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Abstract A class of semi-Markov process was introduced by Latouche and referred as the semi-Poisson
process in which the intervals of time between events are identically, exponentially distributed random
variables and are not independent but dependent random variables. In this paper, we extend the class of
semi-Poisson process to the class in which the random variables are identically distributed with a given
PH-distribution and are not independent but dependent. We refer it as the semi-PH process.
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1. Introduction

In conventional queueing theory, it has been well established assumption that a sequence
of random variables for input and/or service process of the queue is a sequence of inde-
pendently, identically, distributed random variables. Although it is sometimes a realistic
representation of actual input and/or service process, it sometimes misleads the results
when the process has correlation. There may be many ways for the study of queues with
correlation characteristics. One of approaches toward the study is to compare a well-known
standard queueing system to another one such that the only difference lies in correlations
between interarrival times and/or service times. For the study along that way, a class
of semi-Markov process was introduced and referred as the semi-Poisson process by La-
touche[6]. In the semi-Poisson process, the intervals of time between events are identically,
exponentially distributed random variables and are not independent but dependent random
variables. Using the semi-Poisson process as the input process, the M/M/1 queue with
correlated input was studied in the paper. Related works are listed in [5, 7, 8].

In this paper, we extend the class of semi-Poisson process to the class in which the
random variables are identically distributed with a given PH-distribution and are not inde-
pendent but dependent random variables. We are concerned with the method to generate
the sequence of random variables in such a way that those random variables have a common
marginal distribution given in a form of PH-distribution and those are not independent but
dependent each other. For the sake of generation of the sequence of random variables, we
use a framework of semi-Markov process and a number of exponentially distributed random
variables. We refer the semi-Markov process as the semi-PH process. The semi-PH process
is discussed in Kishi and Kino [1–4]. As applications, the semi-PH process can be used as an
input and/or service process for variety of queueing systems in order to study the effect of
correlations on the behaviour of the queue comparing with the well-known standard queues.

This paper is organized as follows. In Section 2, we study the method to generate the
semi-PH process. The outline of the method and basic idea for the study are described
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in subsection 2.1. In Section 3, we show three examples of semi-PH processes. In the
first example, we rewrite the original semi-Poisson process by our LST(Laplace-Stieltjes
Transform) representation. Second example shows that we need at least one additional
exponentially distributed random variable to generate the semi-PH process with two-phase
Erlang distribution, while the last example shows that we need no additional random vari-
able to generate the semi-PH process with hyper-exponential distribution. In Section 4,
we study the method to generate a sequence of random variables which satisfies a given
correlation function and a given common marginal distribution at the same time. We study
this problem by a heuristic approach. A numerical example is given in this section. We
conclude the paper in Section 5.

2. Semi-PH Process

2.1. Preliminary

Let τn be the time epoch of n-th event and Xn(= τn − τn−1) be the time interval between
events for n = 1, 2, . . . , where τ0 = 0. We are concerned with the method by which
to generate the sequence of positive random variables {Xn}∞n=1 in such a way that these
random variables have a common marginal distribution given in the form of PH-distribution
and are not independent, but instead are dependent each other, i.e., the positive random
variables {Xn}∞n=1 have an identically distributed common marginal PH-distribution and
have correlation. We refer to the given PH-distribution as the target distribution. Let X
be a random variable distributed by a target PH-distribution and the LST(Laplace-Stieltjes
Transform) be E(e−θX). We assume that all of eigenvalues of the subgenerator for the target
distribution are real. In other words, all of zeros of the denominator of the LST E(e−θX)
are real. That is our start point. Our goal is to generate the sequence of {Xn}∞n=1 stated
above. For the sake of the generation of a sequence of positive random variables {Xn}, we
use a framework of the semi-Markov process {S(t), 0 ≤ t} on state space {1, 2, . . . , N} with
a transition probability matrix P of the embedded Markov chain. Subsection 2.3 describes
the semi-Markov process. The semi-Markov process is defined such that the LST of Xn can
be written in the form E(e−θXn) =

