +-

e 2¢ %" .
R R R S e T

Then the indicial responses required are given by

2 (2) =%(!,_1>_”1A_( £ __.2)2+ _1.<L._3>s

o T T\ T 6 \ T
~ it (7 =1) 120, (75
70 (T ~8) + 5040 (7 —7) —
I

"solrﬁ”('{" ‘5) + 144,15—(75 6)6 840n7 ("’_7)7
)]

) (';:‘ 2)~ ﬁ*( —3 +2n‘(T )
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~ o (75 + gl (47 =6) —gag (2=7) + ]
(10)

As is known from Eq. (9), »:(#) is independent of m, accordingly
Eq. (9) coincides with Eq. (10) of the report-I.
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Fig. 2 shows the indicial responses calculated by the use of Eq.
(9) and Eq. (10). As illustrated in,Fig. 2, the amplitude of response
increases as m becomes larger or # becomes smaller.

Now we proceed to consider the behaviour of a queue of traffic
after a sudden stop of the top vehicle by the use of Eq. (6). Since all
the vehicles in the queue of traffic are initially moving with a
uniform velocity v,, the initial conditions required are

Ul(t) =0 for t20, 1)1;4—1(0) =y, (k=]—; 27 3; )'
Hence we obtain from Eq. (6)

Va(s) =0, F(s),
Va(s) =VLE(s) +voD (s) =1vE(s) F(s) +uv,D(s)

=0 E* T (S) F(s) + 0 EX 72 (s) D (s) + o E* 3 (s) D (s)
+ o D(s), (11)
where
D(s)=nT—mTe ™)/ (nTs+e T,
E(s)=1+mTs)e T/ (nTs+e T,

Fs)=aT/(nTs+e T,

Replacing 7 in Eq. (7) by Ope. and 2 in Eq. (11) by 2yep 28
described in the report-I, we have ,

Viets ston/U=LEF1(s) F(s) +D(s) [E*72(s) +E£*7*(s) + -~ - +L(s) +1]

— BV (s) [D(s) +mTG(s)1+ D(s) [E*2(s)
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+E*3(s) +--- +E(s) +1]
=mTG (s) B (s) +D(s) [E*!(s) + E*2(s)

+E(s) + - +E(s) +1]

=~mTG(s) B4 (5) + 1=y D(s),

where

G(s) =e T/ (nTs+e ™),
However, since

1-E(s) =1—G(s) ~mTsG(s)
=s[F(s) —mTG (s)}
=sD(s),

Eq. (12) becomes

Vieets seop/Vo=mTG (s) E¥ ' (s) + [1-E*(s)]/s

12)

=G (s) E*1(s) /s+mTG () E“"1(s) + [L—E*(8) 1/5—V a1, seare/Vo

%
=G (s) E¥L(s) .ﬁ’ﬂi+_l-_%(i .__YL“_EM_

K L U
=L Vet ware (13)
S Uy )
Hence we obtain the following relation
Vk+ty stor = Vo~ Uk+1s starte (14)

It is noted that the relation of Eq. (14) is also sustained in this casc

as well as in the report-1.
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Hence, even if a distance between two successive vehicles is a
linear function of the velocities of each vehicle, the vaiidity of Eq. (14)
is also hold. Therefore, if we know either vg.: Or Uuep, WeE can

calculate another unknown.
By the use of Eq. (11}, the responses of the following vehicles

are given as is shown in Fig. 3.

STABILITY OF INDICIAL RESPONSE

The analysis in this paragraph follows closely that used in the

report-1.
The transfer function of Fq. (6) is

7 ~Ts
b= AT &

However, since the characteristic equation of _Eq. (15) is given by

nTs+e ™=, . R | (16)

which is just the same as that of G(s) =e ™/ (nTs-+¢ 7" in the. report-
I, so the indicial response of the (k-+1)th.vehicle is. given as follows

. pesje - kP8 5t ..
2 e . (I--mTs)tds

Vel stare (E) = 2’7—[_]‘ c_j”_:é‘(nT;S‘ :'.—ﬂé;ri)k'
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=1, 5" Residues of [K(s)e], (17)
where

e (1+mTs)*"!
K= guTsreme

Hence, we have in general

Y15 stare - +§J

Vo (k 1)| [(S St)K(S)].:

(k 2),[(13 (s— s,)K(s)] .

