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Abstract  This paper considers the stationary queue length and waiting time distributions in a FIFO
BMAP/GI/1 queue with heavy-tailed service times and that with heavy-tailed batch sizes. In each case,
we provide sufficient conditions under which the stationary queue length and waiting time distributions
are subexponential. Furthermore, we obtain asymptotic relationships between the tail distributions of the
stationary queue length and waiting time.
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1. Introduction

The subexponential asymptotics of the waiting time distribution has been studied exten-
sively in queues with heavy-tailed service times (or heavy-tailed equilibrium service times).
Pakes derived the subexponential asymptotic formula for the actual waiting time distribu-
tion in the stationary GI/GI/1 queue [18]. See [5] also. Asmussen et al. extended the result
in [18] to the MMPP/G/1 queue with state-dependent services [2]. Further Jelenkovi¢ and
Lazar obtained the subexponential asymptotic formula for the waiting time distribution in
the Markov-modulated G/G/1 queue [10]. Takine studied the subexponential waiting time
distribution in single-server queues with multiple Markovian arrival streams [23]. Contrarily,
there are few studies on the heavy-tailed or subexponential asymptotics of the queue length
distribution. Asmussen et al. studied the tail asymptotics of the queue length distribution
in the GI/GI/1 queue, assuming that equilibrium service times are subexponential [3].

This paper considers the subexponential asymptotics of the queue length and waiting
time distributions in stationary FIFO BMAP/GI/1 queues, where BMAP stands for batch
Markovian arrival process [14]. To the best of our knowledge, the subexponential asymp-
totics in queues with batch arrivals has never been studied so far. In batch-arrival queues, the
heavy-tailed asymptotics can emerge from heavy-tailed batch sizes, as well as heavy-tailed
service times. Therefore we consider both cases: the BMAP/GI/1 queue with heavy-tailed
service times and that with heavy-tailed batch sizes. The latter naturally arises when the
heavy-tailed workload brought by arrivals is divided into small units of service, e.g., data
transfer in IP networks.

After some preliminaries in section 2, we first study the queue length asymptotics when
service times are heavy-tailed in section 3.1. Asmussen et al. derived the subexponen-
tial asymptotic formula for the queue length in the stationary GI/GI/1 queue [3], using
the distributional form of Little’s law (DLL) [9]. However, this approach is not readily
applicable to the BMAP/GI/1 queue, because the conventional DLL does not hold even
for queues with simple non-renewal arrivals such as the MAP/GI/1 queue (cf. [22, The-
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orem 2|). In addition, batch arrivals make our problem more complicated. Because the
stationary queue length distribution in the BMAP/GI/1 queue is identical to the steady
state solution of a certain Markov chain of M/G/1 type [21], we shall start with it. The
subexponential asymptotics in structured Markov chains (including M/G/1 type) was stud-
ied in [4, 5,10, 25]. However, those results have never been applied to queues so far because
the relationship between heavy-tailed service times in queues and heavy-tailed increments
in the corresponding structured Markov chains was not clear. Recently Jelenkovié¢ et al. [11]
provided some useful results, which enable us to characterize a heavy-tailed random sum
of moderate- or light-tailed random variables (r.v.s). We slightly extend those results and
examine the relationship between heavy-tailed service times in BMAP/GI/1 queues and
heavy-tailed increments in the corresponding Markov chains of M/G/1 type. Furthermore,
combining those with a recent study on Markov chains of M/G/1 type in [25], we estab-
lish a sufficient condition for the subexponential asymptotics of the stationary queue length
distribution in the BMAP/GI/1 queue with heavy-tailed service times. As far as we know,
this is the first result on the subexponential asymptotic tail of the stationary queue length
distribution in queues with non-renewal arrivals.

We then consider the queue length asymptotics when batch sizes are heavy-tailed in
section 3.2. Contrary to the case of heavy-tailed service times, heavy-tailed increments in
the corresponding Markov chain of M/G/1 type can be characterized through a certain
light-tailed random sum of heavy-tailed r.v.s. Thus we use some analytical tools in [10]
and establish a sufficient condition under which the stationary queue length distribution is
subexponential.

Next we study the waiting time asymptotics in section 4. When service times are heavy-
tailed, a subexponential asymptotic formula for the waiting time distribution can be readily
obtained from the existing results; what we have to do is to evaluate a certain light-tailed
random sum of heavy-tailed r.v.s, and this can be done with the results in [10]. When batch
sizes are heavy-tailed, however, the problem turns out to be a little more complicated,
because the analysis involves the characterization of a certain heavy-tailed random sum of
moderate- or light-tailed r.v.s. We utilize the result in [11] in a tactful manner for evaluating
the random sum and derive a sufficient condition under which the waiting time distribution
is subexponential. As a by-product, we also obtain asymptotic relationships between the
tail distributions of the stationary queue length and waiting time in the BMAP/GI/1 queue
with heavy-tailed service times and that with heavy-tailed batch sizes.

Throughout this paper, we use the following conventions. The (7, j)th element of any
matrix X is denoted by (X);;. For any nonnegative r.v. F, let F(z) = Pr[F < z]
and F(r) = 1 — F(x) for + > 0. We denote the nth-fold convolution of F(z) with
itself by F™(z) (n = 1,2,...). Thus FM(2) = F(z) (z > 0) and for n = 2,3,...,
F®(z) = [ F"Y(z — y)dF(y) (z > 0). Furthermore, for any nonnegative real-valued
(resp. integer-valued) r.v. X (resp. Y) with positive finite mean, we denote its equilibrium
(resp. discrete equilibrium) r.v. by X, (resp. Y.). Thus Pr[X, < z] = [ Pr[X > y]/E[X]dy
for x > 0 (resp. Pr[Y, = k] = Pr[Y > k]/E[Y] for k =0, 1,...). For convenience, we define
Xe =0 (resp. Yo = 0) w.p.1 if E[X] = 0 (resp. E[Y] = 0). Finally, for any real-valued matrix
function R(z) and any positive (scalar) function g(z) (z > 0), we write R(z) ~ R - g(z)
when lim,_... R(z)/g(z) = R for some finite R (which may have zero elements). Note that
R(z) can be a scalar or vector function. In addition, for any real-valued function f(x) and
any positive function g(z), we write f(x) = o(g(x)) to represent lim, ., f(z)/g(x) = 0.

(© Operations Research Society of JapalORSJ (2009) 52-4
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2. Model and Preliminaries
2.1. Model description

We consider a FIFO single-server queue with a buffer of infinite capacity, which is fed by a
batch Markovian arrival process (BMAP) [14]. BMAP is driven by a continuous-time, time-
homogeneous Markov chain {S(t); ¢ > 0} with finite state space M = {1,2,..., M}, which
is called the underlying Markov chain hereafter. We assume that the underlying Markov
chain {S(t); t > 0} is irreducible.

The underlying Markov chain stays in state i (i € M) for an exponential interval of
time with mean ;' > 0 and then changes its state to state j (j € M) with probability
Di,j, where ZjeM pi; = 1 for all ¢ € M. Given a state transition from state 7 to state j,
k customers arrive in batch with probability (x;;, where > 7 (e, = 1 for all 4,5 € M.
Without loss of generality, we assume [14] that (p;; = 0 for all i € M and

Co,i,j = 1if Pij = 0. (2-1)

For convenience, let C denote an M x M matrix such that (C);; = —p; if i = j € M,
and otherwise (C'); ; = pipi ;Coij (1,7 € M). Also, let Dy, (k=1,2,...) denote an M x M
matrix such that (Dy); ; = wipi jCei; (1,7 € M). BMAP is then characterized by the set of
M x M matrices (C, D1, Ds,...). Let D =%, Dj. By definition, we have for ¢, j € M,

(D)ij = Hibij (2.2)

Note here that C' + D is the irreducible infinitesimal generator of the underlying Markov
chain. Let 7 denote the stationary probability vector of the underlying Markov chain.
Because C' + D is irreducible, 7 is uniquely determined by w(C + D) = 0 and we = 1,
where e denotes an M x 1 vector whose elements are all equal to one. When arrivals are
simple, i.e., D = O for all k£ > 2, the resulting arrival process is called a Markovian arrival
process (MAP).

