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INTRODUCTION

It has been a generally accepted idea that the queue can be given

if the following three assumptions zre defined :
(1) input of customers at office ;
(2) service mechanism at office ;
(3) distribution of service time at office.

Many queues have so far been defined from various points of
view, obtaining various results of much interest. It may, however, be
said that almost all the theories of queue that have thus far been
studied were established on the assumption that each customer arriving
at the office would never leave there, unless he should be received his
service. Professor T. Kawata ¥ has now introduced and analyzed a new
theory of queue, in which he assumed that the customer arriving at
the office anew would not necessarily join the queue but join it with a
certain probability p,, of which #» was to indicate the number of cus-
tomers who had been forming the queue and waiting for the service.
Taking much interest in this idea, present writers with other associate
specialists, examined it from the viewpoint of the hidden demands,
thereby intrcducing some results, and applied it to some practical
cases. 2%

Even in this theory, however, it is assumed that the customer
once joined the queue woud rot give up the service and leave the queue.
Now, in making this report, an attempt was made to expand the theory
as to consider that not only the customers arriving at the office would
not necessarily join the queue, but also some of the customers already
joined the queue might happen to give up the service halfway and

59



60 K. Udagawa and G. Nakamura

leave the queue. Needless to say, there may be various ways of ex-
panding the theory, but, taking into account its applicability to the
practice and the relative difficulty of its theoretical analysis, the
expansion of theory was made here on a specific assumption. The expanded
theory, therefore, may in some cases be inapplicable to the practice.
However, the assumption adopted here may, in 2 sense, have the
reality of the same degree as of the assumption that a discrete additive
process is to follow the Poisson process. (This wiil be verified later
on). As for the other ways of expanding the theory, reports wiil be
made in another article.

FORMULATION OF THE QUEUE

In order to formulate the queue, we set up some assumptions for
each of the three assumptions referred to in the introduction. These
assumptions are, with the exception of one for the customers who, giving
up the service, leave the queue halfway, just the same as those set up
for the queue introduced by Professor T. Kawata.

First, it is assumed, as for the input of customers at office,
that :

(I) The input of customers at office is performed in gaccordance
with the Poisson process of parameter A, i.e., the probability of
n customers’ arriving at office within any time interval ¢ is:

e MAH”

‘(
al

(II) The probability of the customer’s joining the queue who
arrives at office when 7 customers inclusive of one now
being served stand in a queue is defined by p, provided,
however, that he always receives the service when there is
no customer but him at the office, i. e.,

bo=1.

Next, it is assumed, as for the service mechanism, that :
(III) Services are furnished in the order of customers’ standing in
the queue.
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On a queue in which customers give up their services halfway 61

Then, as for the distribution of service time, it is assumed
thot :

(IV) There is only one server where services are furnished, with
the distribution of service time to be followed by the negative
exponential law with the parameter . Namely, the probability
density with which a service is furnished within a time in-
terval # is,

g () ==be,

In addition to the above-described four assumptions, fifth as-
sumption is made whereby the condition is defined, in which the custom-
ers standing in a queue give up their services halfway and leave
the queue, i. e. :

(V) Supposing that 2 customers exclusive of one now being
served at the office are standing in a queue and a server is
occupied during a time interval ¢ for a customer, the proba-
bility of one of standing custemer’s giving up the service
halfway and leaving the queue is given by ¢, Af, provided,
however, that At is a very little while and the probability of
two or more customers’ giving up the services halfway and
leaving the queue in that time is o (A#).

It would be worth while to touch up a bit upon the five as-
sumptions described above, which were set up to enable us to define
our queue, except, the assumptions (I), (IIT) and (IV)that are customarily
used in analyzing the queue as a matter of common sense.

