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Abstract  In this paper an ambulance service facility problem is considered in an urban area with a
polygonal shape. The objective of this research is to locate the facility under bi-criteria. One criterion is to
minimize the maximum weighted sum of distances measured by A-distance in the route which passes from
the facility to the hospital by way of the scene of accident. The other is to maximize the preference function
of the facility site. Usually an optimal site that optimizes both criteria does not exist and so we seek some
non-dominated sites for the facility after defining notion of non-dominated site.
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1. Introduction

Models so far considered as facility location problems assume either Euclid distance or Rec-
tilinear distance. But it is not enough to cover all actual cases, especially urban area case
and so we adopt A-distance introduced by Widmayer et al. [7] which is a generalization of
Rectilinear distance, that is, the distance determined by the given multiple directions (Rec-
tilinear distance is determined by vertical and horizontal directions). Further we introduce
preference function of the facility site ([4]). This implies that we must take construction
cost, safety etc into consideration for determination of the site of the facility, that is, not
only customer side but also the local government side responsible for the construction of
the facility should be considered in an actual problem. Especially for site of an ambulance
facility, safety and security are very important. Our model is an extension of the emergency
facility model considered in [3]. Of course there exist many related works about emergency
facility (please see [1] and [6] for a excellent summary) since Elzinga and Hearn [2] have
considered mini-max model under rectilinear distance and given a geometric solution pro-
cedure. Section 2 formulates our model and derives useful properties. Based on the results
in Section 2, Section 3 proposes a solution procedure for obtaining some non-dominated
facility sites after definition of non-dominated site. Section 4 summarizes this paper and
discusses further research problems.

2. Problem Formulation
We consider an ambulance service station location problem given as follows:

(1) If an accident (demand) occurs, the ambulance servers rush to the scene of accident
(demand point) and bring the injured persons to the nearest hospital as soon as possible.
We consider a polygonal area X where an ambulance service station should be located,
demand occurs and there exist m hospitals Hy, Hs, - - -, H,.
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(2) For each point p = (x,y) in X membership function is attached denoting the preference
with respect to construction of the station at the point.

(3) Our objective is to locate the station so as to minimize the maximum weighted A-
distance of the route from the station to the hospital via the demand point (scene of
accident) and maximize the preference of the station site. As is shown below, rectilinear
distance is a special case of A- distance So we think using A-distance is more realistic
than that of rectilinear distance.

(4) Let S(Q) denote the nearest hospital to the point @. Then we formulate an ambulance
service station problem under the above setting (1),(2),(3) as the following problem Pyy.

Py :Minimize  MaxgexW R(p, Q)(= w1da(p.Q) + w2d4(Q.5(Q)))
Maximize fi,(p) (2.1)
subject to p e X

where wy,wy are positive weights corresponding to the importance (emergency) of A-
distance d4(p, @) from the demand point @ to the station site p and that of d4(Q, S(Q))
from the demand point @ to the nearest hospital S(Q), and we assume that w; > wy
since for the purpose of the station is to rush to the accident site. We consider the
satisfaction degree about A-distance instead of A-distance directly with respect to @ for
fixed p, i.e., the following membership functions on A-distance.

1 (da(p. Q) < /1)
p(da(p, @) =4 1— % (fi <dap,Q) < 1) (2.2)
0 (dA<p7 Q) > €1)

1 (da(Q,5(Q)) < fo)
p2(da(@,5(Q)) =4 1 - @Siﬁ%”f (f2 < da(Q,5(Q)) < e2) (2:3)
0 (da(Q, S(Q)) > es)

where ey, f1 are critical distances of satisfaction with respect to the distance d4(p, Q)
and eq, fo those with respect to the distance da(Q, S(Q)). That is if da(p, Q) is over
e; , then the situation becomes severe (not satisfied at all) and ideal distance is less
than f; (satisfied completely). So distance d(p, @) is usually considered between f; and
e1. For da(Q, S(Q)), the situation is similar but it does not depend on the station site.
Anyway we should consider the weighted sum of A-distance given as w; = and

1
€1—J1
ﬁ. (we assume that (e; — f1) < (e — fa) , i.e., wy > wy since usually rflshing
accident site and making minimal processing to injured person is more important) if the
problem is meaningful, that is, not trivial (maximal minimum satisfaction degree is 1),
nor infeasible (maximal minimum satisfaction degree is 0). This weighted sum has a
meaning, especially maximum value of this sum among (). Since usually there is no site
that optimizes both criteria, that is, the maximum weighted A-distance and preference
function, we seek some non-dominated sites.