Let N(t) (t > 0) denote the counting process of BMAP (C, Dy, D,,...), where we
assume N(0) = 0. We define P(z,t) (|z| < 1, t > 0) as an M x M matrix such that
(P(z,1))i; = E[zYW1(S(t) = j)| S(0) =] for i,j € M, where 1(x) denotes an indicator
function of event y. We then have [14]

P(z,t) = exp

(C - i z’ka> t] : (2.4)

Further the arrival rate A of customers is given by
d o0
A== lim —P(z,)e=m Z kDye. (2.5)
k=1
In this paper, we assume that service times are independent and identically distributed
(i.i.d.) according to a distribution function H(z) (z > 0) with finite mean h. Let H denote
a generic r.v. representing i.i.d. service times, which is independent of arrivals. Clearly
H(z) = Pr[H < z] and h = E[H]. Customers are served on a FIFO basis and ties are
broken randomly. Throughout this paper, we assume

0<p<l, (2.6)

where p = Ah. The first inequality excludes trivial cases of no arrivals and/or zero service
times, and the second inequality ensures that the system is stable [13].

(© Operations Research Society of JapalORSJ (2009) 52-4



380 H. Masuyama, B. Liu & T. Takine

2.2. Subexponential and square-root insensitive distributions

This subsection summarizes definitions and some properties of subexponential and square-
root insensitive distributions, both of which are subclasses of heavy-tailed distributions.
Note that a nonnegative r.v. X and its distribution is called heavy-tailed if the moment
generating function E[exp(0X)] (6 > 0) does not exist. We first describe the class of long-
tailed distributions, which is the largest operational class of heavy-tailed distributions and
includes subexponential and square-root insensitive distributions.

Definition 2.1 ([7,20]) A distribution function F(z) (z > 0) and the corresponding non-
negative r.v. F are called long-tailed if F(z) > 0 for all x > 0 and F(x +y) ~ F(x) for all
y > 0.

We denote the class of long-tailed distributions by £ and write F'(z) € L (resp. F € L) to
represent that F'(x) (resp. F) is long-tailed.

Proposition 2.1 (Corollary 3.3 in [20]) If F, € L, Pr[F > z| = o(Pr[F, > z]).

Definition 2.2 ([6,20]) A distribution function F(x) (x > 0) and the corresponding non-
negative r.v. F are called subexponential if F(x) > 0 for all z > 0 and F(™ (x) ~ nF(x) for
alln=2,3,....

Let S denote the class of subexponential distributions. When F'(z) (resp. F') is subexpo-
nential, we write F'(z) € S (resp. F' € §). Note that S C L (see [19]).

Proposition 2.2 (Lemma 10 in [10]) Let Y;’s (i = n) denote independent non-
negative r.v.s such that for some r.v. F € S, Pr[Y; > ] ~ K Pr[F > x|, where k; > 0 for
alli=1,2,...,n. Further let Ky = max{k;;i =1,2,...,n}.

(a) Pr[Yy+ -+ Y, >z] ~ (31, ki) Pr[F > ).
(b) For any e > 0, there exists some constant K := K (€, kmax) < 00 such that

Pr[Yi + -+ Y, > 1]
Pr[F > z]

<K-(1+4¢)", Vo >0,
where K is independent of n.

Proposition 2.3 (Lemma 2 in [18]) A nonnegative r.v. Y is subexponential if Pr[Y >
7] ~ k Pr[F > z] for some r.v. F € S and some positive constant k.

Definition 2.3 (Definition 1 in [11]) A distribution function F(z) (z > 0) and the cor-
responding nonnegative r.v. I are called square-root insensitive if F(z) > 0 for allz > 0
and F(x — /1) ~ F(x).

We denote the class of square-root insensitive distributions by £2, taking account of Propo-
sition A.1. Thus F(z) € £? (resp. F' € L£?) represents that F(z) (resp. F) is square-root
insensitive. Note that £2 C £. We summarize some important properties of class £2? in
Appendix A, because class £? was introduced recently in [11] and its properties are not
generally known.

(© Operations Research Society of JapalORSJ (2009) 52-4
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2.3. Independent sampling

We describe a result on independent sampling at heavy-tailed random times [11]. Let
{B(t);t > 0} denote a cumulative process associated with a (possibly delayed) regenerative
process, where B(0) = 0. Let v, (n = 0,1,...) denote the length of the nth regenerative
cycle. Note that v,’s (n = 1,2,...) are i.i.d. and independent of vy. Let 7, = > 1" (v
(n = 0,1,...). We then define v, and v} (n = 0,1,...) as v, = B(m,) — B(7,—1) and
Vi = Sup, <<, |B(t) — B(7,_1)|, respectively, where 7_; = 0. By definition, 7} > 0
and % > ~, for all n = 0,1,.... Further 7,’s (resp. 7}’s) (n = 1,2,...) are i.i.d. and
independent of vy (resp. 7). We assume that all of vy, v, 7§, and 47 are proper r.v.s. and
that 0 < E[11] < 0o and 0 < E[y] < 0.
The following lemma is considered as an extension of Proposition 3 in [11].

Lemma 2.1 Suppose E[v?] < oo, 71 > 0 w.p.1, and there exists some ¢ > 0 such that
E[e?V7i] < oo forn = 0,1. Let Y denote a nonnegative r.v. independent of {B(t);t > 0}.
If Y satisfies

Pr[Y > 2] X k Pr[F > 7], (2.7)

for some r.v. F € L? and some nonnegative constant k, we have
Pr[B(Y) > bx] ~ Pr[U(Y) > bx] ~ k Pr[F > ],
where b = E[y]/E[1n] > 0 and U(t) = supy<,<, B(u). In addition, if Y = F € L?,
Pr[B(Y) > bx] X Pr[U(Y) > bx] ~ Pr[Y > z]. (2.8)
Proof: The proof of Lemma 2.1 is given in Appendix C. |

Remark 2.1 For k > 0, Lemma 2.1 is an immediate consequence of Proposition 3 in [11],
because Y € L? (see Lemma A.1). It is not the case, however, for k = 0, because Y may
not be square-root insensitive.

Remark 2.2 In the proof of Lemma 2.1, we apply the central limit theorem to { B(t)}, which

requires E[v}] < oo and E[y?] < oco. The latter holds due to 1 > 0 and Elexp(¢/77)] < oo.
In fact, v? < (77)? and therefore

<Z54 <Z5 <

4‘ [’yl] — 4‘ Z

k=0

3. Queue Length Asymptotics

This section considers the queue length asymptotics in the FIFO BMAP/GI/1 queue. Let
L(t) (t > 0) denote the queue length (including a customer in service, if any) at time ¢.
We define @, (kK = 0,1,...) as a 1 x M vector whose jth (j € M) element represents
Pr[L = k,S = j], where L and S denote generic r.v.s representing {L(t);t > 0} and
{S(t);t > 0}, respectively, in steady state. In [21], Takine showed that {xx; £ =0,1,...} is
identical to the steady state solution of a Markov chain of M/G/1 type [17], whose transition
probability matrix IT is given by

)R] [e¢ﬁ] < 00

w|%\

Ay A A, A,
Ay A A, A5 .-

II = O Ay, A Ay, --- (3.1)
O O A, A -

(© Operations Research Society of JapalORSJ (2009) 52-4
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where Ay (k= 0,1,...) denotes an M x M nonnegative matrix whose (i, j)th (i,7 € M)
element represents Pr[N(H) = k,S(H) = j | S(0) = ¢]. Note that Ay’s satisfy
0

izkAk = /000 P(z,z)dH(x) = / exp (C + §Zka> T

which implies that ) ;- j Ay is an irreducible and stochastic matrix such that 7> Ay =
7, because C' + D is an irreducible and proper generator satisfying w(C' + D) = 0. Further
it follows from (2.5), (2.6) and (3.2) that p = >, kwrAge < 1. As a result, IT in (3.1) is
irreducible and positive recurrent [1, Proposition 3.1 in Chapter XI].