Both of the assumptions (II) and (V) denote the disposition of
the customers who come to the office with the object of being served,
however, leave there without being served. Assumption (II) embodies
the disposition of the customers who come to the office, however, leave
there right away, and the possibility of such customers’ leaving may,
in the name of common sense, be considered to increase as the queue
becomes longer. In fact, it has been made clear that this tendency
approximately decreases exponentially. ® In the theoretical analysis,
however, only the definition, without regard to such tendency, of the
fact that the possibility of the customer’s leaving the office right away
even when coming to it is affected by the number of customers already
standing in a queue will suffice.
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Assumption (V), on the other hand, embodies the disposition of
the customers who have already stood in the queue give up their
services and leave there halfway. In this case, the possibility of the
customer’s leaving will, as a matter of fact, be affected not only
by the speed of services but also by the number of customers standing
in a queue. In fact, if it takes so much time for furnishing service to a
customer that the queue makes very slow progress, many customers
will be tired of waiting and leave there. Therefore, it was assumed
that the proportional constant g, depends upon the number of customers
standing in the queue, supposing that the probability of one customer’s
leaving whiie a customer is being served will be proportionate to the
time so long as the time involved is very short. This assumption may,
in a sense, have the reality of the same degree as of the assumption
for the Poisson process, as mentioned in the introduction. For the
Poisson process with parameter «, the probabiiity of no occurrence
coming out within the time Af# is (1--e *2%), which is «aA¢?, thus being
proportionate to Af, if the infinitesimal of higher order of At are
neglected.  Our case, though, is rather similar to the Poisson process,
in which parameter varies, since ¢, varies with z.

DEATH PROCESS

The queue to be analyzed hereunder may be considered to have
been defined in the preceding chapter, but it would be difficult to
directly analyze how the number of customers standing in a queue
will vary with the lapse of time. So, the consideration here will be
limited to the time interval extending from the time when a customer
arrives at the office to the time when the next customer comes
to it. (It makes no difference whether the customer coming will join
the queue or not.) Within this time interval, there should be no customer
coming to the office and, accordingly, no customer joining the queue,
80 that the number of customers standing in a queue will go on falling
away by the number of customers who, after having been served, will
leave there or who will give up their services and leave there halfway.
Then the numbers of customers standing in a queue will, in this case,
create a death process. Supposing that, in this death process, #
customers inclusive of the customer now being served at £=0 are

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



On a queue in which customers give up their services halfway 63

standing in a queue at the office, the probability of m(<n) customers’
leaving there until #=7T 1is defined as P,(T, n). The stochastic
equation for P, (T, n) will then be obtainable. It would, however, be
necessary to demonstrate, prior to this, some simple characters of the
negative exponential distribution.

It was assumed in assumption (V) that the distribution of
service time, ¢ () was followed by the negative exponential distribution
with the parameter . Now, lets find out the probability of a customer’s
being fully served, in the case of such service time distribution within
the following time #. Supposing that this customer has already been
served for the time #;, the probability of his being fully served within
‘the following time ¢ will be :

b+t =~b{L(+t
b | be D e,
S be"dt e
t1

This shows that, in the negative exponential distribution, the
probability of a customer’s being fully served within the following time
& will always be equal to that in the initial distribution, regardless of
the time for which he has already been served in advance. This quite
distinguishing characteristic of the negative exponential distribution may
be used for obtaining easily the stochastic equations for P,(#, #).
Namely, considering the equilibrium conditions during a certain very
short time Af:

Pyt + AL, n) =P, (t, n)e** (1—q,.1At) +0(AL),
P,t+At, n)=P,{t, n)e " (1—qu_pm_1AF)
+ P, (t, n) {(1—e™ %) +e7v22q, At} +0(AL),
mx0, n>m,
P,(t+At, n)=P,(t, n) +P,_,(, n) (1—e ) +0(A).

It is to be noted here that the probability of no customer’s being
fully served within a time interval Af is ¢7%*  Also the expression
¢;=0 comes into existence. The three formulas given above are
-transformed as :
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P, (t+ At n) ={1—(b+qu_y1) ALYPy (¢, n) +0(AL),
P,t+ AL n)={1— (b+0p_n-1) ALY P, (¢, 1)

+ (b+qu_p) ALP,_, (£, n) +0(AL), m=0, n>m,
P, (t+At, n) =P, (t, n)+bAtP,_,(t, n) +0o(At), n=1.