Wy —

First we introduce A-distance and derive some useful properties.
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Ambulance Facility Problem 341

A-distance

There exists a set of directions A = {aq,ag, -+, a,} where each o;,i = 1,2,...,a is an
angle from z axis in an orthogonal coordinate and let 0° < a3 < as < - < a, < 180°.
Hereafter if no confusion occurs, directions «y,7 = 1,2,...,a and angles a;,i = 1,2,...,a

are used as the same meaning.
Directions «a;.cj1; are called neighboring where «a,, o; are also called neighboring, that
is o,y is interpreted as «q. Further a line, a half line and a line segment are called A-
directional or A-oriented respectively (here we call them as A line, A half line and A line

segment respectively also) if their directions are ones of a;,7 =1,2,...,a.
Then A distance d4 between two points p', p? € R? is defined as follows.

1 92 dy(pt, p?) if direction p'p? is A—oriented

dalp’,p7) = { miflpgem)dA(pl,p?’) +da(p?, p?) otherwise (24)

where dy(p', p?) is the Euclidean distance between p' and p?. Figure 1 illustrates how to
calculate A-distance, that is, making the smallest parallelogram with line segment p'p? as
one diagonal line (ay, o; are neighboring A line segments).

Figure 1: A-distance between p' and p?

According to the result in [5], when «; < an angle of the line connecting demand point ¢
with the station site (x,y) < a;41, parallelogram is constructed by using neighboring angles
o, ajj+1 and so

di = Milma(pi — ) — (g — y)| + Ma|mi(pi — ) — (¢ — y)| (2.5)

where (p;, ¢;) is coordinates of demand point i and

mi—mg 2 T

my = max(tan oy, tan a;11), me = min(tan o, tan ajq), My =
ither a; or vy 1 n we interpr
If either o or a4 is 90° , then we interpret

\/1+m% -1
- 5

mi—m2

M1 = hmml_)w
Ma|my(pi — ) — (¢ — y)| = lim imi(pi — ) — (¢ —y)| = [pi — 2| (2.6)

(© Operations Research Society of Japan JORSJ (2009) 52-3
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Since in the rectilinear distance case, we consider as a = 2, a7 = 0°, ap = 90°,m1 — 00, My =
0and so d; =|— (¢ —y)| + |pi — x| = |pi — x| + |¢: — y|. This means rectilinear distance is
a special case of A-distance.

A-circle with center p and radius 7 is 2a polygon where vertices are intersection points
between All A half-lines from p and ordinary circle with center p and radius r. Please
refer to Figure 2 as an example of A-circle where aq,as, a3 are A-line segments and so
hexagonal shape contacted with an ordinary circle. Note that edges of A-circle are denoted
by directions 31, (2, f3 and distance to any points p’ on the line segment p'p” (= f3) from p
is 7.

Figure 2: An example of A-circle

Of course when the line connecting demand point ¢ with the station site p = (x,y) is

A-oriented, d; = \/ (pi — )2+ (¢; — y)? (Euclidean distance between demand point ¢ and

the station).
Now we define non-dominated site and review the Voronoi diagram.

The definition of Non-dominated site

If R(p*) > R(p'),up(p') > pp(p?) and at least one inequality holds without equality
for the sites p* = (x1,91),p*> = (z2,y2) € X, then we call p! dominates p?> where R(p) =
max{WR(p,Q)|Q € X} , ie., maximal weighted sum of A-distance in the route from the
station site p to all demand points. If there exists no site that dominates p, then p is called
non-dominated site.