Let G denote the minimal nonnegative solution of G' = > "7 A G". It is known [17]
that if Y 7~ ) Ay is irreducible and p = )2 kwAye < 1, G is stochastic and equal to the
limit G of an elementwise nondecreasing sequence {G,;n =0,1,...}, where

dH (z), (3.2)

Go=0, G,=) AG,, (n=12..)
k=0
Note here that D >,# O and exp[(C + D)t] > O for all t > 0, which leads to

d A= / h dH (z) / ) dy e €TPVW DD =—) 5 O,
k=1 0 0

Note also that Ay = fooo dH(x)e€® > O, whose diagonal elements are all positive. Thus

G>Gy=A)+)> -, AkAIS > 0. Let g > 0 denote the unique stationary probability

vector of G, i.e., gG = g and ge = 1. We then have

lim G™ = eg. (3.3)

m—00

Let T = > 5, @ for k=0,1.... It is easy to see that (Zy); = Pr[L > k, S = j] for
kE=0,1,... and j € M.

Proposition 3.1 (Theorem 4 and Remark 12 in [25]) Let A, = Y%, .| A for k =
0,1,.... Suppose (3.3) holds and there exists a nonnegative integer-valued r.v. F with posi-
tive finite mean such that

(a) F, €S, and

(b) Ay Loy Pr[F > k]/E[F] for some finite nonnegative matriz C 4 (Ca # O).

We then have Tj ~ (1 —p) Y (wC se)7 Pr[F, > k.

Remark 3.1 The condition (3.3) is necessary for Proposition 3.1 (see Appendiz A.6 in
[24]), though Theorem 4 in [25] presented the subexponential asymptotic formula for the Ty
without this condition.

Recall that (Ag);; = Pr[N(H) > k,S(H) = j | S(0) =] (i,j € M) and that N(H) is
given by
Na(H)

NH)= ) G, (3.4)

where Ng(t) (t > 0) denotes the number of batches arriving in interval (0,¢] and G, (I =
1,2,...) denotes the number of customers in the /th arriving batch. Thus condition (b) of
Proposition 3.1 requires us to characterize the tail distribution of N(H) in (3.4). In what
follows, we consider two cases H € L and G, € L separately.

(© Operations Research Society of JapalORSJ (2009) 52-4
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3.1. Queue with heavy-tailed service times

In this subsection, we consider the queue length asymptotics in the FIFO BMAP/GI/1
queue with heavy-tailed service times. More specifically, we utilize Lemma 2.1 to explore
a sufficient condition under which condition (b) of Proposition 3.1 holds. As we will see,

we regard the counting process {N(t);t > 0} of arrivals (resp. the service time H) in the
BMAP/GI/1 queue as {B(t)} (resp. Y) in Lemma 2.1.

Assumption 3.1 For some ¢ > 0, 332, V¥ D, < c0.
For simplicity, let P;(-) = Pr[-|S(0) = ¢] and E;[-] = E[-| S(0) = 1].

Lemma 3.1 If Assumption 3.1 holds and H € L%, P;(N(H) > \k) kd Pr[H > k] (Vi € M).

Proof: For each i € M, we apply Lemma 2.1 to N(H), assuming S(0) = 4. In this specific
application, let 79 = 0 and we define 7, (n = 1,2,...) as the nth point in time, at which
the underlying Markov chain {S(¢);¢ > 0} enters state i from other states. It is easy to
see that 7,,’s (n = 1,2,...) are regenerative points for the counting process {N(t);t > 0}
of BMAP arrivals. Thus in the framework of section 2.3, the above can be described with
Bt)=N@t),Y=F=H,y=1=0,v, =Ty —Tn1 (n=1,2,...), 70 = N(79) = 0,
and v, = N(7,) — N(7,—-1) (n = 1,2,...). It is clear that v,’s (n = 1,2,...) are i.i.d. and
so are v,’s (n = 1,2,...). Also i =0and 7 =, >0 (n = 1,2,...) because N(t) is
nondecreasing in ¢ sample path wise. By (2.6) and the definition of BMAP, 14 and 7, are
proper nonnegative r.v.s, and E;[v?] < oo, and 0 < E;[y1] < oo.

There remains to verify E;[exp(¢/71)] < oo and E;[7f] < oo, in order to apply Lemma 2.1
to N(H). From the renewal reward theorem [26, Theorem 2 in Chapter 2], we have

Ei[n]
Ei [Vl]

Ez‘ [e‘b\/ﬁ]
Ei [Vl]

=A>0, :WZe¢‘/EDke<oo.

k=1

The former shows 0 < E;[11] < oo. Thus from the latter, we have E;[exp(dv/77)] =
E;[exp(¢y/71)] < oo, which yields E;[7f] < oo due toy; > 0 (see Remark 2.2). As a result, we
apply (2.8) in Lemma 2.1 to N(H) and obtain P;(N(H) > k) & P;(H > k) = Pr[H > k.

O

Lemma 3.2 Suppose Assumption 3.1 holds. If H € L2,
Pi(N(H) > Ak, S(H) = j) £ Pr[H > K|(m);,  i,j€ M. (3.5)
Proof: The proof of this lemma is given in Appendix D. O

Remark 3.2 Lemmas 3.1 and 3.2 yield limy,_... P;(S(H) = j | N(H) > A\k) = (7);.
Recall that (Ay);; = Pi(N(H) > k,S(H) = j) (i,j € M). Thus (3.5) is equivalent to
A, X en Pr]\H > k| = E[\H]er - Pr[AH > k]/E[\H]. (3.6)

Let © = AH. It is easy to see that Pr[©, > z] = Pr[AH, > z], which implies that if H, € S,
©, € S for any A > 0. Because we = 1 and E[AH] = p, combining Proposition 3.1 with
(3.6) yields the following theorem.

(© Operations Research Society of JapalORSJ (2009) 52-4
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Theorem 3.1 Suppose Assumption 3.1 holds. If H € £* and H, € S,

z o %n Pr\H.> k], PrL>kZ%E 1L -Pr[AH. > k], (3.7)
—p —p
which shows that the stationary queue length L is subexponential, i.e., L € §S.

Note that if the arrival process is MAP (i.e., Dy = O for all k£ > 2), Assumption 3.1
always holds.

Corollary 3.1 Consider the stationary FIFO MAP/GI/1 queve. If H € L? and H, € S,
(3.7) holds.

3.2. Queue with heavy-tailed batch sizes

In this subsection, we consider the queue length asymptotics in the FIFO BMAP/GI/1
queue with heavy-tailed batch sizes. Let G denote a generic r.v. representing the number of
customers in a randomly chosen batch in steady state. We then have Pr[G = k] = A\'mwDye
(k=1,2,...) and

E[G] = M\ Aq, (3.8)

where A\ = wDe < oo denotes the arrival rate of batches.

Assumption 3.2 There exists some nonnegative matric D (ﬁ # O) such that Dy, i
D Pr[G > k], where Dy, =2, . Dy for k=0,1,....

Note that if Assumption 3.2 holds, we have
nDe = )¢, (3.9)

because Pr[G > k] = \;'mwDe.
We define A, (k=0,1,...) as

A0:I+9_1C, Akzé?_le (k:1,2,),

where 6 = max;en [(C);;]. We then rewrite (3.2) as

- U S g (02)" . k '
S kA = / S e am ) [Z A, (3.10)
k=0 n=0 k=0
Let A,(gn)’s (n=1,2,..., k=0,1,...) denote M x M matrices satisfying
sz/l,(cn): [sz/lk , n=12,....
k=0 k=0
It then follows from (3.10) that
y v i e‘ex@dH(x)A(”) k=0,1,... (3.11)
0 o TL' k I 9

where A,g") =3k Al(") (n=1,2,..., k=0,1,...). Thus we can examine the asymp-
totics of {A_k} through {Al(vn)}, where the (i, j)th element of Alin) represents the probability

that the uniformized underlying Markov chain with parameter # moves from state ¢ to state
7 in n steps during which more than k& customers arrive.