Therefore, in the limit of Af—0,

S Py(t, W) =— b+ gu) Palt, 1), nZL, 3.1

O Pult, 2) = — (b Gu-p-1) Pt 24+ ) Pr-ilt, )
}(3. 2)

m=x0, n>m.
o5 Palt, n) =bPu i (1, W), nZ1. @ 3

And the initial condition of these differential-difference equa-

tions is:

Pm (07 n) =8n0) (3. 4)

where 8 denotes the Kronecker’s delta and &,,=1 or 0 for n=0
or n=0 respectively. Since b and ¢ in equations (3.1)~ (3.3) always
appear in the form of b+¢q, we define B3, as follows for the purpose
of simplifying the symbols ;

Bn:b+4n (3- 5)

Then the solution of equation (3.1) is

PO (t’ n) =e—8h—lt: nzl (3. 6)

with the aid of (3.4).

And equations (3.2) and (3.3) are rewritten as:

°a—at‘Pm(t: n) =~Bn—m—;Pm(t7 n) +Bn—um—1(t» n)r} (3. 2)'
m=x0, n=m.
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Here, we use the definition of AB_,=0. Evidently the solution of
equation (3.2)’ can be defined uniquely, if m=1, 2, --- are substituted
one after another with the aid of equations (3.4) and (3.6).

Now, in order to give the analytical representation to P,(¢, #n),
some study will be made on ¢q,. If ¢, is régarded as a function of » only,
it is natural that, the more the customers standing in the queue, the
greater will be the probability of a customer’s leaving there. It is, in
fact, reasonable to imagine thdt, if many customers are standing in
the queue and the queue is advanced slowly, some of them may happen
to give up their services and leave there. Supposing thenthat q,> @,_,
for all the positive numbers »n, the similar relation, B,> RB,_;, will also
come into existence for every =. If such assumption as is quite probable
is made for every #, the solution of equation (3.2)" can be obtained
easily in the case of % >m, as

B 4
R A ©- 7
=t kI}l,(B” 3= Bak)

Here, I1” denotes the multiplication of all terms exclusive of k=j.
To see that equation (3.7) is the solution, verifications of the fact that
formulas (3.2)" and (3.4) are thereby satisfied would suffice.

First, by substituting formula (3.7) in the left and the right
sides of formula (3.2)’, we obtain

B t
left side= (—1)™{11 8, l}/fvm@" e
H, (Bn ‘“Bn k)
A 7. e‘Bn_jt
right side= (—1)™"8,_p_.{1] /3,,_1}5‘ T
b1 7= Bn 5= Bae)
e‘ﬂn_jt

( IMI/ganBM S‘
) a5 H' (Bn_s—Bns)

My m mtl Bn"’n_le—sn_jt
- ol S,

k=g
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m+ g m, (Bln—]—Bn‘m—l) e—Bn—jt
+ (~1) l{glﬁn_t}?;l mﬁ} (Bn—j"' Bn—k) .

Just the comparison of the coefficients of e78,_j# of the left and
right sides will make clear that both sides are equal. Next, in oder
to see that the initial condition——formula (3.4) ——are satisfied, #=0
will be put in formula (3.7), which will then be;

R T

L

k=

So, the verification of :

would suffice, since, in the case of n>m,
{11 B,/ }=0.
i=1 n

For this purpose, we reduce to a common denominator of D,
then we obtain

mti
me1 (—1) mg—f&]“’ (Bp-i~Bnx)

D=5 —
o I1 (Bﬁ—i_lgn—k)
ik

As, in this formula, numerators and denominators are expressed,
respectively, in the form of a differente, it may be expressed in a
determinant by making use of Vandermonde’s determinant. If jth
numerator is expressed in this determinant, it will be:
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1 1 -1 1 1
Bn—l Bn-z T Bn—]ﬂ /87»—}—1 e Bn—m—l
/3721—1 /372142 © B’zl~1+1 18720«]—1 e Bﬁ-mq

T (81— Bus) =
>k

Accordingly, the numerator of D is identically zero, as a result
of the lowest row of the following being expanded :

1 T e 1

Bt By oo, Bonms
By Bhg e -
/8;’7‘:11 %_—21 .............................. n—7rlz—1
1 1 e 1

Since, however, the denominator can not be zero because of the
assumption (B;> 8s-1), the result will be D=0, hence it may be said
that formula (3.4) has been verified.