∑N
�=1 π�E(e−θU�), where π(= (π�)

N
�=1) is a stationary

probability vector of P , i.e., π = πP and the positive random variable U� is the time
interval that the process is in state �. We refer the {U�}N

�=1 as kernel variables.
The basic idea is as follows. If we can find both π and {U�}N

�=1 which satisfy the relation
E(e−θX) =

∑N
�=1 π�E(e−θU�) consistently, then E(e−θX) = E(e−θXn) is true. That implies

our goal. To find those variables, we apply a technique of partial fraction expantion to the
LST. Outline of the way to our goal is as follows:
(1) Expand E(e−θX) into partial fraction form and find coefficient for each partial fraction.

This procedure is described in subsection 2.2.

(2) Find kernel variables of {U�}N
�=1. The idea to find them is described in subsection 2.4.

(3) Expand the LST of E(e−θU�) for � = 1, 2, . . . , N into partial fraction form and find
coefficient for each partial fraction. This procedure is described in subsection 2.5.

(4) Derive the stationary probability vector π solving a set of linear equations. This pro-
cedure is written in subsection 2.7.

(5) Find a transition matrix P which satisfies π = πP . We apply hueristic approach to
find it. The approach is described in Section 4.

2.2. Target PH-distribution

Let Q be a (T × T ) matrix with negative diagonal, non-negative off-diagonal elements,
non-positive row sums, and at least one negative row sum.
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Based on Q, we define a continuous time Markov process with (T+1) states (0, 1, 2, . . . , T )
and with an infinitesimal generator Q∗ in the form

Q∗ =

(
0 0
q Q

)
(1)

where the state 0 is an absorption state, the states (1, 2, . . . , T ) are transient, 0 is the row
vector with all elements being 0, q = −Q1 and 1 is the column vector with all elements
being 1. We write α∗ = (α0, α) to denote the initial probability vector of Q∗. The PH-
distribution represented by (α, Q) is defined as the distribution of the absorption time
to the absorption state 0 with the initial probability α∗ in the Markov process. We call
Q a PH-subgenerator of the Markov process and (α, Q) a PH-representation of the PH-
distribution. The probability distribution function F (t) and the density function f(t) for a
PH-distribution with representation (α, Q) are given as

F (t) = 1 − α exp (Qt)1 and f(t) = α exp (Qt)q

for t ∈ [0,∞), respectively. If α0 �= 0, then the PH-distribution has a mass at time 0. In the
case that α0 �= 0, we can simply add f(0) = α0 to absolutely continuous part of f(t), t > 0
to obtain f(t) for t ∈ [0,∞). In this paper, we therefore assume that α0 = 0 or equivalently
α1 = 1. For a positive random variable X with the PH-representation (α, Q), the LST is
written in the form

E(e−θX) = α(θI − Q)−1q.

We assume that the LST can be written as

E(e−θX) =
N(θ)

D(θ)
(2)

where the denominator D(θ) is a polynomial of θ of order T in the form

D(θ) = (θ + λ1)
m1(θ + λ2)

m2 · · · (θ + λK)mK , m1 + m2 + · · · + mK = T (3)

and the numerator N(θ) is also a polynomial of θ of at most T − 1 order. Moreover, we
assume that

0 < λ1 < λ2 < · · · < λK . (4)

Note that D(θ) = det(θI − Q) and that each −λi is a distinct eigenvalue of the PH-
subgenerator Q with multiplicity mi(> 0) for i = 1, 2, . . . , K. Under these assumptions, we
can decompose the LST E(e−θX) to the form of partial fraction expansion

E(e−θX) =
K∑

i=1

mi∑
j=1

B(i, j)

(θ + λi)mi−j+1
(5)

where

B(i, j) =
1

(j − 1)!