(© Operations Research Society of JapalORSJ (2009) 52-4



Subexponential Asymptotics 385

Lemma 3.3 Suppose Assumption 3.2 holds. If G € S,

n—1
AP XN TAVAATTT PG > K], Yn=1,2,.. (3.12)
v=0
where B B
A=I1+60"(C+D), A=0"'D. (3.13)
Proof: The proof of Lemma 3.3 is given in Appendix E. O

Lemma 3.4 Suppose Assumption 3.2 holds. If G € S, for any ¢ > 0 there exists some
positive constant K := K (e) such that

A(")
—— < K- (1 "A", VkE=0,1,..., Vn=1,2,....
Pr[G > k/’:l ( + 8) ) Y Y ) n ) Y
Proof: The proof of Lemma 3.4 is given in Appendix F. O

Assumption 3.3 The service time distribution function H(x) (x > 0) is light-tailed, i.e.,
there exists some § > 0 such that [[° e**dH (x) < oc.

Lemma 3.5 Suppose Assumptions 3.2 and 3.3 hold. If G € S, A, £ C 4- Pr[G > k]/E[G],
where

C’A:E[G]/ dH(a;)/ e(CHDW De(CHD)E=y) 4y
0 0

Proof: We choose € > 0 such that e < §. Because Ae = e, it follows from (3.11) and
Lemma 3.4 that

{1 4¢) Qx}” o0
k ex el
Pr[G > k] = / Z ——— —dH(z)e < K/O e*dH (x)e < oo.

Thus (3.11), Lemma 3.3, and the dominated convergence theorem yield

A, 0 @x A
lim ——*  — e 00" 42y tim — e
MG > & / Y S ey
00 oo (933)11 n—1
— —0x v a4 an—v—1
— /0 dH (z) (;e T;A AA )
_ / " dH () / * (O P (D)0 g
0 0
where we use (3.13) in the last equality. O

Lemma 3.5 implies that we can utilize Proposition 3.1. From (3.8) and (3.9), we have
7wC 4e = p. Thus we obtain the following theorem.
Theorem 3.2 Suppose Assumptions 3.2 and 3.3 hold. If G € S and G, € S, we have
z L r PrG. >k, Pl >kA L PG, > k],
1—0p 1—p
which shows L € S.
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4. Waiting Time Asymptotics

This section considers the subexponential asymptotics of the waiting time and sojourn
time distributions in the FIFO BMAP/GI/1 queue. Let V, W, and T denote generic r.v.s
representing the amount of unfinished work in system, the actual waiting time, and the
sojourn time, respectively, in the stationary FIFO BMAP/GI/1 queue. Also let ST denote a
generic r.v. representing the state of the underlying Markov chain immediately after arrivals
in steady state. We then define v(z), w(z), and t(z) (z > 0) as 1 x M vectors whose jth
(j € M) elements represent Pr[V < x,S = j], Pr[W < z,S" = j], and Pr[T < z,5" = j],
respectively.

Lemma 4.1 w(z) and t(z) (z > 0) are given by

wio) = [ @) DA, )= [ S DH e, 4

respectively, where HO)(z) = 1 for all x > 0.

Proof: Let v*(s), w*(s), and H*(s) denote the Laplace-Stieltjes transforms of v(z), w(x),
and H(x), respectively. Applying Theorem II1.2 in [15] to the FIFO BMAP/GI/1 queue,
we can readily obtain

n

9= TP () R ONICLTRET

n=1 k=1

from which the result for w(z) follows. Noting 7' = W + H, we also have the result for ¢(z).
a

Let ©(z), w(x), and t(x) (x > 0) denote 1 x M vectors whose jth (j € M) elements are
given by

(W(x)); =Pr[V > 2,9 =j], (W(r)); =Pr[W >z,5" =j], (t(x)); =Pr[T >z, 5" =],

respectively. Let V; (i € M) denote a conditional r.v. representing the amount of unfinished
work in system given the underlying Markov chain being in state i. Clearly, Pr[V; > x] =
(0(z));/(m); for & > 0. Let Crij = Dopopps Gy (6,5 € M, k =0,1,...). It then follows
from (2.3) and (4.1) that

(@(x)); — %Z(w ”Z(W Vit Hy 4+ Hy > al, (4.2)
ieEM

@) = 1 (i ,chm Vit Hytooot Ho > 2, (43)
iEM

where H; (I =1,2,...) denotes the service time of the {th customer in a batch.
Let G(i,j) (i,7 € M) denote a conditional r.v. representing the number of customers in
a batch given that the batch arrives with a transition of the underlying Markov chain from
state ¢ to state j. It then follows from (2.3) that Pr[G(i,j) = k] = (ki (4,5 € M) and
therefore
(D), ; Pr[G(3,j) = k| = (Dy), k=1,2,..., (4.4)
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which leads to -
(D)iEG(i, )] =Y k(Dy)ij,  i,j€M. (4.5)

From (2.1) and (2.2), we observe that if (D);; = 0,
Pr[G(i,7) = 0] = (o,;; = 1 and Pr[G(i,7) > k] = ey =0 (K =0,1,...). (4.6)

Also (2.5) and (2.6) imply that the equilibrium r.v. G.(i,7) of G(7,7) (i,j € M) is well-
defined. Thus for any i, j € M,

Crig = E[G(i,5)] Pr[Ge(i, j) = K], k=0,1,.... (4.7)
From (4.7), we have

S G PrHi+ Hy+ -+ Hy > 1] = E[G(i,)) ZPr j) = kJH®(z)
k=0

= E[G(4,])] Pr[Xm- > x], i,j € M, (4.8)
where )/(\'U (i,7 € M) is defined as

X-i’j - H1 -+ HQ + e 4 HGe(i,j)~ (49)
As a result, substituting (4. 8) into (4.2) and (4.3) yields
(w(x)); = 3 Z [G(i,7)] Pr[V; + X” > x], (4.10)
zEM
(t); = 5 Z [G(i, )] Pr]Vi + Xi; + H > z]. (4.11)
ieM

We now define D(z) (x > 0) as
— Z D H® (). (4.12)
Note that D(0) = D. The following proposition is an adaptation of Theorem 1 in Takine
[23].

Proposition 4.1 (Theorem 1 in [23]) Suppose there exists a nonnegative r.v. F with
positive finite mean such that

(a) F. €S and
(b) D(x) ~ Cp Pr[F > x|/ E[F] for some finite nonnegative matrizx Cp (Cp # O).
We then have v(x) ~ (1 — p) ! (wCpe)m Pr[F, > z].

Substituting (4.4) into (4.12) yields
(D(z))i; = (D) ZPr — KJH®) (2) = (D);; Pr[X;; > z],  i,jeM, (4.13)

where X ; (1,7 € M) is defined as

Therefore (4.10), (4.11), and Proposition 4.1 imply that the waiting time and sojourn time

asymptotics can be examined through the random sums X, ; and )A(” In what follows, we
consider two cases H; € L and G(i,7) € L separately.
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4.1. Queue with heavy-tailed service times

We consider the FIFO BMAP/GI/1 queue with heavy-tailed service times, which satisfies
the following assumption.

Assumption 4.1 There exists some € > 0 such that Y oo (1 +¢)* Dy < oo,
Remark 4.1 Assumption 4.1 is a sufficient condition of Assumption 35.1.

Proposition 4.2 (Proposition 2.9 in [20]) Let {Z,;n = 1,2,...} denote a sequence of
i.1.d. subexponential r.v.s and N denote a nonnegative integer-valued r.v. independent of
{Z,} such that 0 < E[N] < co. If N is light-tailed, i.e., >~ (14 ¢)"Pr[N = n] < oo for

xT

some € > 0, we have Pr[Z) + Zy + - -+ + Zy > x] ~ E[N] Pr[Z, > z].

Lemma 4.2 Suppose Assumption 4.1 holds. If H € S, we have

D(z) ~ f: kD, - Pr[H > x]. (4.15)

k=1

Proof: Assumption 4.1, (4.4), and (4.6) show that G(7,7) (i,7 € M) is light-tailed. Thus
we apply Proposition 4.2 to the random sum X;; in (4.14) and obtain Pr[X;; > ] ~
E[G(i, )] Pr[H > z]. (4.15) now follows from (4.5) and (4.13). O

Lemma 4.2 implies that C'p in Proposition 4.1 is given by hY ;- kDj. Therefore the
following lemma immediately follows from Proposition 4.1, Lemma 4.2 and (2.5).

