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1. INTRODUCTION

In Chapter 19 of [1] (pp. 560-563), there is an interesting discussion
of auction bidding for the case of two bidders and two items. The
reasoning, however, appears to be incomplete, in the sense that it does
not cover the all possible contingencies. Here we will try to make it
complete,

As in [1], we consider the simple situation where two items of
known values, V; and V,, are to be auctioned, one at a time. We
assume that there are only two bidders, A and B, who have S; and Sg
dollars, respectively, available for hidding. We assume also that A
knows the amount of money B has available and vice versa. Bidder A
wishes to know at what point he should stop bidding for the first
item.

Here it is to be notel that, contrary to [1], we do not make
such assumptions as S <V +V,, Sg<V, =V, 1/2<84/Sa<2.

To solve the problem, A must first decide what his objective
should be in the bidding. In Sections 3 and 4, we will consider A’s
objective to be the maximization of the difference, R4—Rs, where Ra
is A’'s return and Ry is B's return. In later Sections, we will consider
that A’s objective is the imaximization of his own expected return.

43



4 Sigeiti Moriguti

We first derive in the next Section, however, a set of formulas
applicable in both cases.

For the sake of simplicity, we take the smallest increment of bid
A to be negligibly small, written hereafter as +0.

2. RETURNS

Suppose B wins the first item with the bid X. B will then have
Sp—X dollars remaining for the second item. There are three possi-
bilities which can happen for the second item, depending upon which
one of the three quantities S4, Sp—X, and V, is the smallest.

Case 1: S, is the smaliest, i. e.,

S4<Sz—X, Sa<V,. 2.1

In this case, B can win also the second item for S,-+0, so that

RA—':O,
2.2)
Rp= (V\—X) + (V;—Sa4).
Case 2: Sz—X is the smallest, i. e.,
Se—X <S,, Sg—X <V, (2.3)
Here, A can win the second item for Sp—X-+0, whence
R.=V,—(Spg—X), 1
(2. 4)
Rs=V,—X. |
Case 3: V, is the smallest, i. e.,
Va<Sa, V,<Ss—X. (2.5)

In this case, both A and B can and will bid up to V. and certainly
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Notes on anction bidding 45

will not bid more than that. Whichever may get the second item (for
V., his return is zero for this item. Hence

RA=(), l
(2. 6)
Re=V—X. |
Cases 1 and 3 can be summarized as giving
RA::Oy 1
(2.7)
Ro=V,—X+max (Va—Sa 0) )
for
X < Sg—min (Sa, Vo). (2.8)
Case 2 gives
RA= V2——SE +X) l
(2.9)
Ro=V,—X f
for
X >Sg—min (S, V). (2.10)

If A wins the first itam for X dollars, thean similar situations
will occur with A and B reversed.

3. MAXIMIZING DIFFERENCE IN RETURN

Let us consider A’s objective to be the maximization of the
difference R4,—Rp. Let us further assume that B tries to minimize
the difference R4—Rp. If B wins the first item for X dollars, then,
from (2.7) and (2.9), R,—Rp will be given by f,(X), where

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



46 Sigeiti Moriguti

J1(X)=—V,+X—max (V,—S, 0), (3.1)
for X < Sp—min (S4, V3) ;
=—V,+V,—Spg+2X, (3.2
for X > Sp—min (S,, V,).

If, on the other hand, A wins the first item for X dollars, then R,—Rg
will be given by f,(X), where

f2(X) =V,~X-+max (V,~Ss, 0), 3.3)
for X < S4—min (Sg, Vo) ;
=V~ V;+S4—2X, (3.4)
for X> S,—min (Ss, V,).

Now, we can easily verify that f;(X) is monotone increasing for
0< X < oo (there is a jump at the boundary point X=Sz—S4 when S4<
V. and S.<Sp), and that f,(X) is monotone decreasing for 0<X<co
(there is a jump at the boundary point X=S,—Sz when Sz<V, and
Sg<S4). Hence A wiil not let B win the first item for X dollars as
long as f,(X) is smaller than f5(X). And A will not bid up to such
an X for which f,(X) is larger than f,(X). Therefore the critical
value X, of X where A will stop bidding for the first item is given by
the condition

J1(Xo) =12 (X) (3.5)

with an obvious exception which may occur at the above-mentioned
point of discontinuity.

There are four cases which we will consider in turn.

Case Al : S, <Sp, Si<V..