Voronoi diagram
For a set of v points VT = {VT}, VT, ---, Vit,} , Voronoi polygon VT 4(T;) with respect
to VT, and A-distance on X is defined as follows:

VIA(VT) = ({plda(p, V) < da(p, VT}),p € 2} (2.7)

JF
The set of all Voronoi polygons for the points in it VT is a partition of X and called
Voronoi diagram. We construct Voronoi diagram V' D 4(H) with respect to the set of hospital
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Ambulance Facility Problem 343

points H = {H,, Hy, - -+, H;,} and A-distance on the area X. in order to solve the problem.
Figure 3 illustrates Voronoi diagram with respect to Hospitals. It is done in O(m log m)
computational time [7].

Then we have the same properties as the results in [5] though in that case not necessarily
w1 7£ Wso.

04

&)

e e

. Hospital
H_H_H,:

“giw)

Figure 3: Voronoi diagram with respect to hospitals Hy, Ho, H3

Theorem 1 For the line segment DE with endpoints D,E and points B,C not on DE,
suppose BD and BE are A-oriented adjacent orientations «;, ;1. Then the weighted

sum of A-distance among paths between B and C via point T on the line segment DE,
wida(B,T) + weda(T, C) is maximized when T=D or E.
(Proof)

The lines of all orientations of A through C partition the line segment DFE into subin-
tervals [Fy, Fp1],k=0,1,...,¢—1 where Fy = D, F, = E and Fj, k # 0, ¢ are cross points
between DE and all A-oriented lines through C. Consider the certain subinterval [Fy, Fj11].
By a suitable transformation, we assume DF is z axis, Fj, = (0,0), Fy41 = (e,0), B = (b1, bs)
and C = (¢, ¢2) without any loss of generality. Then for point 7= (z,0), (0 < z < e),

Rﬁx(x) =wida(B,T) + wada(T,C) = wi Mi|mao(x — by) + bo

+wy Ma|my (x — by) + bo| + waMs|my(z — ¢1) + ca| + weMy|ms(z — ¢1) + c2| (2.8)
where
my = max(tan o, tan oj41), me = minx(tan oy, tan o), My = }n/llj_;:j,M = @,mg =
max(tan o, tan a;41), my = minx(tan a;, tan a;41), My = %, M, = %

and «a;, o4 are the orientations corresponding to the subinterval [Fj, Fj4q]| (Figure 4 il-
lustrates the situation). RE(z) is a convex function and so maximum value of RY(x) is
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B8(b1,b2)

C{c1,c2)

Figure 4: Relation between segment DE and neighboring direction

attained at z=0 or z=e, i.e. T = Fj or Fj,;. Thus the candidate points of maximum
A-distance path is Fy,---, F,. Since each Fy,k = 1,2,...,q — 1,ds(F;,C) = da(F, C),
da(Fo, C) > do(Fo, C),da(F,, C) > dyo(F,,C) and «j, aji; are adjacent orientations, then
da(B < T)+ dy(T,C), for T € DE, is considered as a path length between B and C via
T eDE.

Now let D = (0,0),FE = (¢/,0),B = (b1,bs) and C' = (¢y,¢y) without any loss of
generality. Then for 7' = (z,0), (0 <z < ¢),

wldA(B,T) + wgdz(T, C) = w1M1|m2(:B - bl) + b2|

+w1M2]m1(x — bl) + bz’ -+ Wy (LE — 01)2 + C% (29)

Each term of right hand side in the above expression is convex function ofz. So maximum
of wida(B,T) + weda(T,C) is attained at x = 0 or €/, i.e. D or E. Further the path length
through D or F is not less than wda(B, D) + wads(D, C) or wida(B, E) + wedy(E,C)
because either C'D or EC'is necessarily A-oriented. Therefore maximum is attained at D or
E.

Q. E. D.
Further we relax the constraints that BD and BE have a; and aj; oriented respectively
from Theorem 1.
Theorem 2 For the line segment DE with endpoints D,E and points B,C not on DE,
wida(B,T) +weda(T,C), T € DE is maximized when T=D or E.