Lemma 4.3 Suppose Assumption 4.1 holds. If H € S and H, € S,

Blw) & ﬁn Pr[H.>2], Pr[V>a]d r‘)p - Pr[H, > 2.

Lemma 4.4 Suppose Assumption 4.1 holds. If H € S, )/(\'” in (4.9) satisfies
Pr[X;; > 2] © E[G.(i,§)]Pr[H > z],  i,j € M. (4.16)

Proof: Tt follows from (4.7), Assumption 4.1, and (Dy,);; = (D) k., that

(D)ijEIG(, )] Y (14 2)* PrGe(i, j) = k]
k=0
oo o 1 o0 o0
= (]. —+ €)k(Dk)i,j = g (Z(l + €)k(Dk)i’j — Z<Dk)z’j> < 00,
k=0 k=1 k=1
which implies G,(i, j) is light-tailed. Consequently, Proposition 4.2 yields (4.16). a

Theorem 4.1 Suppose Assumption 4.1 holds. If H € S and H, € S,

w(r) ~ t(r) ~ Thpﬂ'z kDy - Pr[H, > x], (4.17)
k=1
Pr[W > 2] & Pr[T > 2] & Tpp -Pr[H, > 1],

which shows that the actual waiting time W and sojourn time T' are subexponential.
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Remark 4.2 (4.17) was obtained in the MAP/G/1 queue (i.e., Dy = O for all k > 2)
under the assumption H, € S [23, Corollary 2].

Proof: Lemma 4.3 implies Pr[V; > 2] ~ p(1 — p)"' Pr[H, > 7] (i € M). Also, it follows
from Proposition 2.1 and Lemma 4.4 that Pr[H > z] = o(Pr[H. > z]) and Pr[X,; > z] =
o(Pr[H, > z]). Thus applying Proposition 2.2 (a) to (4.10) and (4.11) yields

1

(W(2)); & @) 5 3 (D) BT - Pl > 2]
ieM

Substituting (4.5) into the above equation, we obtain (4.17). The other statement immedi-
ately follows from (4.17). O

The following corollary is an immediate consequence of Theorems 3.1 and 4.1, Re-
mark 4.1, and Lemma 4.3.

Corollary 4.1 Suppose Assumption 4.1 holds. If H € £L>NS and H, € S,

Pr[L >k, S =] X Pt\V >k S=j, jeM, (4.18)
Pr[L > k] £ Pr]AW > k] £ Pr[AT > k). (4.19)

When the arrival process is MAP (i.e., Dy = O for all k > 2), Assumption 4.1 always
holds. Further D(x) = D - H(zx) and therefore we can exclude the condition H € S.

Corollary 4.2 Consider the stationary FIFO MAP/GI/1 queve. If H € L* and H, € S,
(4.18) and (4.19) hold.

Remark 4.3 (4.19) shows that the tail of the queue length L behaves asymptotically like
that of the sojourn time T multiplied by the arrival rate A, which may be considered as an
asymptotic Little’s law. Asmussen et al. [3, Proposition 3.12] shows that (4.19) holds in the
GI/G1/1 queue, assuming that H, € S and H, satisfies a certain technical condition.

4.2. Queue with heavy-tailed batch sizes
This subsection considers the FIFO BMAP/GI/1 queue with heavy-tailed batch sizes.

Lemma 4.5 Let {Z,;n = 1,2,...} denote a sequence of i.i.d. nonnegative r.v.s with pos-
itive finite mean and N denote a nonnegative integer-valued r.v. independent of {Z,}. If

Elexp(¢v/Z1)] < oo for some ¢ > 0 and Pr[N > k] L k Pr[J > k] for some r.v. J € L* and
some nonnegative constant k, we have

Pr[Zy + Zs+ -+ + Zy > 2] X k Pr[E[Z1]] > a]. (4.20)

Proof: We apply Lemma 2.1 to the random sum 22[21 Z,. Consider the cumulative process
{B(t)} associated with the regenerative process with unit cycle lengths, where B(t) is defined
as a (nondecreasing) step function with jumps Z,,’s at time n (n = 1,2,...). We then have
B(N)=2Z,+ Zy+---+ Zy. In the framework of section 2.3, B(N) can be described with
Y=N,F=J Bt)=Z0+Z1+ - +2Z4,20=0,1p=0,1,=1(n=1,2,...), and
Yo =Zn>0(n=0,1,...). Tt is clear that E[v?] = 1 < 00, 0 < E[y1] = E[Z}] < 00, and b =
E[m]/E[wn] = E[Z;] > 0. Note also that 7§ = 0 and 7} = Z,, for n = 1,2,... and therefore
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Elexp(¢v/77)] = Elexp(év/Z1)] < oo, from which and v; > 0 we have E[y}] = E[Z?] < o0
(see Remark 2.2). As a result, applying Lemma 2.1 to the above setting, we obtain

Pr[Z, + -+ Zx > E[Z)]y] £ 6 Pr[J > 9. (4.21)

Setting « = E[Z;]y in (4.21) then yields (4.20). O

Assumption 4.2 There exists some ¢ > 0 such that [;° e*V*dH(z) < co.
Remark 4.4 Assumption 3.3 is a sufficient condition of Assumption 4.2.
Lemma 4.6 Suppose Assumptions 3.2 and 4.2 hold. If G € L3,
D(z) £ D - Pr[hG > 1. (4.22)

Proof: Recall that Pr[G(i,j) = k] = (ks (K = 0,1,...). It then follows from Assump-
tions 3.2, (4.4) and (4.6) that

Pr(G(i,j) > k] &~ &, Pr[G > k],  i,jeM, (4.23)

where E” (1,7 € M) is defined as E’;] = (5)”/(D)” if (D);; > 0, and otherwise E,J =0.
We also have N B
(D)” = (D)i,jg,j, 1,] € M, (4.24)

because (D), ; = 0 if (D), ; = 0 (see Assumption 3.2). Applying Lemma 4.5 to the random
sum X;; in (4.14) and using (4.23) yield Pr[X;; > 2] ~ ¢;; Pr[hG > 2], from which, (4.13),
and (4.24), we obtain (4.22). O

Let I' = hG. We then have Pr[I"; > z| = Pr[hG, > z|, which implies that I', € S if

G. € S. Also, Lemma 4.6 shows that Cp in Proposition 4.1 is given by hE[G]D. Thus the
following lemma immediately follows from Proposition 4.1, Lemma 4.6, (3.8), and (3.9).

Lemma 4.7 Suppose Assumptions 3.2 and 4.2 hold. If G € L? and G, € S,

v(z) ~ %ﬂ' - Pr[hG, > z], Pr[V > z] &~ 1Tpp - Pr[hG, > z].

Theorem 4.2 Suppose Assumptions 3.2 and 4.2 hold. If G € L? and G, € S,

— x - x h > 1 ~

'w(x) ~ t(l‘) ~ (ﬂﬂ' El ka + ETFD) : Pr[hGe > l’], (425)
T x 1

Pr[W > z] ~ Pr[T > x] ~ - Pr[hG,. > z], (4.26)

which shows that W € S andT € S.

Proof: We prove only (4.25), which leads immediately to (4.26). Lemma 4.7 implies

Pr[V; > 2] £ % Pr[hGe > 2], i€ M. (4.27)
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(i,7 € M), where g; ; = 1/E[G(i, j)] if (D);; > 0, and otherwise ¢; ; = 0. Note that G, € £
because G € L? (see Lemma A.2). Thus applying Lemma 4.5 to X;; in (4.9), we obtain

S O .
PI‘[XZ‘J' > iL’] ~ Egi’jCi’j . Pr[hGe > l’], 1, € M. (428)
Because hG, € S, applying Proposition 2.2 (a) to (4.10) and using (4.27) and (4.28) yield

@), & S EUDIEGCD |+ G| PiliG. > o

iEM L=p
1 I A~
= X Z(T&')Z [Tp Z k<Dk>z,j + E(D)l’] Pr[hGe > iL‘], (429)
1EM k=1

where the last equality follows from (4.5), (4.24), and the fact that (D), ; = 0 if (D);; = 0.
Consequently, (4.29) leads to the result for w(x) in (4.25).