dj−1

dθj−1
(θ + λi)

miE(e−θX)
∣∣∣
θ=−λi

. (6)

The coefficient given in (6) is rearranged into row vector form as

g∗ = (g∗
1, g

∗
2, . . . , g

∗
K) (7)
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where g∗
k = (B(k, 1), B(k, 2), . . . , B(k, mk)) for k = 1, 2, . . . , K. Let

ϕ∗
k(θ)

t =
( 1

(θ + λk)mk
,

1

(θ + λk)mk−1
, . . . ,

1

(θ + λk)

)
for k = 1, 2, . . . , K

and
ϕ∗(θ)t =

(
ϕ∗

1(θ)
t, ϕ∗

2(θ)
t, . . . , ϕ∗

K(θ)t
)

(8)

then the LST (5) can be written in the inner product form

E(e−θX) = g∗ϕ∗(θ) (9)

where we use the notation at to denote the transpose of vector a.
Remark 2.1 We assume that all of eigenvalues of the PH-subgenerator are real. The class
of PH-distribution that satisfies such an assumption consists of a linear combination of
Erlang distributions, as shown in (5). Here, we use the term “linear combination” in place
of “mixture ” because the coefficient (6) may be either positive or negative.

2.3. Semi-Markov process

Consider a semi-Markov process {S(t), 0 ≤ t} on the state space {1, 2, . . . , N}, where T ≤ N .
The semi-Markov process S(t) changes its state at the time epoch 0 < τ0 < τ1 < · · · . The
transitions between states follow an irreducible N -states Markov chain with a transition
probability matrix P = (pij), i, j = 1, 2, . . . , N . The stationary probability vector for the
Markov chain is denoted by π = (π1, π2, . . . , πN), i.e.,

π = πP .

For n = 1, 2, . . . , we denote Xn = τn − τn−1 and S(t) = Sn for τn−1 ≤ t < τn. The
semi-Markov kernel of S(t) is defined as

P (Sn+1 = j, Xn ≤ t|Sn = i) = pijGi(t) for i, j = 1, 2, . . . , N (10)

where Gi(t) is a distribution function of a positive random variable Ui, i.e., Gi(t) = P (Ui ≤ t)
for i = 1, 2, . . . , N . We refer the positive random variables {U�}N

�=1 as kernel variables. Note
that Gi(t) can be interpreted as the distribution function of the time interval that the
process is in state i, i.e., Gi(t) = P (Xn ≤ t|Sn = i) for i = 1, 2, . . . , n and for n = 1, 2, . . .
We assume that the embedded Markov chain start with the stationary state, i.e., the initial
state of the process is

P (S1 = i) = πi for i = 1, 2, . . . , N. (11)

See Fig.1 for a sample path of the semi-Markov process.
Proposition 2.1 For n = 1, 2, . . . ,

E(e−θXn) =
N∑

i=1

πiE(e−θUi). (12)

Proof. The LST form of the relation (10) is E(e−θXn , Sn+1 = j|Sn = i) = pijE(e−θUi). Using
this form and the initial condition (11), we have the relation

E(e−θXn) =
N∑

j=1

N∑
i=1

N∑
k=1

E(e−θXn , Sn+1 = j|Sn = i)P (Sn = i|S1 = k)P (S1 = k)

for n = 1, 2, . . . The proof is brief obtained after calculation.

c© Operations Research Society of Japan JORSJ (2006) 49-4



294 Y. Kishi & I. Kino

Figure 1: A sample path of the semi-Markov process

2.4. Kernel variables

Proposition 2.1 suggests that if we can find πi and Ui, i = 1, 2, . . . , N , which satisfy the
relation

E(e−θX) =
N∑

i=1

πiE(e−θUi)

then the relation E(e−θXn) = E(e−θX) holds for n = 1, 2, . . . , which implies that each
marginal distribution of Xn in the sequence of random variables {Xn}∞n=1 agrees with the
target distribution of X. It is clear, however, that random variables {Xn}∞n=1 are not
independent but dependent random variables.