Proof

We draw all A-oriented half lines from B and C, and let all intersections of these lines
and DFE be T1,T,,---,T;_1 by ordering from D. Further let 7o = D and T; = E. Then the
situation may be interpreted as Figure 5. By Theorem 1, when consider the subinterval
T € [Ti-1,Tis1], wida(B,T) + wada(T,C) is maximized at T;_ 1 or Tj11. So T; is dropped
from candidates of maximizer. In turn, when considering 7' € [T;_2,T;], T;—1 is dropped by
Theorem 1. Continuing this way, only remaining candidates are D,E and points as T;,7
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which are intersections between DFE and certain A -lines from both B and C. Let all points
on DE with same property as T;,7 be 17 ---,T;. Then

wida(B,T!) + weda(T!,C) = wido(B, T)) + wado (T}, C),i = 1,... 4 (2.10)

since both BT} and CT! are A-oriented. Since Euclidean distance is a convex function, then
widy (B, T) + wedy(T,C), T € DE is maximized at T = D or E. Thus

'wldA(B, D) -+ ’wgdA(D, C) Z ’wldg(B, D) -+ ’U)ng(D, C) (211)

wldA(B,E) -+ UJQdA(E, O) > wldg(B,E) -+ wng(E,C) (212)

implies w1da(B,T) + wada(T,C), T € DE is maximized when T'= D or E.

B

T T T
D ¢ o J3 i i E
7 -~ Tv
=7
C

Figure 5: Intersections between each A half line from B, C and line segment DE

Q. E. D.

Figure 6 illustrates a small example (m=6) of Voronoi diagram with respect to H =
{Hy, -+, H,}. Consider any interior point £ of X on a Voronoi edge and draw the half
line originating from the facility P and through E. Let the intersection of this half line and
the other Voronoi edge of same Voronoi polygon as E be F.

Further let the intersection of this half line and boundary of X be G. It is sufficient
to consider the situation of Figure 6, in order to show wida(P,G) + wada(G,S(G)) >
wida(P, E) + wada(F,S(E)) It holds that

wida(P, E) + wada(E, S(E))lwida(P, E) + wida(E, F) + wsda(F, S(F))  (2.13)

(© Operations Research Society of Japan JORSJ (2009) 52-3
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= wldA(P, F) + wgdA(F, S(F))

by the triangular property of A-distance. Since F' is on Voronoi edge of Voronoi poly-
gons with respect to both Hy and Hy, then wed4(F, S(F)) = wada(F, Hy) = wada(F, Hy).
Further wida(F,G) + wed (G, S(G)) > wada(F, Hy) holds by the triangular inequality of
A-distance. Thus

’wldA(P, G) -+ U)QdA(G, S(G)) = wldA(P, F) -+ U)ldA(F, G) + 'UJQdA(G, S(G))
Z wldA(P, F) + wgdA(F, H4) = wldA(P, F) + U)QdA(F,S(F))

> wydu(P, B) + wyda(E, S(E)) (2.14)

From above discussion and Theorem 2, we have the following Theorem 3.

ta't

I

&R faciiin

Figure 6: Voronoi diagram with respect to H = {Hy, Ho, - -+, Hg} illustrating the situation
of Theorem 2

Theorem 3 For fixed p, candidates of maximizer of WR(p,Q) are

(a) Vertices of boundary of X.
(b) The intersection points of Voronoi edges and boundary of X.

Proof It is directly shown from above discussion and Theorem 2.

From Theorem 3 we can reduce the number of demand points which should be con-
sidered in the solution procedure for Py; to be finite. In this case, we have the following
solution algorithm which is the very same as that in [5]. But we consider the solution
procedure in [5] since this solution procedure becomes a base for the solution procedure of
our model and an optimal solution corresponds to one non-dominated solution of Py (that
is, so-called minimizer of one objective Maxgex W R(p, Q)(= wida(p.Q) + w2da(Q.S(Q)))
of Py). Let consider all points in (a) and (b) of Theorem 3. Let vertices of boundary
of X be V1,V,,---,V,,. Further let the intersections of Voronoi edges and boundary of X
be Ey, Fs, -, E.. By a suitable numbering of V;,V5,---,V,, and Ey, Es, -+, E,, let those
points be @1, Qs, -+, Qn where N is the number of different points of them (for example,
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decreasing order of k; = 32d(Q;, S(Q:)),i = 1,2,..., N) Then by Theorem 3, Py is reduced
to the following messenger boy problem Pg since

Maxgex W R(p, Q)(= wida(p.Q) +wada(Q.S(Q))) = Max{w1da(p.Qs) +w2da(Q;.S(Q:))]i =
1,2,...,N} = wyMax{da(p,Q;) + kili = 1,2,...,N}.