The rest is to show £(x) ~ w(z). Because G € L%, Lemma A.2 implies hG, € L2, and
thus it follows from Assumption 4.2 and Proposition A.2 that Pr[H > z] = o(Pr[hG. > z]).
As a result, Proposition 2.2 (a) and hG,. € S show that H on the right hand side of (4.11)
has no contribution to the limit lim, .., £(x)/ Pr[hG, > z], i.e., t(z) ~ w(x). O

From Theorems 3.2 and 4.2, Remark 4.4, and Lemma 4.7, we readily obtain the following.

Corollary 4.3 Suppose Assumptions 3.2 and 3.8 hold. If G € L* NS and G. € S,

PrhL > k,S = j| X Pr[V >k, S =4, jeM,
PrhL > k] X pPr[W > k] £ pPr[T > k].

5. Concluding Remarks

In this paper, we considered the tail asymptotics of the queue length and waiting time
distributions in the stationary FIFO BMAP/GI/1 queue. In particular, we considered two
cases: heavy-tailed service times and heavy-tailed batch sizes. In each case, we derived
sufficient conditions under which the stationary queue length and waiting time distribu-
tions are subexponential. Both these distributions are also square-root insensitive due to
Lemmas A.1 and A.2. Further, we obtained the asymptotic relationship between the queue
length and waiting time distributions in each case. To the best of our knowledge, this is the
first paper that reports on the queue length and waiting time asymptotics in queues with
batch arrivals.

We conclude this paper by some comments on the inclusion relationship between F € £?
and F, € S, which appeared in our subexponential asymptotic conditions on the service
times and batch sizes (see Theorems 3.1 and 4.2). Note first that F, € S does not imply
F € L, and vice versa [7,20]. Thus F' € £? (C £) and F, € S are substantially different
conditions. Nevertheless, there exists an intersection between class £2 and a rich subclass
S* of S, in which F,F, € S [7,8,12]. It is known that F' € L? implies that its tail
distribution F'(x) is heavier than e~V* for any ¢ > 0 (see Proposition A.2). We can confirm
that £2 includes typical distributions in S*, e.g., Pareto, heavy-tailed Weibull, lognormal,
Benktander-type-I and type-II, Burr, and loggamma distributions, if they have positive finite
mean and heavier tails than e~V*. This fact also implies that (£— £2)NS is not empty. For
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example, heavy-tailed Weibull with shape parameter 5 (1/2 < § < 1) is in class $*(C S)
but not square-root insensitive. On the other hand, we can construct square-root insensitive
distributions whose equilibrium distributions are not subexponential. For example, consider
a continuous, nonnegative r.v. F' such that the hazard rate function gg, (z) of F is given by

ar (z) = Pr[F > z] _ 1 e ewew
Fe E[F]Pr[F, > x] n\/z,’ et "

where {z,; n =0,1,...} satisfies g = 0, z; = 1, and z,, — x,,_1 = 2n/T,/ Pr[Fe > x,_1]
(n=2,3,...). We can show that F' € £L? but F, ¢ S in a way similar to the argument at
p. 343 in [19].
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A. Properties of Square-root Insensitive Distributions
This appendix summarizes some properties of the square-root insensitive class.

Proposition A.1 (Lemma 1 in [11]) F is square-root insensitive if and only ifVF e L.

Proposition A.2 (Lemma 2 in [11]) For any F € L2,

. exp(—eV/7)
lim ———= =0 Y 0.
e PrF >4 7

Proposition A.3 (Remark 1 in [11]) F € £? if and only if Pr[F > z — {/x] ~ Pr[F >
x| for all § € (—00,00).

Proposition A.3 was stated without proof in [11]. Thus for completeness, we provide its
proof in Appendix B.

Lemma A.1 A nonnegative r.v. Y is square-root insensitive if Pr[Y > x] & kPr[F > x]
for some r.v. F € L? and some positive constant k.

Proof: The lemma follows from

lim Pr[Y>x—\/ﬂ_hm Pr[Y>x—\/E]Pr[F>x—\/E]Pr[F>:C]_K 1.«
z—co  Pr[Y >z]  a—coPr[F >z — /& Pr[F >z Pr[Y >z

Lemma A.2 If F € £? and E[F] < oo, aF, € L? for any positive constant a.
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Proof: Using 'Hospital’s rule, we have

. Pr[aF, >z — \/x] . Fo(z/a—+/t/a) . F(x/a—/z/a) 1
lim = lim = lim (1 — m) =1,

z—oo  PrlaF, > ] 2—00 Fo(z/a) 2—00 F(x/a)
where we use Proposition A.3 in the last equality. O

B. Proof of Proposition A.3

From Definition 2.3, the if part is obvious. Thus we assume F' € £? and prove the only-
if part. Note that for any real number £, there exists a nonnegative integer k such that
—2k < ¢ < 2% and hence

Pr[F > z + 2*\/x] < Pr[F >z — &\/7] < Pr[F >z — 2%\/7]
Pr[F > z] —  Pr[F >z - Pr[F > z] '

Therefore it suffices to show that for any nonnegative integer k,
Pr[F >z +2"/2] X Pr[F > 2],  Pr[F >z —2"\/z] X Pr[F > 2. (B.1)

We first prove the first limit in (B.1) for £ = 0. For = > 0, let y, denote a real number
such that yo > = and = yo — \/yo = 0. Note that given x > 0, yo is uniquely determined.
We then have

Pr[F > z + /7] - Pr[F > x + /4] Pr[F > yo)

12 Pr[F>z] —  Pr[F > 1] Pr[F > yo — /%]

Because g — 00 as ¥ — oo and F € L2, we obtain Pr[F > x + /2] ~ Pr[F > x|, which
shows that the first limit in (B.1) holds for £ = 0. On the other hand, it is obvious from
the definition of £? that the second limit in (B.1) holds for k = 0.

We now assume that (B.1) holds for some £ =n > 0. It then follows that

Pr[F > x + 2"/z] ~ Pr[F > x — 2"\/x]. (B.2)

For x > 0, let y,, denote a real number such that y, > = and z = y,, — 2"/y, > 0. Note
that given x > 0, y,, is uniquely determined and that y,, — oo as * — co. We then have
Pr[F > x4+ 2"t /2] _ Pr[F > x4+ 2" fy,]  Pr[F >y, + 2"\ /yn]

1> > =
= Pr[F > z] = Pr[F > 1] Pr[F >y, — 2\ /Y]’

from which and (B.2), we obtain Pr[F > z +2"*!,/z] X Pr[F > x|. Therefore the first limit
in (B.1) holds for k =n + 1.
From the above discussion, we have

Pr[F > x — 2"\/x| X~ Pr[F > x + 2"t'\/x]. (B.3)

Solving = = 2,11 + 2" /Zni1 (2np1 > 0) with respect to /z, 41 yields \/Zpi1 = —2" +
V2% 4+ ¢ > —2"+\/x, from which it follows that 3-2",/z, 77 > 2"{=3-2"+ (2+ 1)\/x} >
27t /x for z > (3-2")% Thus we obtain for z > (3 - 2")?

1 < Pr[F > x — 2"t /x] < PrF > —3-2"/zpa]  PrlF > 2,00 — 2" /Z0 1]
- Pr[F > z] - Pr[F > z] C Pr[F >z + 20 2]

Noting 2,41 — o0 as  — oo and using (B.3), we obtain Pr[F > x — 2"*!,/z] X Pr[F > x],
which shows that the second limit in (B.1) holds for k = n + 1. O

(© Operations Research Society of JapalORSJ (2009) 52-4



394 H. Masuyama, B. Liu & T. Takine

C. Proof of Lemma 2.1
Because Pr[U(Y') > bx] > Pr[B(Y) > bz], it suffices to show

_ Pr{U(Y) > bzx] .. Pr[B(Y) > bz]
1 1 f
P Pr[F >z — " s Pr[F > z]

(C.1)

In what follows, we prove the first and second inequalities in (C.1) separately, using the
following results.

Let Qx(x) (x > 0) denote the integrated hazard function of a nonnegative r.v. X, i.e.,
Qx(z) = —log(Pr[X > z]). X belongs to class SC (subexponential concave) if (i) Qx () is
eventually concave, (ii) lim, . Qx(x)/logx = oo, and (iii) there exists o > 0, 0 < a < 1,
and 0 < < 1 such that [Qx(z) — Qx(u)]/Qx(x) < a(zr — u)/x for all x > =z, and
fr <u <z (see [11,16]).