Lastly, to find out the value of P,(f, n), m=n—-1 is put in
formula (3.7), which will then be:

r

n-1 e B, ;
Puit, )= (=118, i}? el
=1 H' (Brn_5—Ba. k)

Therefore, taking into account the initial condition of P, (¥, n) :

-8 £
€ “p-j

Patt, m) = (=" {1 8,-)53 | - -dt. (.9

0 TI B"—f—Bn—’G)

Copyright © by ORSJ. Unauthorized reproduction of this article is prohibited.



68 K. Udagawa and G. Nakamura
MARKOV CHAIN

It has been described in chapter 3 that, in the lapse of time
extending from the time when a customer arrives at the office
to the time when the next customer comes to it, 2 death process .was
created by the numbers of customers standing in the queue at the office,
and. at the same time, some study was made of the features of such
death process. Now, in this chapter, explanations will be given, through
application of the features of such death process, for Markov chain to
be formed by the numbers of customers standing in the queue with
respect only to the time points when customers come to the office.
Also some study will be made of the features of the Markov chain.

Supposing that 7 customers are standing in the queue at the time
point when a customer arrives at the office, the probability of 7 custom-
ers’ standing in a queue at the time point when the next customer
comes to it is defined as p(Z, 7). (If the arriving customer joins the
queue, he must be included in the number.) Since the time # between
the two successive time points will, as may easily be introduced from
assumption (I), show the distribution of Ae™, p(, j) is represented

by

00

p@, 7 =50 (51 Pigri (&, ) + (1=p)) Py (&, D) INe™™dt, izj>1,

b, )= pePolt, D)neat, i=j—1>0,
0
b, =0, i<j—1

where p; is to represent the probability defined by the assumption
(11}, the probability of the customer’s joining the queue, who newly
arrives at the office when j customers are standing in the queue. The
transition probability p (7, j) will now be sought for one after another.
First, p(i, ¢+1) can be calculated with ease. Namely, by using
formula (3.6),

. . _ > —(A+By— . 7\,?1» .
DG, i+1) =Ap,| e-rm-oe dt=2B—, izl @)

Then, to calculate p(Z, j), 127 >0, both sides of formula (3.2) ~
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are multiplied by Ae™™, and integrated by ¢ from 0 to co. Thus we

have
(t, m) } heNdt =By 1S°°P,,. (¢, ) AeNdt

Lo P

+ By MS m-1(t, m)Ne Mdt, n=m>0.

By integrating the left side by parts and taking into account the

initial condition (3.4),
[ ontt, mnesdt= —g, | puit, mrevar

+/8n mSme—l (t, n) )\'en)‘tdt, n=zm> 0.

Accordingly,
= - — Bn—m - —Ai
[Pt mrevar=— ! [ Pust, mnear, mzm>0. W 2
By using formula (4.2), for the case of i=j>0,
PG, 7)=p; 1SEP¢ m ) neXdt+ (1—py) S:Pt—j(t, i) Ae Mdt
=ty et "P i, nedr 4 (1 ~29) § Peostt, iynesar
1"~ L 2 7\'+B i-J\l, g J
D183 = “o
= (LBl (1-p) }SOP,__,(t, i) Ae-Ndt. 4. 3)
By putting 7=7>0 in this formula
i) ={ P +lgf Ly (1-p) | Pt iy nevar
D18 . ~ (A48T~
{ A+Bi, (- pi)}gohe vedt
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{pi 181 1 (4. 4)

A
A+ Bie (l—pi)}mi—i ’

Supposing that ¢>7>0, it may be obtained from formula (4.3),

G, 5+ =B 1 p )Pt inevar.