Pg :Minimize max{da(p, Q) +kili =1,2,..., N} subject to pe X  (2.15)

Pg is further transformed into the following problem Py,

Py, :Minimize z subject to da(p, Q) +ki<zi=1,2,...,Nype X (2.16)

3. Solution Procedure for P,

Py, is the very same as that in [5] and clearly an optimal solution p° of P is a a non-
dominated site of Pj; since the center of A-circle with minimal radius covering all A-circle
with radius k; at a center (); is optimal for P;. So we now consider the solution procedure
for Pp. Let C; denote A-circle with radius k; at a center ;. Then P, is the determination
problem of minimum radius A-circle covering all A-circles C4,Cs, -+, Cy where A-circle
with radius r at center c is defined as follows:

{plda(c,p) <r} (3.1)

Usually it becomes a polygon consisting of A-line segments with length r. We define
CA(CZ‘, CJ) = {p - R2|d,4(p, Qz) —+ k?z = dA(p, QJ) + k‘j}fOl"i 75 j, Z,] = 1, PN N (32)

where C4(C;, C;) is a bisector between ; and @); taking account of the weighted distance
to hospitals. Then p° is obtained as follows.

[Solution procedure for p° |

Step 1: Draw A-circle C1,Cs, -+, Cy and let Cy denote the biggest A-circle which has
the largest radius among Cy, Cs, - - -, Cn. If Cy covers all other C;, ¢ # 6, then Cy is the
optimal A-circle. Stop as Qg is an optimal solution. Otherwise, find Cy, C; such that

maX{dA(Ql-, QJ) + l{fl + k]|Z 7£ j,Z,j = ]_, ey N} = dA(Q57Qt) + ]{35 + k?t (33)

and go to Step 2.

Step 2 Let Py be the intersection of Cy(Cy, Cy) and the line segment connecting @5 with
;. Draw the A-circle Cy centered at Py with minimum radius covering C, C;. If Cy
covers all C;, then Cj is an optimal A-circle. Stop as F, is an optimal location of the
ambulance service station. Otherwise, choose one A-circle C, which is not covered by
Cp and go to Step 3.

Step 3 Let P; be an intersection of Cy(Cy, Cy), Ca(Cy, C,) and Cx(Cy, Cs). Draw A-circle
C. covering C, Cy, C,, with minimum radius centered at P, that is, externally tangent
to these three A-circles. If C, covers all ; , then C, is an optimal A-circle. Stop as P; is
an optimal solution. Otherwise, choose one A-circle C),, which is not covered by C.. Go
to Step 4. (Please refer to Figure 7)

(© Operations Research Society of Japan JORSJ (2009) 52-3
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Figure 7: An illustration of Step 3 in Solution Procedure for p,

Step 4 Draw a half line from P; which through ¢, and let an intersection of the line and
boundary be Z, which is the farthest from P;. By the same manner obtain Z;, Z;, Z,,.
Let D = Z, and farthest point from D among Z,, Z;, Z, be P4. Divide an area X into
two sub-areas by line through both P, and P;. Let a point which does not belong to the
same sub-area with D be C. Let Q, = P4, Q; = C,Q, = D and return to Step 3.

The above procedure finds py in at most O(max(n,m)? - T') computational time where
T is the computational time constructing A-circle covering given three A-circles. 0 Validity
of the algorithm is clear since basically, a center of A-circle covering suitable three A-circles
is an optimal solution py (this is shown already in [5]).

Next we seek other non-dominated sites. First let X (5) = {p € X|up(p) > 5} for
1> 08> up(po), that is, the set of sites that their preference is not less than 5. Then we
consider the following parametric problem P (), that is, the problem where possible sites
are restricted to X (/) instead of X.