Proposition C.1 (Proposition 1 in [11]) Consider the cumulative process { B(t)} intro-
duced in section 2.3. If E[v}] < 0o, 71 > 0 w.p.1 and Elexp(Qx(v}))] < oo (i = 0,1) for
some nonnegative r.v. X € SC, there exist positive constants C' and ¢ such that

Pr | sup {B(t) — bt} > u} <C (e‘CUZ/’” + e+ xe‘CQX(“)> , Vo >0, Yu > 0.
0<t<z
Proposition C.2 For any F' € L and £ > 0, there exists some xo := xo(e) > 0 such that

Pr[F >z — u] < Pr[F > g]es®Y), (C.2)

for all x > u+ xy and u > 0, where xq is independent of u.
Proof: The proof of Proposition C.2 is given in Appendix G. O

C.1. Proof of the first inequality in (C.1)

Let 6 and £ denote fixed real numbers such that 0 < 0 < 1 and £ > 1, respectively, and
assume z > £2/(1 — §)%. We then have 0 < dx < x — \/r and therefore

PrlU(Y) > bz] = Pr[U(Y) > bx,Y >z — &/7]
+PrlU(Y) > bz, 00 <Y <z —&J/x] + Pr[U(Y) > bz, Y < 6x]
< PrlY >z — &V

+PrlU(Y) > bz, 0x <Y <z — &/x] + Pr[U(6x) > bx]. (C.3)
Note here that
. PrY >x—&J/x] . PrlY >a—¢&ya] Pr[F>a—¢&yx] B
N T S Y I N T T s

where we use (2.7) and Proposition A.3 in the second equality. Thus it suffices to show that
the second and third terms on the right hand side of (C.3) are o(Pr[F' > z]).
We start with the third term. Note first that

Pr[U(éx) > bx] = Pr [ sup B(t) > bx] =Pr [ sup B(t) — sup bt > br — bix

0<t<éx 0<t<éx 0<t<éx
< Pr [ sup (B(t) — bt) > (1 — 5)54 . (C.4)
0<t<éx
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Let Q(z) = ¢y/x for x > 0, where ¢ > 0. The assumption of the existence of ¢ in
Lemma 2.1 is then rewritten to be Elexp(Q(7))] < oco. Because Q(z) = ¢/« is considered
as the integrated hazard function of a r.v. that belongs to class SC (see p. 101 in [11]), we
can apply Proposition C.1 to (C.4), which ensures the existence of positive constants C' and
¢ such that

Pr{U(6x) > bz] < C (e‘c{(l_‘s)b}%m + e T + fze OV (1_5)1””) :

Therefore we have
Pr[U(dx) > bx] < ' (e*d” + a:e’clﬁ> :

where ¢’ = 2C and ¢ = ¢ min{{(l —0)b}?/8, 6, ¢/ (1 — 5)b}. Proposition A.2 yields

e~% = o(Pr[F > 7)) and ze™¢V® = e~ VeH2logVE — o=Vato(Va) — o(Pr[F > z]). Conse-
quently, we conclude Pr[U(dx) > bx] = o(Pr[F > x]).

Next we consider the second term on the right hand side of (C.3). Because U(u) — bu =
SUPg<s<y B(t) — bu < supgec, (B(t) — bt) for u > 0, we have

z—E/
PrU(Y) > bz,0x <Y < x— &V < / Pr [ sup (B(t) — bt) > b(x — u)} dY (u),

oz 0<t<u

where Y (z) = Pr[Y < z] for x > 0. Applying Proposition C.1 to the right hand side of the
above inequality, we have for some positive constants C' and c,

PrlU(Y) > bz,0z <Y < x — &/
r—E/x
< / C <efc{b(x7u)}2/u 4o 4 uefczi)w/b(xfu)) dY(u)
]

T

= C{h(@) + fal@) + fs(@)},
where f;(x)’s (i = 1,2,3) are defined as

x—&\/x ) z—&/x
fi(x) =/§ e Y (h),  fy(x) = / e~ (u),

T

x—&\/T
fi@) = / we= VY (1),
1)

T

respectively, with ¢; = ¢b? and ¢3 = cv/b. Proposition A.2 implies that fo(z) < e79% =
o(Pr[F > z]). Therefore, it suffices to show fi(z) = o(Pr[F > z]) and f3(x) = o(Pr[F > z]).
We first consider f3(z). Letting ¢ = ¢3/2, we have

e—EVT e—EVE

f3(z) < x/ e~ BVEUAY (u) < we ¢! / e~ VLAY (u), (C.5)
oz ox

~ ~ ~ 1 ~
where the second inequality holds because e~ V™4 = g=¢Va-upg=tva—u L o=t o=CVT—U o
0<u<uz—¢&/rand £ > 1. Let II3 denote a nonnegative r.v. independent of Y, whose
distribution function is given by Pr[/l; < x] = 1 — exp(—¢éy/z) (x > 0). We then have from
(C.5),

1 &V 1
fa(z) < ze ! / Pr[Il3 > x — u]dY (u) < e " Pr[Y + II; > x].  (C.6)
5

x
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Further we obtain
Pr[Y + 113 > x] < Pr[ily > /4] + PrlY > o — 113, 13 < x/4]
z/4 ~ R
= Pr[ll3 > z/4] —|—/ Pr[VY > vz — _Ce~idy
0 2\/u
x/4
Pr[Il5 > z /4] +/ PriVY > vz — V)
0

IN

i —&Vug C.7
5 \/ae u, (C.7)
where we use v/r —u > /x — /u for 0 < u < x in the last inequality. Using Proposi-
tion A.2, the first term of the right hand side of (C.7) can be evaluated as Pr[ll3 > z/4] =

exp[—év/z/2] = o(Pr[F > z]). Applying (2.7) and /z — v/u > /x/2 (0 < Vu < z/4) to the
second term of the right hand side of (C.7), we obtain

N

x/4 & X
/0 PrVY > o — \/ﬂ]me%ﬁdu

y
ey Pr[F > ]

= limsup /w/4 PrVY >z — VUl Pr[VF > Vo — V] ¢ e~V dy,
o Pr[VF>\z—\u Pr[VF>z] 2Ju

T—00

limsup sup S /m/4 PV > Vi~ Vi ¢ e~ Vudy

o SR PVE >y Je | PIVE> ya] 2

Y YA Pr[VF >z —Ju] ¢ evE

= /gllmsup/o PV > Vi 2\/66 du. (C.8)

IN

r—00

Noting v'F € L, it follows from Proposition C.2 that for any 0 < ¢ < ¢,

z/4 P F - ~ . 00 A .
lim sup/ tVE > Vo -] ¢ e Vidu < ee/ O meaVigy < oo, (C.9)
z—oo  Jo PI‘[\/F > \/5] 2\/a 0 2\/a

As a result, the left hand side of (C.7) can be evaluated in the following way.

. PI‘[Y + 15 > l‘]
| < 00. C.10
1318£p Pr[F > x] > ( )

Applying (C.10) and lim, .. x exp(—cz'/*) = 0 to (C.6) yields f3(x) = o(Pr[F > x]).