Zt,k(;esg) [dsz (s— S;)K(s)lam
= T e SIK®]
where
Si=—a;tjey, (19)
which are the roots of Eq. (16) apd can be calcuiated dy
orzey/tan e T, = y/ ) (nT) o (20)

As s known from Eq. (I3), the indicial response has the
components of the form #*-'eSi, As time elapses, the amplitude of
these components wili be damped if o;>>0, but be increased if o;<0.
Therefore the critical condition of stability is given by #=22/7 as mentioned
in the previous report. On the other hand, since, if w; exists these
components accompany cyciing, then the critical condition of cycling is
given by n=e. It is very imporiant that the stabiiity conditions are
dependent mereiy on »# and not of m.
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STABILITY OF PROPAGATION OF
A SINUSOIDAL UISTURBANCE

We will consider the character of a wave of the disturbance
which would travel down the queue of vehicies caused by some
disturbance of the top vehicle in a queue.

Now let us consider a simple sinusoidal disturbance

a=A sin ot. (21)

From Eq. (6) the transfer function of the (k+1)th vehicle is given as
follows, '

Eun() = [E(9))e=[ € (LEmTS) ¥ @)

then the behaviour of the(k+1)th vehicle is represented by
2=A[|E(jw) [1*sin [w+arg By (jo) 1. (23)
Fig. 4 shows a block diagram -  Uear

e L
. ~miS € A5
of a queue of traffic. ‘

The initial sinusoidal oscilla-
tion is transmitted to the following Fig. +
vehicles, and is amplified provided
that |£(jw)|>1 and is damped provided that |£(jw) | <1. Hence the
stability condition of the propagation is

et (14 fmeT) |
TjneTierr <L @

However, since

» o 1-4-miw?l? N
LEGON = o T T SH T
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(i) = tan-r MeT —noT cosw T —mno*T? sin T u5
arg E(jw) =tan l1—nwT sin oT+mnw?T? cos T ' (£5)
the stability condition is given by

n®—m? 2sinwT .
n wl ° (26)

If m=0, the stability condition

becomes 1> 2sin wT/wT as described
in the previous report. 14}
Since ali the values of B
sin wT/wT are iess than or equal | 2k N
to 1, ihe stabiiity criterion for ail ‘ N
frequency of the disturbance is 1 OF Cownplefely stable \3/
. ) Y
n> 14+ 1w @2n = 8F &
. L . 6F N
The stability criterion of Eq. @
(27) is shown in Fig. 5. 4l NS
A case of n=m is more “
interesting. In this case the 2 -
stability condition is described by F:ama“||y S}?blel
the following relation, 0 02 0.4 06 08 1.0
. m /n.
(21— )y m<T - 271, Fig. 5

(=1, 2, 3, --) (28)

which is independent of the values of n or m.

Fig. 6 shows the amplitudes of the frequency responses versus
oT. As illustrated in Fig. 6, the amplitude of response increases as
m becomes larger or n becomes smaller. The amplitudes of frequency
responses for n==m is shown in Fig. 7.

As is known from Eq. (28) each response in Fig. 7 intersects at
a point of wT =7, and the left region from this point is unstable.

The sufficient condition under which the propagation of a
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disturbance is stable for all oT may be written briefly from Eq. (27)
n—m>2, (29
because of 1+m?< (1+m)2.
Let us consider the actual traffic flow. A clearance spacing of

a queue of vehicles traveling with a uniform velocity v, is represented
by (n—») Tupy+by—b as is shown in Fig. 1. On the main street in
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Kumamoto City, we have observed the clearance spacings depending on
velocity to determine the value of #n—m. The result _of this field
observations shown in Fig.8 suggests that the clearance spacings
are not represented by the linear function of the velocities. - However,
this linearity holds for the range of velocities of 20~40 km per hour,
accordingly we find (n—m)T=1.10, b,—b=2.48 from Fig. 8. However,
since the reaction time observed was 1.13 seconds, n—m=0.973 is
obtained. This value of n—m does not satisfy Eq. (27), so that there
is no safety condition for all 7 in actual traffic.

i ' ‘ '
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Fig. 8.

