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DECISION OF AN OPTIMUM TOLL RATE
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IN THIS REPORT we shall formulate a rule for decision of an opti-
mum toll rate of a toll read in view of maximization of income ther-
efrom.

Objections are ready against any such attempt to fix a system of
charging toll on such public characters as toll roads, but we are con-
fronted with the problem to make a schedule of toll rates in some way
or other.

The toll road system in Japan was set very recently which is now
governed by the Japan Highway Public Corporation.

The present study is only a model, a very simplified one, of a
system of toll road. In application, the result should be carefully
examined as there are many simplified assumptions involved, which we
do not claim to be very near to reality.

Whether a passenger passes a toll road or he chooses other road
if there is, or whether he wholly gives up the idea of making a travel
depends upon the utility he expects to get by using the road (the bene-
fit of the road) and the toll he has to pay in passing the toll road. If
the utility exceeds the toll he has to pay, we simply assume, he takes
the road, otherwise he does not. This assumption will sometimes be
violated, for the utility or benefit of the road is hard to calculate.
There will be other factors which are more decisive than this in the
determ ination of one’s passing a toll road. However, on a purely
economical reasoning the idea is fairly natural,

Let the benefit of the toll road for a passenger be denoted by b&.
This b varies with the individual passenger and has a distribution function
F@®). Let n denote the number of times a passenger uses the toll road
in a given interval of time (say one month or one year).

Let the mean value of n be denoted by A, which also varies with
the individual passenger and has a distribution function H(\).

Now we are in a position to formulate the rule of passenger as:
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i) if a passenger’s benefit » is larger than the -toll x, 7. e. if
b> x, then the passenger takes the toll road,
ii) otherwise, he does not take the toll road.
Let P(n, A) denote the probability that a passenger whose mean
frequency of using the toll road is A actually uses it # times in the
given interval of time. We have

inP(n, A=A,
a=0

If the toll rate is fixed at ¥ we can calculate the expectéd income
in the given interval of time as

EU|%) =i§m§ (7, \) H(dx):xjmxﬂ(dx). (1)

n=0Jb>

In order to perform the integral above, we must know the rela-
tion between A and b,

A=g(b).

It would be natural to assume that g is a monotone increasing
function of b, so that we have

E|x) =x§ ANH(dN). (2)

AD9 (%)
The relationship between H, F and g is
F(x)=Hlg(x)] (3)

Our aim now is to find the ¥ which maximizes the £ (/|x). Hence
we have to solve the equation

OF
ox

-0

or
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A (N) dh=x[g(x) h{g(x) 1&g (%) =xg (x) / (x}, (4)

S»v(z)
where
hix)=H (%), Jf(x)=F ().

In order to solve the above equation we must know the functions
f, & and h. However we have no information about these functions.
Wedo not even have statistical data of these functions, so that the follow-
ing calculation is only for a trial.

We assume that the function g(x) =Cux, 7. e. the individual benefit
and the frequency of his using the toll road is proportional.

In this case without loss of generality we can take C=1.

The equation is then

f:xh (A dr =22k (%) (5)

We shall solve the equation (5) for some typical distribution
functions Z(A).

1) Let B(A) be the uniform distribution over the interval (a, b)
h ()\.) =—b‘—‘a_ for a<a <b,

=0 otherwise.

In this case equation (5) becomes

P—x2=24% for a<x<b, (6)
which yields
x=b/v'3 . (7)
Therefore, if
a<blv'3
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(7) really gives the maximizing value x. However, if
bVv'3 Za

(7) is not a solution of (6), the equation (5) has no solution. In this
case the optimum value x should be x=a.
2) Let h(\) be the I'-distribution given by

1 ~1p-Mia
poy =l @I Ve 0

0 , A=0

with a positive integral exponent p. In this case equation (5)
becomes

Smhﬂe‘*’“dx=x”“e‘”‘“

z

After a calculation this equation becomes
G () g+ =2 @

For p=1 (negative exponential distribution) (8)

is,

Hence

1+v5

a=1.6a.

3) Let h(\) be a so called logarithmic normal distribution, 7. e.
logarithm of mean frequency A is normally distributed. We shall give
some numerical solutions of the equation (5) for various parameters.
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By definition we have

e~ (ogh ~my2 252

BN

= -\670'7\

where m and o are constants and are related to the mean M and the
variance V of 2(\) by the following relations,

M=e™7 e, V=M (-1

Equation (5) becomes

2 2
,z:g =L ey
N2 JE NS
where
_Jogx—m _
€= -
or
e 2
lﬁ 7‘—:—‘1_——::8 z S e P dz (9)

'/ log (1 t ) g
Equation (9) can be solved for & by using the table of normal
probability, and the optimum x is given by

K="/ BETV (10)

We give a table and a graph of x for V=1.

M 02 03 04 05 06 07 08 09 1.0 1.1 12

x 10.32 5.66 3.36 2.62 2.10 1.82 1.65 1.55 1.48 1.43 1.43
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M 1.3 1.4 1.5 1.7 20 22 25 30

x 1.44 1.44 1.48 1.56 1.71 1.82 2.02 2.36

For example, if the distribution of frequency has mean M=1.0
and variance V=1, then the optimum x—=1.48, 7. e. if the benefit of the
toll road for a passenger who uses the road once on an average in the
given interval of time is calculated to be C yen, then if we decide the
toll rate at 1.48 C yen, the income would be maximum.

We rote that from the equations (9) and (10), x/M is a function
of /VIM, i. e

This shows that there is a similarity between graphs for various

V’ s. This similarity is useful in calculating the x’s for various values
of V. We have

¥ M=¢ (M| /V)=xIM/V. so that x=1",/V,

where x” denotes the value of x for variance 1 and mean value M| /V.
In the figure the broken lines through the points 1.0 and +/V on the M
axis are parallel, showing the similarity.

As is seen from the figure, ¥ as a function of M has a minimum
point at some M. This would seem paradoxical because larger the M,
higher could the toll be charged. However in this case, taking a higher
toll can yield more income than would be compensated by the reduc-
tion in number of passengers using the toll road.
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Fig. 1. Optimum toll rate x when the mean frequency A has
a logarithmic normal distribution with mean value M

and variance V.
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