To compose kernel variables {Ui}N
i=1, we introduce K + M exponentially distributed

random variables {Zi}K+M
i=1 . Let Zi be an exponentially distributed random variable with

parameter λi for i = 1, 2, . . . , K + M , where we assume that

0 < λ1 < λ2 < · · · < λK < λK+1 < · · · < λK+M (13)

and M = N − T , i.e.,

E(e−θZi) =
λi

(θ + λi)
for i = 1, 2, . . . , K + M.

Note that parameters {λi}K
i=1 are the same values which appear in the denominator (3)

of the LST of the target distribution, while the values of parameters {λi}K+M
i=K+1 of additional

M random variables are arbitrary according to assumption (13).
To take into account of the multiplicity mi of each λi, i = 1, 2, . . . , K, in the denominator

D(θ) of the target LST, we denote s(i) = m1 + m2 + · · ·+ mi for i = 1, 2, . . . , K and define
summation over n independent random variables {Zik}n

k=1 as

Vi(n) = Zi1 + Zi2 + · · · + Zin for i = 1, 2, . . . , K

where
E(e−θZi) = E(e−θZik) for k = 1, 2, . . . , n.

Using this notation, kernel variable U� is defined as follows. For the index � in the range
s(i − 1) < � ≤ s(i),

U� = Vi(s(i) − � + 1) + Vi+1(mi+1) + · · · + VK(mK) + ZK+1 + · · · + ZK+M (14)
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for i = 1, 2, . . . , K. For the index � in the range s(K)(= T ) < � ≤ T + M(= N),

U� = Z�+K−T + Z�+K−T+1 + · · · + ZK+M . (15)

To better understand of the ordering of the index for U�, a simple example is given in
the following.

Example 2.1 Consider the denominator of LST of the target distribution given in the form

D(θ) = (θ + λ1)
2(θ + λ2)

2

and add two additional exponentially distributed random variables Z3 and Z4 with param-
eters λ3 and λ4, respectively, where

0 < λ1 < λ2 < λ3 < λ4.

In this case, m1 = 2, m2 = 2, T = m1 + m2 = 4, K = 2, M = 2 and N = K + M = 6.

Kernel variables {U�}6
�=1 are composed as

U1 = Z1+ Z1+ Z2+ Z2+ Z3+ Z4

U2 = Z1+ Z2+ Z2+ Z3+ Z4

U3 = Z2+ Z2+ Z3+ Z4

U4 = Z2+ Z3+ Z4

U5 = Z3+ Z4

U6 = Z4

where, for the sake of brevity of notation, we reduce the double index of random variable
Zik to Zi.

2.5. Partial fraction expansion

The LST form for random variables defined by (14) and (15) are given in the form

E(e−θU�) = (
λi

θ + λi

)s(i)−�+1

K∏
k=i+1

(
λk

θ + λk

)mk

K+M∏
k=K+1

λk

θ + λk

(16)

and E(e−θU�) =
K+M∏

k=�+K−T

(
λk

θ + λk

) (17)

respectively. The LST given by (16) can be expanded to the partial fraction form

E(e−θU�) =

s(i)−�∑
j=0

β(�, � + j)

(θ + λi)s(i)−�+1−j
+

K∑
k=i+1

mk−1∑
j=0

β(�, s(k − 1) + j + 1)

(θ + λk)mk−j

+
K+M∑

k=K+1

β(�, s(K) + k − K))

θ + λk

(18)

where for 0 ≤ m ≤ s(i) − 1

β(�, � + m) =
1

m!

dm

dθm
(θ + λi)

s(i)−�+1E(e−θU�)
∣∣∣
θ=−λi

, (19)
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for 0 ≤ m ≤ mk − 1, i + 1 ≤ k ≤ K