Pr(B) : Minimize z subject to da(p,Q;) +k; <z,i=1,2,...,N,pe€ X(0) (3.4)

As is easily seen, py is in the area X though it is not explicitly restricted. But Pp(() is a
little bit difficult to solve since we explicitly restrict the feasible region of Py () O Let P(53)
be an optimal site of Pr(() and R(3) = R(p()). Now we propose a solution method for

PL(B).
Solution Procedure for P ()

Step 1: Draw A-circle Cy, Cy, - - -, Cy and let Cy denote the biggest A-circle which has the
largest radius among C7,Csy, -+, Cx. If Cy covers all other C;,i # 6 and Qy € X (),
then Cy is the optimal A-circle. Stop as @y is an optimal solution Pp (). Otherwise,
find C, C} such that

(© Operations Research Society of Japan JORSJ (2009) 52-3
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max{da(Qi, Q;) + ki + kjli # j,i,j=1,...,N} = da(Qs, Qs) + ks + ki
and go to Step 2.

Step 2 Let Py be the intersection of Cy(Cy, Cy) and the line segment connecting Qs with
Q.. If Py € X(f), draw the A-circle Cy centered at Py with minimum radius covering
C,,Cy. If Cy covers all C;, then (Y is an optimal A-circle. Stop as Fy is an optimal
location of P (/). Otherwise, choose one A-circle C,, which is not covered by Cy and go
to Step 3. If Py & X(f3), go to Step 4.

Step 3 Let P, be an intersection of Cy(Cy, Cy), Ca(Cy, Cy) and Cy(Cy, Cs). If Py € X(B)
draw A-circle C, covering C;, Cy, C, with minimum radius centered at P;, that is, exter-
nally tangent to these three A-circles. If C. covers all C; , then C. is an optimal A-circle.
Stop as P is an optimal solution. Otherwise, choose one A-circle C), which is not covered
by C.. Go to Step 5. If P, ¢ X(), go to Step 4.

Step 4 Consider each case that @); is maximum among all Q1, Qs, -+, Qn from X () with
respect to A-distance and find the point p; in minimizing d4(Q;,p) corresponding to
A-circle covering all Cy,Cy, ---,Cy. Let p. minimizing da(Q;,p;) + kj,5 = 1,2,...,N
be an optimal solution of Py (/) and stop.

Step 5 Draw a half line from P; which passes (), and let an intersection of the line and
boundary of Pp(/3) be Z, which is the farthest from P,. By the same manner, obtain
Lo Ly, 2. Let D = Z, and farthest point from D among Zg, Z;, Z, be P,. Divide an
area X ((3) into two sub-areas by the line through both P4 and P;. Let a point which
does not belong to the same sub-area with D be C. Let Qs = P4, Q; = C,Q, = D and
return to Step 3.

) can be solved efficiently if Step 4 is executed efficiently and this depend the shape of
). That is to find p; efficiently is critical. Anyway, based on the solution procedure for
), we consider the following solution procedure for Py, though for a general case, how
determine €, eg is not clear.

(6
(6
(6

SIIT

(Solution Procedure for P, )

Step 1 Set 8= up(P°) + &g ( & is suitable small positive number), DS = {P°} and go to
Step 2.

Step 2 Solve P () and obtain P(/3) and R(f3). If there exists no site p € DS dominating
P(f3), then go to Step3. Otherwise go to Step 4.

Step 3 Update DS « DS U{p(B)}. If 5 = 1, terminate (DS is a set of some non-dominated
sites). Otherwise, update 5 « min{up(p(B3)) + €3,1} (€3 is a suitable small positive
number) and return to Step 2.

Step 4 If § = 1, terminate (DS is a set of some non-dominated sites). Otherwise update
B — min{pup(p(B))+¢cs,1} (¢4 is a suitable small positive number) and return to Step 2.

Whether this solution procedure terminates or not is not clear since its preference function is
not specified and so suitable small numbers are not concrete. But when we give up to find all
non-dominated solutions and change (3 by constant amount ¢ and each P (/) can be solved
in at most O(max(n, m)*-T) computational time, the above solution algorithm terminates
in at most O(max(n,m)* - £) computational time. However for the following special but
important case, we can obtain the non-dominated solutions by changing 3 = t1, s, -+ ,t, in
the above solution procedure.