Finally we consider fi(z). Note that for 0 < u < x — &/z, e @ W /u < gmale—w?/e —
et ro—ta—u)?/r < o= =ee=w?/ where ¢ = ¢;/2. Thus from the definition of fi(z),
we have

Se2 \/5 & 2
fi(z) <e® / e~ CEmWYTAY (u). (C.11)

ox

Let II; denote a nonnegative r.v. independent of Y, whose distribution function is given
by Pr[Il; < 2] =1 — e %" (z > 0). It then follows that e ¢@=%*/* = Pr[\/zIl; > = — u].
Substituting this into (C.11), we have

=&z
filz) < 6_552/6 & Pr[v/zIl, >z — u]dY (u) < e Pr[Y + VazIl; > z]. (C.12)
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Further we have

Pr]Y + xIl, > x] < Pr[Ily > /2] + Pr[Y >z — II1\/x, 1T, < \/z/2]

< o(Pr[F > z]) + /\/5/2 PrVY > vz — u] 2¢ue ™ du, (C.13)

where we use Proposition A.2 and \/z — uy/z > /xr — u for all v < /z in the second
inequality. According to reasoning similar to the derivation of (C.8) and (C.9) with \/z—u >
Vr/2 (Yu < \/x/2), we obtain for any € > 0,

Va2 y
/ Pr[VY > vz — u] 2¢ue™ du
lim sup 2

200 Pr[F > z]
/ﬁ/2 Pr[VF > Vz —u
0 PI‘[\/? > \/ﬂ

from which and (C.13) it follows that

< klimsup

T— 00

o0
~ —Fny2 - =2
]2cue “du < /168/ 2cue” Ty < oo,
0

PrlY I >
lim sup Y + Vel x]<oo

P Pr[F > z] (C.14)

Therefore combining (C.14) with (C.12) and letting £ — oo yield fi(x) = o(Pr[F > z]). O
C.2. Proof of the second inequality in (C.1)

Let £ denote a fixed positive real number and assume z > £2. We then have

Pr[B(Y) > bx] > /OO Pr[B(u) > bz]dY (u) > inf Pr[B(u) > bz] - Pr]Y >z + £/

, B(u) —bu _ b(x —u)
= f P PrlY . 1
u>ﬂch-il-§\/E r [ N > NG rlY >z + &/ (C.15)

For any = > 0, b(x — u)/+/u is a nonincreasing function of u > 0 because b > 0. It thus
follows from (C.15) that for any = > &2,

. (B(u)—bu _ —bE/T
Pr[B(Y) > bx] > u>:ﬂ£ﬁpr NG PN

= inf Pr Blu) — bu > —%
N N A SN

. ‘B(u) —bu  —bE
> w;&iﬁPr — > \/5} Pr[Y > x + &z, (C.16)

where we use /1 + &/y/x < v/2 in the last inequality. Note here that when Var[y;] < oo
and Var[y,] < oo, there exists some ¢ > 0 such that

PrlY >z + &V/x]

PrlY >z + &/

. B(t) — bt I
tll)rono Pr [0—\/5 < x} =T /Ooe dy, x € (—00,00), (C.17)
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where b = E[y;|/E[v4] [1, Theorem 3.2, Chapter VI]. Applying (C.17) and Proposition A.3
to (C.16), we have

lim inf PriB(Y) > ba] > liminf inf Pr B(u) — bu > —bf]
a—oc  Pr[F > 1] T—00 u>T+ET ovu o2
Pr[F >z + &z PrlY > o +&/x] 1 /°°
Pr[F > 2] Pr[F >z+&/z]  2r bt

2
e_%dy -1 k.
Consequently, letting & — oo yields the second equation in (C.1). O

D. Proof of Lemma 3.2
As in Appendix C.1, let § and £ denote fixed real numbers such that 0 < § <1 and £ > 1,

respectively, and assume z > £2/(1—6)?. We also fix 1 € M arbitrarily. It then follows that
Pi(N(H) > Az, S(H) = j) = Pi(N(H) > A, S(H) = j, H > — {/x)
+Py(N(H) > Mz, S(H) = j,6x < H <z —&/x) + Py(N(H) > A\, S(H) = j, H < )
< Pi(H>x2—&Vo,S(H)=j)+Pi(N(H) > M,z < H < x — &) +Py(N(dx) > \z).
(D.1)
In the same way as in Appendix C.1, we can show that
P;(N(H) > Az, 0z < H < 1 — &) = o(Pr[H > z]), P;(N(dz) > A\z) = o(Pr[H > z]).
As for the first term on the right hand side of (D.1), Proposition A.3 yields

P(H > o — V3, S(H) = j) = Pi(H >z~ E/DP(SH) = j | H> 2 — £/7)
PH > o — /AIP(S(H) = j | H > & — £/7)
Pr[H > z|(m);,

s |l

for any j € M because H € £? and lim;_o, P;(S(t) = j) = (7); (Vj € M). As a result,

. Pi(N(H) > Az, S(H) = j)
hin_,sol.}p Pr[H > z]

On the other hand, it follows from (D.2), Lemma 3.1, and » ., P;(S(H) = v | N(H) >
Az) =1 (Vz > 0) that

P,(N(H) > \x,S(H) = j)

<(m);,, jeM (D.2)

ligiogf Pr[H > z]
g POV > A0 S(H) = ) PAN(H) > Aa) o PU(N(H) > A, S(H) = )
= Hmi P,(N(H) > \x) PrH > ]  a—oo P,(N(H) > \r)

= liminf Pi(S(H) = j | N(H) > \z) = ligg}f(l — Y Pi(S(H)=v|N(H) > M:))
veM

v#]
> 1— Y limsupPy(S(H) =v | N(H) > \z) = (), (D.3)
vem T
vZj

where the last equality is due to Remark 3.2. Lemma 3.2 now follows from (D.2) and (D.3).
a
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E. Proof of Lemma 3.3
It follows from A,(cl) =07'Dy, (k=0,1,...), Assumption 3.2 and (3.13) that
AD L APHG > K, (E.1)

which shows that (3.12) holds for n = 1. In what follows, we fix i, j € M arbitrarily and con-
sider the case of n > 2. Let /\/lngl)Jr ={(l1,. .. ly1) € M (A) iy (A gn - (A1 >

0}, where M™ = {(l1,...,lm); l; € M (i = 1,2,...,m)} for m = 1,2,.... For each
(v,n) € M? such that (A),, > 0, there exists a nonnegative r.v. 4, satisfying
(Ak)vn
PriA,, = k] = = k=0,1,..., (E.2)
! (A)vn

because (Ay)yy, >0 (k=0,1,...) and (A),, = > 7o (Ak)sy. Further because Ay, = Ag)
(k=0,1,...), it follows from (E.1) and (E.2) that for any (v,n) € M? such that (A),, > 0,

(A_(’“l)) k (A)
A)us ~ (Ao -Pr[G > k.

Thus using Proposition 2.2 (a), we have

(E) oo > > (Ak)in (A -+ (A iy

(Lyeedp—1)EMP =1 k14 tEn >k
n
§ :Almflylm > k

Pr[A,, > k] =

- Z (A)i:ll (A)h,lz to (A)ln,hj Pr

(1 reonln—1)EMTDT m=1
n ;’1 )
S S S R L)

(n—1)+ m=1
(ll ~~~~~ ln)eMi,j

where [y = ¢ and [, = j. Lemma 3.3 follows from (E.3) because (A); ; =0 if (A);; =0. O

F. Proof of Lemma 3.4
Note first that for any i, j € M,

(A7) = X S Ay, Ay, (A, . VR=01... (F.1)
" (U soosln—1)EMP— Ky oeothin >k

Because M is a finite set, Proposition 2.2 (b) implies that for any ¢ > 0 there exists a
positive constant K := K(¢) such that for all ¢, 5,0;,...,l,-1 € M and k=0,1,...

Z (Akl)i»ll (Akz)ll,lz e (Akn)ln,l,j
kit thkn>k
<K-(1 "(A),, (A (A ,
Pr[G > k] - (L&) (A, (A gy (A,

Y

where K is independent of n. Substituting the above inequality into (F.1), we have for any

1,] €M,
(n)
(Ak >i,j n n
<K-(14e)" (A"

ML o k=0,1,....
PG > k] = i TR=01,
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G. Proof of Proposition C.2

It is obvious that if u = 0, (C.2) holds for all z > 0. Thus we consider the case of u > 0.
Note first that for any ¢ > 0 there exists some xy := x¢(¢) > 0 such that Pr[F > y] <
Pr[F > y + 1]e® for all y > xg, because F' € L. Note also that 0 < u/[u] <1 for all u > 0.
We then have

)

Pr[F > y] Pr[F >y
< < > xg, u >0,
PriF>ytu/fu]] “Pr[F>y+1— > 70

from which it follows that for all x > u + x¢ and u > 0,

Pr[F > x — u] ll[PrF>a:—(z+1) /[H

Pr[F > z] Pr(F >z —i-u/|ul]

e < elutbe,
=0
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