β(�, s(k − 1) + m + 1) =
1

m!

dm

dθm
(θ + λk)

mkE(e−θU�)
∣∣∣
θ=−λk

, (20)

and for K + 1 ≤ k ≤ K + M

β(�, s(K) + k − K) = (θ + λK+k)E(e−θU�)
∣∣∣
θ=−λK+k

. (21)

Similarly, the LST given by (17) can be expanded to the partial fraction form

E(e−θU�) =
K+M∑

m=�+K−T

β(�, m)

(θ + λm)
(22)

where for � + K − T ≤ m ≤ K + M

β(�, m) = (θ + λm)E(e−θU�)
∣∣∣
θ=−λm

. (23)

2.6. Stationary probability vector

We define an (N × N) upper triangular matrix C = (β(i, j)) in the form

C =

⎛
⎜⎜⎜⎝

β(1, 1) β(1, 2) · · · β(1, N)
β(2, 2) · · · β(2, N)

. . .
...

β(N, N)

⎞
⎟⎟⎟⎠ (24)

where β(i, j) = 0 for i > j.
Proposition 2.2 C is a regular matrix.
Proof. Using assumption (13) and the definition of β(�, �) given by (19),(20),(21),(23), we
can confirm that each diagonal element β(�, �) is strictly positive for � = 1, 2, . . . , N , so that
det(C) is also strictly positive, because det(C) =

∏N
�=1 β(�, �).

We compose vector g using vector g∗ defined by (7), adding M zeros, in the form

g =
(
g∗,

M︷ ︸︸ ︷
0, 0, . . . , 0

)
(25)

and vector ϕ(θ) using ϕ(θ)∗ defined by (8) in the form

ϕ(θ)t = (ϕ∗(θ)t,

M︷ ︸︸ ︷
ϕK+1(θ), ϕK+2(θ), . . . , ϕN(θ)) (26)

where

ϕ�(θ) =
1

θ + λ�

for � = K + 1, . . . , N.

Using (25) and (26), one can see that the LST of Xn can be written in the form

E(e−θXn) = πCϕ(θ). (27)

Proposition 2.3 Linear equation πC = g has unique solution and π1 = 1.
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Proof. Uniqueness of π is clear from Proposition 2.2. Short calculation yields π1 = 1.

The main results of the present paper are summarized in the following proposition.

Proposition 2.4 If the solution of lenear equation

πC = g (28)

is non-negative, then

(a) for n = 1, 2, . . .

E(e−θXn) = E(e−θX) (29)

and

(b)

E(X1Xn) = ν diag(π)P n−1νt (30)

where ν = (ν�)
N
�=1, ν� = E(U�) for � = 1, 2, . . . , N .

Proof. From Porosition 2.1 and 2.3, if the solution π is non-negative, then the π is a
probability vector which satisfies E(e−θXn) =

∑N
�=1 π�E(e−θU�) for n = 1, 2, . . . On the

other hand, using relations (18), (22) and (28), identifying the coefficients of each term on
both sides, the relation

∑N
�=1 π�E(e−θU�) = E(e−θX) is shown to be true. In other words,

g∗ϕ∗(θ) = πCϕ(θ). This proves the statement (a).

From the definition of a covariance function, for n = 1, 2, . . . ,

E(X1Xn) =

∫ ∞

0

∫ ∞

0

x1xndP (X1 ≤ x1, Xn ≤ xn). (31)

Brief calculation yields the relation

P (X1 ≤ x1, Xn ≤ xn) =
N∑

i=1

N∑
j=1

P (X1 ≤ x1, S1 = i, Xn ≤ xn, Sn = j)

=
N∑

i=1

N∑
j=1

Gj(xn)p
(n−1)
ij Gi(x1)πi. (32)

Substitution (32) into (31) yields the statement (b).

Remark 2.2 As far as the authors know, there is no case that an negative element appeares
in the solution of (28).