FLUCTUATION OF CLEARANCE SPACING

When all the vehicies in aqueue are initiaily moving with a
uniform velocity v,, the move:nent of the top vehicle under a sinusoidat
disturbance is described by

v ($) =v,—Asinwt for =0,
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=7 for t<0. (30)

Then, after a sufficient time the response of the 2nd vehicle is given
by

12 () =0~ A| E(jw) {sin [t +arg E (fw)]. (31)

A clearance spacing between the top vehicle and its following
vehicle is given by

YO =20~ 0) ~b + | wihat ~[ v ),
or X 3 ¢
7 (1) = (n—m) Taotby—b + | v at~{ .01, (32

where b is a car length.

However, since Eq. (31) is the relation for the steady state, we
can use Eq. (31) to evaluate Eq. (32).

If we place

re = j': o (B dt— _{;ug @ dt, (33)

we have
D(s)=[Vi(s) =V:(s)1/s, (34)

where

I(s) = fr(t) e ndt.

However, since we have from Eq. (6)

mTe™
nTs+e ™

e (1+mTs)
nTs+e T

nT

Vals) == NTsxe T

Vils) - 0 (0) + v:(0),
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we obtain
— -Ts
Vi) —Vale) =L Le v
_mTe™ aT

taTster 1O~ Grsier 0.

Therefore Eq. (34) becomes

T —mTe " mTe ™y, (0)  nTw,(0)

F(s) = -V, (s) -+

nTste ™
In this case the initial conditions required are

nO=uO=0n V=" A

Hence we have from Eq. (36)

__ AonT—mTe™) _
F) =~ @i o) nTsiery= —Ae

P(s)
Q(s) ’

or

I\(t) — Aw S"-’” ’nT'—mTe-T‘ e‘tds

T 2nj ) (et iTsTe ™)

The characteristic roots of Eq. (38) are given by s=S,=—o;*jw;,

s=1jo.

Since the residues of ¢“P(s)/Q(s) at the simpie poles s=S;

represented by

1 +mTS,

P (S)/Q (S) =~ oh (14T

N eslty

s(nTs+e TH) snuTt+e ™)

@87

(39

and

are

the component responses of the characteristic roots S, appeared in Eq.
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(39) are damped as time elapses provided that o,>0.

On the other hand, the residue at the simple s=jo is expressed
by

Re*t

- nT (—noT —sin wT +mwT cos oT) +jT (m—mnwT sin ©T—ncos wT)

20 (1 +12w?T2~2n0T sin T)
-ed*t (40)

and the residue at the simple pole s=—jw is given by

KRe

= nT(—nwT +sin 0T +meT cos wT) — T (m—mneoT sin oT—ncos oT)
N 2w (1 +nw*T—-2nwT sinwT)
B 4D

However, since
IRl =|R|, argR=-—argQR’,

we can derive from Eq. (10) and (1)

MY =—2Aw | R| cos (wt+arg R) (12
If we put
U=2wR, (43)
Eq. (12) becomes
My =—AlU] cos (et —ary 1), (+hH

where

T oo me--2mn cos wT
i T = 2007 sin o™
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it —MEmnoT sin oT+ncos ol
arg U=tan n(noT —sin T —moT cos 0T) ° (45)

The aspect of [U| for the various values of m  and = is’
illustrated in Fig. 9. Fig. 9 shows that the maximum amplitude of
fluctuation increases as z# becomes smaller or as the difference between
n and m becomes greater.

From Eq. (45), we can find the following relation,

lim U (0T) | = (n—m)T. (46)
w0
Hence we obtain by substituting Eq. (44) into Eq. (32)
v ()= (n—m)Tvy+-by—b—A|U| cos (ot +arg U). (47)

Eq. (47) expresses the fluctuation of the clearance spacing under a
sinusoidal disturbance.

[\\\/ /
@\.’Q ’72§j
[K¢] ) 771§/
M=gp
\\——_
005 G0 15 20 25 30 35 40 45
wT
Fig. 9. (a)
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Fig. 9. (b)
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By the way, we will consider about the safety of the spacing.
If 7(#) were negative, the following .vehicle would collide with the

previous vehicle. Therefore, the safety condition is given by

(n—m) Tv,+by—b—A|U(jo) | >0
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Eq. (48) indicates that, as the value of |U] increases, a queue
of traffic will be led into dangerous state under the fixed values of m
and #, even though the amplitude of a disturbance be kept constant
at A.

As is shown in Fig. 9, the fluctuation of a spacing under a
disturbance of high frequenecy are reduced emough to keep traffic
safely. Therefore it is a disturbance of low frequency that leads
traffic into dangerous state.
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