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ON RUIN PROBLEM WITH NUMERICAL TABLES

T. SEIKE and T'. ODANAKA
Tokyo Metropolitan Technical College

INTRODUCTION

The main aim of the paper is devoted to certain problems connec-

ted with Bernoulli trials in which the probabilities of success and failure
“are p and g, respectively.

We shall consider the gambler who wins a dollar for each success
and loss a dollar for each failure. We shall suppose that the gambler
and his adversary own a total of dollars and start with z and a2
dollars, respectively. The game continues until the gambler’s capital
either is reduced to zero or increases toa, that is, until one of the two
players is ruin.

We are interested in

1) the probability of the gambler’s ruin; ¢,

2) the expected duration of the game; D,,

3) the expectation of gain of the game; E(G),

4) the case where the unit is changed from a dollar to half a

dollar, etc.

Physical applications and analyses suggest another intuitive inter-
pretation. We imagine that the trials are performed at times #=1, 2,
3, - and interpret their results in terms of the motion of a variable
point or particle on the x-axis. At £:=:0 this particle has the position
x=gz, and at =1, 2, 3, .- it moves a unit step to the right or left
according to whether the corresponding trial results in success or failure.
Thus the position of our particle at time # represents the gambler’s
capital at the conclusion of the n-th trial. The trials terminate when
the particle for the first time to reach to either x=0 or x=a. The
limiting positions x=0 and x=ea are called absorbing barriers; the
gambler’s ruin is interpreted as absorption at x=0. ’
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The ruin problem which we discussed in above, being treated
according to this model, may be called a kind of primitive Monte Carlo
method.

This problem has already been taken up by W. Feller and many
others and a table for the numerical value has been made, ¥ but more
systematic tables are needed for industry inciuding random factors as
a plan for business stratagy.

In this paper, we discuss a case of the values +¢ and —c¢ with
probabilities p and g respectively and discuss the plan of calculation of
4, E(G), D,, And we describe the method used when a=10, ¢=1, and
attached some graphs and tables.

THEORETICAL CONSIDERATION

1) The probability of the gambler’s ruin ; ¢,.

We consider the problem stated in the introduction. Let ¢, be
the probability of the gambler’s ultimate ruin, and assume the values +c
and —c with probabilities p and ¢, respectively.

After the first trial the gambler’s fortune is either z—c¢ or z+c
<and therefore we must have

4:=Pqr.c+qq,, 1

1
%=1, q.=0. [ (L

provided c<z<a—c.

We shall derive an explicit expression for ¢, by the method of
particular solutions.

Suppose first that p=xq. It is easily verified that the difference
equation (1) admits the two particular solutions ¢,=1 and gq,= (g/p)*".
It follows that for arbitrary constants A and B the sequence

q.=A+Balp)*"

represents a formal solution of (1). We wish to adjust the constant
A and B so that the boundary conditions will be satisfied. This means
that A and B must satisfy the two linear equations A+B=1 and
A+B(g/p)**=0. Thus
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represents a formai solution of the difference equation (1) satisfying
the boundary conditions. The formula breaks down if p=¢="'/..

1t follows that when p=g=1Y, =il solutions of (1)are of the form
q,=A+B; and in order to satisfy thaz boundary condition, we put

=12
(],——l' a- (3)

2) The expectation of gain; E(G)

Under this system the gambler’s ultimate gain of loss is a random
variable G which assumes the values a@—z and —z with probabilties
1—q, and q,, respectively.

The expectation of gain is formed to be

EG)=a(l—-q,)—2 (4)
Introducing the values ¢, from (3), it is found that if p=¢g=1/,, then
E(G):=0. (5)

3) The expected duration of the game ; D..
The argument which lead to the difference equation and the bo-
undary conditions (1) shows directly that the expected duration D,
-satisfies the difference equation with the boundary conditions

D,=pD,, . +qD,..+1, 0<z<a,~l

§ (6)
Dy=0, D,=0.
If p2=q, then Dz=—j~-——q—i—ﬁ is a formal solution of (1). It
follows that if p=rq all solutions of (1) are of the form
-2, 1 2ie
D= ) FA+B(a/p)

“The wvalues of the constants A and B follow again from the boundary
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conditions (6), according to which we must have A+B=0 and
ae__ @ 1 _
A+Blg/p)*r= c a—p°
Solving for A and B, we find
D.o? 1 a 1 1—(q/p)®°

¢ a=p ¢ a—p 1-@p™ 7

Again the formula brezks down if p=g=1!/,.