(Case that the preference function is constant block-wisely)
We assume that

(© Operations Research Society of Japan JORSJ (2009) 52-3
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tl P € Al
ta pE Ay
1p(p) = (3.5)
ty¢ DpeEA,
0 pGX—Al—AQ—---—Aq
where 1 > ¢ >ty > -+ > t, > 0 and Ay, Ay,---, A, C X are disjoint polygons. In this
case, for solution procedure for Py, as 3 only ti,%s, -+, ¢, should be considered. That is,
following problems P, P* ... P% should be considered and each feasible region of P% is

set Ag. that is, a polygon.

P% : Minimize 2 subject to da(p, Q) + k; < z,i=1,2,...,N,p € A, (3.6)

Then following theorem is very useful in this case.

Theorem 4 If p° ¢ Ay, then an optimal solution of P% exists on the boundary of Ag.
Proof
We derive a contradiction by assuming the optimal solution p(;) is the interior point of
Ay, Following cases (i) (ii) (iii) should be checked.
(i) The optimal value is attained by a certain only one ;. Then a point moved by small
amount toward @; from p(t;) along the line segment connecting between @; and p(tx) is
better point with respect to z as is easily shown.
(ii) The optimal value is attained by certain two @); and Q).
Then p(ty) is on the bisector Ca(Cr, Cy) = {p € R*|da(p, Qi) + ki = da(p, Q;) + k;}.
(ii a) p(tx) is the anchor point, that is, an intersection point
between the line segment Q;Q; and the bisector Cx(Cy, C}).
Then in this subcase clearly p(tx) is also an optimal solution of P,
and it derives a contradiction with p° ¢ Aj.
(ii b) p(tx) is not the anchor point. Then moving by small amount
toward anchor point along the bisector from p(¢;) makes z decrease.
This means p(tx) is not optimal.
(iii) The optimal value is attained by certain three @;, Qs and @Q);.
Then again clearly p(t) is also an optimal solution of Py,
and it derives a contradiction with p° ¢ Ay.

Q.E.D

First we construct the farthest point Voronoi diagram with respect to Cy,C5,---,Cy as
follows: For each pair of ); and @); , we draw the bisector

Cu(Cr,Cy) ={p € R?|da(p, Q:) + ki = da(p,Q;) + k;} and we make the farthest region
X; about Q; , that is, X; = {p € R*|da(p, Q) + ki > da(p,Q;) + kj, j # i} for each i based
on these bisectors. Then the farthest point Voronoi diagram is constructed similarly as the
usual Voronoi diagram with respect to C7,Cy, - -+, Cy and draw all A-half lines from each
();, obtain the intersection points F Pf’k, F PQi’k e F Pﬁ;’fk between these half lines and the
boundary of A; N X; where n;j is the number of different intersection points. Further let
vertices of the boundary with respect to Ap N X; be FPi’,]ka, FPi’ka N ) by

n; n N k+b; i
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suitable numbering of vertices where b; ;, is the number of their vertices. Next we solve the
following single objective problem:

P, : Minimize z subjectto da(p, Q;) +k; < z,i=1,2,...,N,p € X and obtain an optimal
solution p°. Then we have the following theorem.
Theorem 5 If p° ¢ Ay, then an optimal solution of P'¥ exists among

FP* FPy* ... PP

Proof

From the result of Theorem 4, an optimal solution exists on boundary of A, N X; Note
that the boundary of Ay N X; consists of line segments and so FPf’k, FPQi’k R FP;;;’“}C di-
vide boundaries of Ay into line segments where maximizer ¢ € {1,2,..., N} such that
da(p, Qo) + ke > da(p,Q;) + ki, 0 # i,i = 1,2,..., N from a point on each line seg-
ment is same. Further da(p, Q) is determined some neighboring pair of A-directions, say,
aj,ajy; for each line segment. That is, for Q, = (¢f,¢5) and p = (z,y), da(p,Qr) =
Mi|ma(q; —) — (g5 —y) |+ Ma|ma(gf —2) — (g5 — )| where m; = max(tan a;, tan o1, ms =