A8
Also,
26, ) ={L5EE s a—p)} Pt i)nevar
LBty 1mp) ) BTt e,
Therefore,
D184
(P(i, 7 {7\4‘/312 - pj}l'!*/gj 1
b4 Z j+1) DB i
—m%— (1—P1+1)}

BJ{PJ 1Bt —0) A+8,0 {A+B5.) W+85-9)}
{Ds85+ (I—=pss)) W+ Bs-1) / (M+Bj.1)

Biits1Bs1+ =10y W+ Bs.5) }
N+ Bieg) {085+ (I—pse) A+ B5-1)Y °

i>7>0.
Consequently, p(Z, /) can be expressed by p(, 7+1) as:

Bilps1Bs1+ 01— W+ 8593 . .
Ot By (0Bt (—py) Vi By PG I+D, > 7>0.

b, J) =
4. 9

This is a recurrence equation of p (7, 7). Since p(i, ) has been
calculated in formula 4.4), p(, /) for the case of 7>7>0 can be
defined uniquely by formula (4.4).

Now, since Markov chain to be defined according to the transition
probability p(, 7) is, as is easily supposed, irreducible and aperiodic,
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it is either in null state or in ergodic one. It is known, anyway, that,
if only the time points where a customer arrives at the office are to be
taken into account and the probability of j customers standing in a queue
after » time points where ¢ customers are standing at a certain time
point is supposed to be p™ (i, 7), the relation of

u;=lmp™ (7, j) =0 4. 6)

>0

will always exist with respect to j, regardiess of 7. If this Markov
chain is in null state, the relation of #;=0 will exist with respect to
all 7, which means that the number of customers standing in 2 queue
will increase indenfinitely with the iapse of time. If, however, Markov
chain is in ergodic state, the relation of

u,->(),

SYup G, 7 =u,,
b 4. 7)

Bj‘ u]-:l
exist with respect to all j. As, in our Markov chain, (i, 7) =0 for

the case of 7 <j—1, 2nd formula of formula (4.7) may be transformed
as:

SSwpl, §)=us. 4. 8)

Next, some consideration will be given to the limiting probability,
u; in ergodic state of Markov chain, for which the transition probability,
P, 7) is given by formulas (4.1), (4.4) and (4.5). First, [it will be
obtained from formula (4.5) :

W+ B 10iBs+ 1—ps1) M+Bi-) 1D, 7)
=Bs{Ds1Bs-1t 1—p5) W+ 8,30, j+1), i>7>0. (4 9)
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By multiplying both sides by »; and adding them for i,

O+ Bsa) (0385 (L=pser) (Nt B30)} 33 b i, )

=BslpsaBrrt (1=p5) (Wt Bsn)} ST wap (i, j+1), =21,

Here, by making use of the relation of formula (4.8),
N+ Bs-2) 10585+ I—ps)) W+ B30 =0, NYu—p(F—1, Hu;]
=Bi{pi1Bs-1+ L—05) W+ L) My —p U, F+Du}, 722,

This represents a linear difference equation with variable coeffic-
ients for #;.,, #; and u;,;,.
If, in this formula, the relation of

X5 =Y U351+ 2505,
is introduced, it wiil make :

%3= N+ Bs0) {PsBs+ U—pst) AM+B5-)MH1—-0(, /) }
+ B3t 1Bi+ (I—p)) A+ B5)1p (4, 7+1).