It follows that when p=q¢=1/, all solutions of (6) are of the form
D,=—2z*+ A+ Bz. The required solution D, which satisfies the boundary
conditions is then

D,=z(a—2). (8)

PLAN OF CALCULATION

NN

0$ From the fact that gq,,
E(G), and D, are functions
08 of the variables @, ¢, p and z,
P \ we first considered the analysis
01 of these functions as the
’ plan of calculation.
06 1) Consideration for ch-
\ ange of p.
05 1If
o \16 Gorn= (@/p)*r—(qip)r
2 ((I/p) a/o'___l ’
03 \
\\0‘7 then
02

(&8 \ \\ Qa—z.pzl—(b-q (9)

Thus ¢,, and ¢,, are sym-

01 2 3 4 5 6 _T7 8 9 1 metric with each other in
z regard to the point (z2=¢/z,
Fig. 1 q.=0.5). (Fig. 1).
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Also, if we set Fig. 3
Ez'pza (1"'Qz) —2,
then we have
Eyry p="Egq (10)

Thus E.., and E,., are symmetric with each other in regard to points

(z=q/z2,E=0). (Fig. 2).
Similarly, for

1 a 1 1—{qip*°
qa—p» ¢ q—p 1—-(g/p)**

D..,=

NN
!
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we have

Du—zr p:Db qe (11)

Thus D,,, and D,, , are symmetric with each other in regard to line
z=qlz. (Fig. 3)
2) Consideration for the change of c.
If we set

0= L) = Laip) 1y
: {@pe—1

and
(aip)*r=q1y, (12)
then we obtain

o 1) = 1D
ST g1

Hence, g, which assume
05 values +c¢ and —c¢ with pro-
babilities p and g, respectively
04 is equivalent to the ¢, which

4
. %// //// assume values +1 and—1 with
/ 2 probabilities p and ¢ respec-
A

tively.

03
/ c=1 // / / From (12), we have
02 // 4!

A e

Q1 y 1 J
s = e
/// y ﬂ PRI
0 - >~ .
0. o1 0 03 04 05 Obviously, p. and pY, are
— symmetric with each other in
Fig. 4 regard to line p=7p". (Fig. 4).

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



On Ruin Problem with Numerical Tables 83

Also, since

E(G)=a(l-q,) —2,

we can discuss similarly E (G) and q, for the change of c.
we can expect that

_17 2 a  1-(p)*
D.==, g—p q—p 1—-(dp° ] (14)

Consequently, D, is given as 1jc of D, in case of values +1 and —1
with probabilities §” and ¢’, respectively.
3) Consideration for the change of a.
Now, when ¢=1 and « changes to ¢z, if z and ¢ change to ¢g
and ¢, then g, E(G) and D, are invariant by physical meaning. Really,
we have

_ {ap U — @)Y (alp)i—(alp)®
2= {@Ip) T —1 = ah -1 (15)

Also E(G) and D, can be proved similarly.
From above consideration, we have following conclusions for the

plan of calculation.

1) p may be changed in the range of [0~0. 5]

2) z and ¢ may be changed at the same ratio of change as that

of a.

3) If we make numerical table of ¢,, E(G) and D, for p and 2z in
fixed @ and ¢, then we can obtain ¢,, E(G) and D, for any a, ¢, p and
2z by this table through suitable transformations.

PREPARATION OF THE TABLES AND
DESCRIPTION OF THE METHOD USED

We made the table for following values. (Table 1, Table 2).
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$=0.5~0.4 [0.01], 0.4~0.1 [0.1],
z2=1~10 [1].

The method used for the calculation of this numerical tables for

any a, p, z, ¢ are following.
First, we determine m as ma=10, and transform

/ ay ma= 10
2 mz=2"
—_——
o me=c’
D 4

In this transformations, ¢, D, and E(G) are invariant by equation

15).
Secondary, we transform to p” from p as c¢=1 by equation (13).

that is :