In this case, the graphs of /,(X) and f,(X) will look like Fig. 1.
The ordinates of points P, @, R are given, respectively, by,

P: fi(Spg—Sd)=V,—V:+35,—2S,, (3.6)
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Notes on auction bidding 47

RA—RB Q : f1(Sp—Sat+0)
ViV =—V,+V:—2S4+S5, 3.7
p 5 R : fl (SB'—‘SA_O)

* = Vl - V2+SB. (3. 8)

Point @ lies always above R.
Point P lies either above @, or
between @ and R, or below R.

Fig. 1. (i) If P lies above @, i. e, if
R4—Rp for Case Al

'Vi"VZ‘SA

2V,—2V,+55,-3Sz>0, (3.9)
then the critical value X, wiil be given by the condition
—Vi+V,—Sap+2X,=V,—V, +S4—2X,, (3.10)
whence

Xy=\~ 2V, -2Vt SatSn). (8.11)

(ii) If P lies between @ and R, i. e., if

2V,—2V,+58,—3Ss <0,
(3.12)
2V+3S4—3Su>0,
then X, will be given by
X,=Sp—Sa. (3.13)
(i) If P lies below R, i. e, if
2V, +3S4—3Sp<0, (3.14)

then X, will be given by the condition
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48 Sigeiti Moriguti

"_‘Vl'_‘Vg‘}’SA—*'Xo: Vl_‘ V;:+SA—‘2‘¥0, (3. 15)

‘whence
2 .
Xy=-2-V.. (3.16)

, In either case, if X, as given
by the appropriate formula exceeds
S4, then X, should be taken as S..
These results can be sum-
marized in a graph as in Fig. 2.

Xe

Se-Sab----—>

iy :

F(5e5a) FHSESAHT254)
Fig.2.

Results in Case Al.

Case A2 : S,<«<Sg, V.<Sa
In this case, the graphs of f,(X) and f,(X) will look like Fig. 3.
The ordinates of points S, T, U, V are given, respectively, by

S: [f2(Sa—Vy)=Vi+ V-8, (3.17)
T: fi(Sa—Vo)=—V,=V2+S, 3.18)
U: f2(Se—Vo) =V +Vo+S,—2S5, (3.19)
Vi fi(Seg—Vy)=—V,—V;+Ss. (3. 20)

(i) 1If U lies above V, i. e,, if

2V 42V, +S4—3S5>0, (3.21)
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Notes on auction bidding 49
then the critical value X, will be given by the condition
"—V1+ Vg“‘SB+2X0= V;._V2+SA—2X0, (3. 22)

whence
X,= i ~(2V,—2V;+S4+Sp). (3.23)

(ii) If U lies below V, and if S lies above T, i. e., if

2V, +2V,+S4-3S<0, } '
(3.24)
Vi+V,—S.>0,
then X, will be given by the condition
—Vi+Xy=V,—V+S,—2X,, (3. 25)
whence
X,=5 @Vi~Vy+Sa). (3. 26)
(iii) If S lies below T, i. e., if
Vit Va—54<0, (3.27)
then Xo will be given by the condition
~Vi+Xo=V,—X,, (3.28)
whence
Xo=V. (3.29)

In either case, if X, as given by the appropriate formula exceeds
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0 Sigeiti Moriguti

S., then X, should be taken as S.. %o
These resuits can be sum- Saho s ;

marized in a graph as in Fig. 4. (
Case Bl : Sp<<Ss, Sp<Va. il R~ o
This case is similar to Case T 7Y N i

Al and results can be easily

obtained by exchanging S with Sj.

Case B2: SB<SA, V3<SB. 0 Sa-W  (Sa~V2)+%(Sp-54) '
This case is similar to Case Fig. 4.
A2 and results can be easily ob- Results in Case A>.

tained by exchanging S with Sg.

4. EXAMPLES

Let us illustrate the resulis by a few examples.

Example 1. Let Si= ¢100, Spz= $110, V,=$75 V,=$100. This
is the border-line case beiween Cases Al and A2 In either case,
since V> (3/2) (Sg—S4), (i) holds, and X, is given by (3.11) or (3.23)
as -

1
X,= i

[2($75— $100)+ %100+ $110)] = $40.
Therefore A should not bid more than $40 for item 1.