Then, using formulas (4.1) and (4.4),

%3= A+ B {PsBs+ (I—pj.) A+ B5.1)}

x[l— %:g}':; + (-5} x+),z-?,_1 _‘

+B35{ps1Bi1 + L—105) A +Bjy) %ﬁ?jj:

=g LB+ (=050 A+ By L+ Brg) At B0
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"‘)\pj—lﬁj—x’—)\(l—j’j) (7\"‘:8]—2)}
+ADiBi s 1Bs1+ (L=1D5) A+ Bj-9)]

=g L= 510 A+ B3 L+ Boa) (vt 810

—APsi1Bioi— A (1—=D5 A+ B5.5)}
+PiBs N+ Br2) Mt 350 ]
= (I=pse) LA+ Bys) M+ Bsy) —ABs-1B-1
A (Q—=p) A+ Byo) ) +DsBs A+ Byos)
= O+ B30 10585+ (L= pyr) (4 By}
A Q=D B31Bsos+ (1—D) M+ Byn) b,
$5= O+ B1-0) BsB5+ (—Ps) M+ Br-) V5ol —
=ADs [BsBs+ (1—D1) A+ B0},
25= B3 {ps-1Bs1+ (1—p) A+ 803

Accordingly, formula (4. 10) becomes
[+ Bsze) {0385+ =) W+ 850}
“AA=D5. ) {Ps1Bs-i+ A—ps) A+ By-2}1us
=APs DB+ A—ps1) A+ Bs_y) Yues,
+Bi{bs-1Bs-1+ A—p5) W+ B0 Yy, §=2. - (4.11)

As, in the case of j=1, p(i—1I, 7) =0, hence y;=0, the following
formula will be obtained ;

[+ 859 {0385+ (L—pi.1) A+ 8513
~A Q=050 D118y 4+ (1—255) A+ Bs5) Hus
=B83{h5-1Bs1+ A—23) A+ B-0) Yassy, F=1 (4.12)
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The co-relations between u;(j=1, 2, ---) will be perfectly determ-
ined by formulas (4.11) and (4.12), since, in fact, %, can be expressed
in #, by means of formula (4.12) and #; can be expressed in both %,
and wu,, if j=2 is put in formula (4.13). By substituting 7=3, 4, ---
one after another in formula 4.12), w4, s, --- will be determined
successively. Threfore, by using

each #; can be determined but the analytical representation of #; may
be troublesome.

EXAMPLE IN A SPECIAL CASE

While, in chapter 2, various studies have been made of formulated
queues, actual calculation wili be made here in this chapter, such as
derivation of ergodic condition etc.. The queue to be handled in this
chapter is contemplated as follows. Namely, any customer who arrives
at the office is supposed to join the queue without fail, while subsequently,
some of the customers standing in 2 queue is expected to leave there,
giving up service halfway, according to the proceeding conditions of
the queue. In this case, the relation of

p=1 6. 1)

exists for every #. No peculiarity, therefore, can be seen here with
respect to the death process that has been examined in chapter 3.

By substituting formula (5.1) into formulas 4.11) and (4.12)
which will come into existence in ergodic conditions, following formulas
.may be obtained : '

A+ Bj-2) Bats=NByms_1 + BsBs1%5:1, FZ=2, 6. 2

N+ B0 Bsws=B3B-105.y, J=1. (5. 3)

Taking into account B.;=0, it may be obtained from formula
(5.3 ;
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U= 7_}; .
By substituting above in formula (5.2),
A

U3=—5""

Calculation one after another will readily show that

uj+1:73-;_-_—1‘uj. (5. 4)
Accordingly,
& A A2 A2
i 12— - e =1
S+ g mga L
where p=—g— JZL 5. 5)
J-1
By putting in
A .
= . =1, 5.
pj Bj—l : J= ( 6)
following formulas will be obtained :
_ 1
U= oo ’
1+JS__11P1P2P3 Py
2= PiPal3 - - P

5. 7
haid ’ jZ2'
1+ VE-J P1PoPs -+ Ps

Hence it is quite clear that ergodic condition is :

?‘:%Pung’s. s Pyl OO,
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If no customer is supposed to leave the queue, giving up service
halfway, i. e., on the supposition of ¢,=0 for every =z, the ergodic
condition will be p=A/b <1, which accords with an ordinary condition.
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