10 10

Z 2!
—_—

¢ ¢’=1

P 4
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Table I
i 1 . | . : |
»/? \1/10\ Yo | s l Yo | Mo | M5 | s l s i s ‘ 1] 2 } 3 ‘ 4
| i i ! T .
0.50, /.50 0.50/ 0.50, 0.50/ 0.50, 0.50. 0.50 0.50| 0.50, 0.50 0.50 0.50, 0.50
0.49 0.40 0.411 0.42 0.43 0.44' 0.45 0.46 0,47, 0.48 0.49 0.50| 0.50 0 50
0.48 0.31/ 0.33 0.35' 0.36! 0.381 0.41' (.42 0,44 0.46 0.48 049 0.49 0.50
0.47/0.23 0.25 0.28 0.30. 0.33 0.35 0.38 0.41 0.44/ 0.47 0.48 0.49 0.49
0.4 0.170.19 0.22 0.25" 0.28 0.31 0.34 038 042 0.46 048 049 0.49
0.45 0.12 0.14 0.17/0.20 0.23 0.27 0.31 .35 0.40 045 0.47 0.48 0.49
0.44 0.08 0.10 0.13 0.16/ 0.19 0.23 0.28 032 038 044 047 048 0 48
0.43 0.06 0.070.09/0.12 0.16 0.20 0.24 030 036 043 0.46 0.48 048
0.42 0.04/ 0.05 0.07/ 0.09 0.13 0.17 0,22 0.27] 0.34 042 0.46 047 0 48
0.41 003 0.04 0.05 0.07 0.10‘ 0.14 019 0.25 0.33 0.41 045 047 048
0.40, 0.02| 0.03 0.04/ 0.06 0.08 0.12 0.16 0.23 0.31] 0.40, 0.45 0.47 047
0.39 0,01/ 0.02 0.03 0.04' 0.066 0.10 0.14 0.21 0.29 039 044 0.46 0 47
0.38/ 001/ 0.01: 0.02 0.03 0.05 0.08 0.120 0.19 0.27 0.38 0. 44 0.46 O, 47
0. 37 0.01/ 0.01/ 0.02 0.04/ 0.07. 0.11] 0.17 0.26| 0.37 0.43 0.46 0. 47
0.36 0.01 0.01/0.02 0.03 0.05 0.09 0.15 0.24 0.36 0.43 0.45 0 46
0.35 0.0110.01) 0.02 0.04 0.08] 0.14 0.22 035 042 0.45 0.46
0.34 \ 0.01 0.02 0.04 007 012 0.21| 034 042 044 0 46
0.33 0.01] 0.01) 0.03 0.06 0.11| 0.20 0.33 041 0.44 0. 46
0.32 0.01 0.02 0.05 0.09 0.18 0.32 041 044 0. 45
0.31 0.01) 0.02 004 0.08 0.17 0.31 0.40 0.43; 0. 45
0.30 0.01/ 0.01 003 0.07 0.16 0.30] 0.40 0.43 0.45
0. 29 0.011 0.03 0.06 0.14 0.29 039 043 044
0.28 0.01/ 002 0.06 013 0.28 0.38 042 0, 44
0.27 0.01 002 005 012 027 038 042 044
0. 26 0.01 002 0.04} 0.11?| 0.26/ 0.37 0.41 0.43
0.25 00l 004 010 0.25 0.37 0.4 043
0.24 ' 1 0.0 0.03 009 024 036 041 043
0,23 | 0.0 003 0.08 0.23 0.35 040 O 43
0.22 1 001 002 007 022 035 040 0 42
0.21 | 0.02 0.07) 0.21] 0.34 0.39 0.42
0.20 | ! 002 0.06 0.20 033 039 041
0.19 | " 001 005 019 033 038 041
0.18 L 0.0l 0.05 0.18 032 0.38 0,40
0.17 ; 0.01 0.04 0.17 0.31] 0.37 0.40
0.16 ! 0.01 0.04 0.16 0.30 0.37 0.40
0.15 | ; 0.0, 0.03 0.15 0.30/ 0.36 0.39
0.14 \ | 0.03 0.14/ 0.29) 0.35 0.39
0.13 | r 0.02 0.13 0.28 0.35 0.38
0.12 ‘ ; 1 0.02| 0.121 0.27 0.34 0.38
011 0.02 0.11 0.26 0.33 037
0.10 J | 0.01 0.10] 0.25 0,32 0.37
» 1
Tables of P=

1+ (dlp)e
C=1 1, s Yy s, Yo, Yo e Yo, Vi 1, 2, 3, 4,
P’ =0,50~0.10 (0.013.
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Using the table, we find out ¢,, E(G) and D, for '=10, 2/, ¢/’=1 and
7. And by equation (2), (4), and (7) respectively, we have

a,=4q, ,
E,(G)=mE, (G),

D,=mD,/,

Thus, we have ¢q,, D, and E(G) for a, p, 2z and c.
If, 0.5<p<1, then by equation
Ane=1—0Qa_p»p
Ezyq:—Ea—mP
Dt:tl:Da—z:p

we can obtain the case of 0>p>0.5.

Ex 1. Obtain q,, E(G) and D, for p=0.45 a=100,

Using the table 1 and following transformation

and also, using the table II and the equation (16),

/ a=100 10 10
z= 90 \ 9 9
—_—— —
c= 1 1/10 ].
$=0.45 / 0.45 0.12

q.=0.89, E(G)=-79%x10, D,=99x10.

Ex 2. Obtain q,, £(G) and D, for p=0.65 a=100,
We first obtain ¢,, E(G) and D, for $=0.45, a=100,

By the transformation
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(16)

(17)

z2=90. c¢=1

(17), (18), we have

z2=90 and
z2=10 and
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a=100 /a::lO 10 \
z= 10 | a 1 I
— | E— |
c= 5 Kc::l/2 1 /
p=0.45/ p==0.45 \ 0.40

We have
q,=0.991, E(G)=-0.9x10, D,=4.6x10.
Using the equation (9), (10) and (11), we have

Q905 0-85=1—q 10, 0-45=0.009,
Dy, g.65=Dyg, 0-45:46,
Eoy 055~ Eip,0-45=9.

CONCLUSION

In this paper, we attached simple tables but are needed more
accurate table as Operations Research.

We assumed the value +¢ and —c¢ with probailities p and q respec-
tively, but in practice we have the case of the values +c¢ and—d(cd).
This point is being investigated.

We wish to express our thanks to Professor T. Kawata for sugges-
ting this investigation. Progress of this study was facilitated by Grant
in Aid for the miscellaneous Scientific Resarch from Ministry of
Education.

REFERENCE

1) W. FELLER: An Introduction to the theory of probability, (p. 282).
2) T. KAWATA: Handbooks of Statistical Engineering (in¥Japanese), (p. 513).

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.