Example 1. Let Ss-=$100, Sp=$110, V,=$12, V,= $105.
This belongs to Case Al. Since V< (3/2) (Sg—S.), (iii) holds, and
X, is given by (3.16) as

2
3

Xo= 2 ($12)=$8,

Note that, if one used equation (3.11), one would get X,= (1/4)
[2(812— $105) + ($100+ $110)]= $0. However, if A stops bidding
at $6, then B can win item 1 for $6 and, as B has $10{ remaining,
B can win also item 2 for $100. Hence R,=0 and Rp=($12—$6) +
($105— $100)=$11. On the other hand, if A bids up to $8 and lets
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Notes on auction bidding . 51

B win item 1 for $8, then B wiil have $102 and will be able to win
also item 2 for $100. Hence R,=0 and Rz=($12— $8) + ( $ 105— $ 100)
=$9, If A wins item 1 for $8, then B wiii be able to win item 2
for only $92 (A has only $92 remaining). Hence R,= $12— $8=$4
and Rp= $105— $92= $13. Thus R4—Rz=-—$9 for the latter two
cases, in contrast with R,—Rz=— $11 for the former case.

Example 1II. Let S,=$100, Sz=$110, V,=$%20, V,=$30.
Case A2 (iii) holds. X, is given by (3.20) as X,=$20. Neither A
nor B would stop below V; for item 1. If they bid up to V,, the
return will be virtualiy zero, whichever gets item 1. The same thing
will happen for item 2. It foilows that R,=Rz=0.

5. MAXIMIZING EXPECTED RETURN

Let us now consider the case where A has as his objective the
maximization of his own expected return R.,. Let us further assume
that B tries”to minimize R, (this may not be a reaiistic assumption).
If A lets B win the first item for X dollars, then R, wiil be given
by g, (X), where

& (X) =0,
if X<Sp—-min (S4, Va), (. 1)
=V,—~Sp+X,
if X>Sg--min (S, V). (5.2)

If, on the other hand, A wins item 1 for X doliars, then R, will be
given by g.(X), where

&:(X) =V,—X+max (V,—Sg, U), (5.3)
if X<S,—min (S V),

if X>S,—min (Sg Vi),
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52 Sigeiti Moriguti

As in Section 3, we will Ra
consider four cases in turn.
Case Al:  S,<Sp, Si<V,. v

In this case, the graphs of
& (X) and £ (X) will look like Fig.
5.

The ordinates of points P, @
are given, respectively, by

V275a
P: g,(Sp—S4) =V +S4—Sp, (5.5) 0 y
Q: £ (Ss—Sa+0)=V.—S,. (5.6)
(i) If P lies above @, i. e., if
Vi—V,+254—Ss>0, 5.7)
then the critical value X; will be given by the condition
Ve—Ss+ Xo=Vi— X, (5.8)
whence
Xo= 5= (Vi= Vit S (5.9)
(ii) if P lies beiow @ and above the horizontal axis,i.e., if
Vi~ V.+2S8,—S5<0, V,+8.,—S5>0, (5.10)
then X, will be given by
Xy=Sg—Sa. (5.11)

(iii) If P lies below the horisontal axis, i. e., if
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Notes on auction bidding 53
Vi+Sa—Sa<0, (5. 12)
then X, will be given by the condition
V,—X,=0, (5.13)
whence
X,== V.. (5. 14)
In either case, if X, as given by the appropriate formula exceeds
Sa, then X, should be taken as S,.
These results can be summarized in a graph asin Fig. 6.

X, Ra

SAp - e

SeSaF---~~2 i

1 '
] ¢
] 1
i +
1 1

2(5p5a)  2(5e-54)+(V2-5a)

Fig. 6.
Results in Case Al.

Case A 2: SA<SB, Vz<SA.
In this case, the graphs of g(X) and g,(X) will iook like Fig. 7.

The ordinate of point U is given by
£:(Sp— V) =V + V;—S;. (5. 15)
(i) If U lies above the horizontal axis, i. e., if
Vi+V,—55>0, (5. 16)
then X, will be given by the condition

Ve—Sa+X,=V,—X,, (5.17)
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54 Sigeiti Moriguti

whence

1
X():’Z (Vg'—Vz'{“SB). (5. 18)

(ii) If U lies below the horizontal axis, i. e., if
Vi+ V,—Sp<0, (5.19)
then X, wili be given by the condition
V,—X,=0, (5. 20)
whence
Xo=Vi. (6. 21)
In either case, if X, as given by the appropriate formula exceeds

S4, then X, should be taken as Sa.
These results can be summarized in a graph as in Fig. 8.

Ra

v

Fig. 8.
Results in Case A2.