\/ 14+m?
min(tan a;, tan 1), My = L My = as is shown in Section 1. Then minimum of
K 7+ mi—msg ’ mi—

da(p, Q¢)+k; with respect to point on this line segment is attained at either end point of this
line segment since d4(p, Q) includes two absolute values with linear functions of z,y inside
and its minimum is attained at the points with coordinates making either absolute value
zero (corresponding point is one of FP* FpM*. .. FPik =12 ... N ) or the terminal

Nk’

points of corresponding line segment (FPn s FPn 2 ., FP" kHb ot=12,... N ).
Q.ED.

Since we solve all P and check non-domination of optimal solutions for P in order to
solve this special case, we only show the solution procedure for P,

Solution Procedure for P%

Step 1: Check whether p € Ay or not. If p® ¢ Ay | then go to Step 2. Otherwise, terminate
with p° as an optimal solution of P%.

Step 2: Based on Theorem 5, We obtain
FP* FPy ... FPYE PPN FPY - FP"

ni K’ n; N k+bik

1=1,2,..., N and
seek the minlmlzer F P(k) among

ik ik i ik
FP* FPy* ... PPk FP* PP .. PP i=12 . N
with respect to mm[mm{dA(FPjZk, Qili=12,....nip +bix}+kli=1,2,...,N].
Terminate with F'P(k) as an optimal solution of P%.

In this special case, non-dominated solutions are found in at most O({a-max(n, m)>*+EB}-q)
computational time based on the result of Theorem 5 where EB is the maximum vertices
number of polygon Ag,k = 1,2,...q since of course, only nearest edge of boundary on
Ar N X; should be considered as an intersection point between boundary and A-half lines
from ();, that is, at most one edge of boundary for each A-half line from Q);.

An example

We consider the following toy example in this case to illustrate the solution procedure.
We setw; = wq, A = {0°,45°,90°,135°} (see Figure 8). Data of this example is shown in
Figure 9. X is a hexagon determined by vertices sited at (0,0), (60,0), (100,30), (60,60)
and (0,60). There are two hospitals Hy, Hy sited at (40,40) and (60,20) respectively and
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i Og

Figure 8: A = {0°,45°,90°,135°}

two blocks A; Ay with preferences 0.8 and 0.3 respectively. The line segment connecting
with boundary points sited at (20, 0) and (71.43, 51.43) is a Voronoi edge. Applying our
method, results are illustrated in Figure 10. Small bold A-circles are centered one at Q);.
Dotted A-circle centered at (37.72, 37.72) and covering all small A-circles corresponds to
a solution minimizing weighted sum of distances. Big bold A-circle centered at (20, 20)
denotes optimal covering circle where construction site is restricted toA;. Therefore non-
dominated sites are (37.72, 37.72) and (20,20) respectively. Their weighted sum of distance
and preference are (109.92, 0.3) and (134.14, 0.8).

7T\

(0,60) X (60,60
1.43,51 .43)
4,
Hi(40,40)
o
0,30 | (100,30)
— ®0,30)
40200 o
HA{60,20)
Az

OO0 20,0 (40,0) (60,0) /

Figure 9: Data of the example
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Figure 10: An illustration of the result applying our method to this toy example

4. Conclusion

We have proposed a model about ambulance facility location including the preference of
the candidate sites, which is not explicitly considered so far in spite of importance from the
actual point of view. Since we have used A-distance, solution procedure is complicated a
little bit, we have endeavored to find non-dominated solutions in order to give information
to decision makers. But as further research problems, followings are left.

(1) Our solution method for our model is straightforward and so refinement should be done
in order to find non-dominated sites efficiently.

2) Though our model includes both benefits of citizens and local government since it takes
g g
preference on the construction site into account, actual possibility of accident occurrence
is not uniform with respect to sites in X.

(3) Preference function reflecting on actual conditions about construction of an ambu-
lance station is not necessary simple as is considered in this paper. So more realistic
assumptions about preference function should be considered.
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