Case BL SB<SA, SB< Vz. i X
In this case, the graphs of g (X) and g,(X) will look like Fig. 9.
The ordinates of points P, @, R are given, respectively, by
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Notes on auction bidding
P: £(S4i—Sp—0)=V+V,—S,
Q: £(S4—Spt+0)=V,—S,4+8Ss,
R : £(S4—Sp) =V;+54—2Ss.

(i) If R lies below @, i. e., if

Vi—V,—254+3Sp>0,

then the critical value X, will be given by the condition

Vo—Sp+Xy==V,— X,

whence

Xo= 4 (Vi—Va+Sp).

Dol

(ii) If R lies between P and @, i. e., if
Vi—V,—25,-3Sp<0, V,—2S5,4+2Sz>0,
then X, will be given by
Xy=84-~Sa.
(iii) If R lies above P, i. e., if
V,—254+25<0,
then X, will be given by the condition

Vee=Sp+ X, =V, +V,—85—X,,

whence
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X,= —%— V. ' (5.32)

In either case, if X, as given by the appropriate formula exceeds

S4, then X, should be taken as S..
These results can be summarized in a graph as in Fig. 10.

! 1
2(5a-5B) 2{Sa-Selt{V2-Sg)

Fig. 10. Fig. 11.
Results for Case B1. R, for Case B2.

Case B2: SB<SA, V2<SB.
In this case, the graphs of g,(X) and g,(X) will look like Fig. 11.
The ordinate of point U is given by

&:(Sp—V2) =V 1+ Vo—Ss. (5.33)
(i) If U lies above the horizontal axis, i. e., if
Vi+V,—Ssz>0, (5. 34)
then X, will be given by the condition
V,—S+X,=V:—X,, (5. 35)
whence

L v—v,+8,). (5. 36)

Xo:

(ii) If U lies below the horizontal axis, i. e., if
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Vi+V:—Sp<0, (5.37)

then X, will be given by the conditionA

Vi—X,:=0, (5. 38)
whence
X,=V,. (5. 39)
In either case, if X, as given Xo
by the appropriate formula exceeds SaL _____________ _
S4, then X, should be taken as S..
These results can be sum- g gf.-won- 0

marized in a graph as in Fig. 12

R

6. EXAMPLES 0 v
, Sp-V2
Fig. 12.
Let us illustrate the use of Results for Case B2.

the results obtained in Section 5 by
a few examples.

Example 1. Let S,=$100, S;=$110, V=875 V.= $100.
This is the border-line case between Case Al and A2 In either
case, (i) holds, and X, is given by (3.9) as

x.,‘=~:12—»( $75— $100+ § 110) = $ 42, 50.

Thus, A should not bid more than $42 50 for item 1.

Remark 1. Compare this example with Example I of Section 4,
where the critical value was $40.

Remark 2. If B has as his objective the maximization of his
own expected return Rp, and if he assumes that A will try to minimize
Ry, then he will stop bidding at

1
Xo:“‘é" (V= V484
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= é ($75— $ 100+ § 100) = $ 37, 50.

A will then be able to win item 1 for $37.50 and his return will be
R,=$75— $37.50= $37.50.

This is greater than the return he would get if the bidding went up to
$42. 50 as given above. If A wants to maximize R, and if B wants
to maximize Rjp, then the problem is one of non-zero-sum two-person
game,

Example 1I. Let S.=$100, Spz=$110, V,=$12, V,=$105
Case Al (ii) holds, and X, is given by (5.11) as

Xo=$110— $100= $10.

A should stop bidding at $10. )

Remark 1. If B wins item 1 for $11, say, then A will be able
to win item 2 for $100 and his return will be R,= $105— $100= $5.
On the other hand, if B lets A win item 1 for $10, then A’s return
will be R,= $12—$810=$2 Thus, he is assured of the return of at
least $2.

Remark 2. If B has as his objective the maximization of his
own return Rp ani if he assumss that A will try to minimize R,
then Case Bl (iii) holds (with A ani B reversel). So B will stop
bidding at

1

Xo=

($12)=$%6.

A will then be able to win item 1 for little greater than $6, thus
getting the return of R,= $12— $6= $6. This is greater than the return
he would get if the bidding went up to $10. If A wants to maximize
R4, and if B wants to maximize R, then the problem is one of non-
zero-sum two-person game.

Example M. Let S,=$100, Sp=3%110, V,=$20, Vo= $30.
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Case A2 (ii) holds. X, will be given by
X 0= Vl= $ 20.
A should not stop bidding for item 1 below $20. B would not either.

Hence they will bid up to $20 and the same thing will happen for
item 2. The return will then be R,=0.
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