The correlation function of n is defined in the form

ρn =
E(X1Xn) − E(X)2

E(X2) − E(X)2
for n = 1, 2, . . . (33)

Note that in this subsection we have shown the method of generating the elements of
the stationary probability vector π, while the problem of generating the elements of its
transition probability matrix mentioned in subsection 2.3 remains to be solved.

2.7. Transition probability matrix

There are several possible transition probability matrices P which satisfy π = πP . Here,
we show two examples.

c© Operations Research Society of Japan JORSJ (2006) 49-4
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Example 2.2 Let

P =

⎛
⎜⎜⎜⎜⎜⎝

a1 1 − a1 0 . . . 0
0 a2 1 − a2 . . . 0

0 0
. . . . . .

...
...

...
. . . aN−1 1 − aN−1

1 0 . . . . . . 0

⎞
⎟⎟⎟⎟⎟⎠ (34)

and

ai = 1 − πN

πi

for i = 1, 2, . . . , N − 1.

The relation π = πP is true, and P is a probability matrix if πN ≤ πi for i = 1, 2, . . . , N−1.

Example 2.3 Let

P =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

0 1 0 . . . . . . 0
0 0 1 0 . . . 0
...

. . . . . . . . .
...

...
. . . . . . . . . 0

0 . . . . . . 0 1
a1 a2 . . . . . . aN−1 aN

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

(35)

and

a1 =
π1

πN

, a2 =
π2 − π1

πN

, · · · , aN =
πN − πN−1

πN

.

The relation π = πP is true and P is a probability matrix if π1 ≤ π2 ≤ · · · ≤ πN .

Note that we can rearrange the order of states according to the order of (πi)
N
i=1 to satisfy

the probability condition.

3. Examples

3.1. Semi-Poisson process

We introduce a simple example of a semi-Poisson process proposed by Latouche[6]. This ex-
ample shows an LST representation for the semi-Poisson process rather than the distribution
function representation used in the original paper.

Let Z1 be a random variable distributed according to the target exponential distri-
bution with parameter λ1 and let Z2 and Z3 be two additional random variables dis-
tributed according to exponential distribution with parameter λ2 and λ3, respectively, where
0 < λ1 < λ2 < λ3. Thus, we have

E(e−θZ1) =
λ1

θ + λ1

, E(e−θZ2) =
λ2

θ + λ2

, E(e−θZ3) =
λ3

θ + λ3

.

Here, B(1, 1) = λ1 and g∗ = (λ1), so that the coefficient vector becomes g = (λ1, 0, 0).

Kernel variables are composed such that

⎧⎨
⎩

U1 = Z1+ Z2+ Z3

U2 = Z2+ Z3

U3 = Z3.

c© Operations Research Society of Japan JORSJ (2006) 49-4
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The LST and its partial fraction expansion forms for U1 and U2 are given as⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

E(e−θU1) =
3∏

i=1

(
λi

θ + λi

)
=

3∑
i=1

β(1, i)

θ + λi

E(e−θU2) =
3∏

i=2

(
λi

θ + λi

)
=

3∑
i=2

β(2, i)

θ + λi

.

Calculating each coefficient β(i, j) and arranging the coefficients into matrix form, we obtain
the coefficient matrix C in the form

C = (β(i, j)) =

⎛
⎜⎜⎜⎝

λ1λ2λ3

(λ2 − λ1)(λ3 − λ1)

λ1λ2λ3

(λ1 − λ2)(λ3 − λ2)

λ1λ2λ3

(λ1 − λ3)(λ2 − λ3)
λ2λ3

λ3 − λ2

λ2λ3

λ2 − λ3

λ3

⎞
⎟⎟⎟⎠

where β(i, j) = 0 for i > j. Solving the linear equation πC = g, the stationary probabilities
π = (πi)

3
i=1 are obtained in the form

π1 = (1 − λ1

λ2

)(1 − λ1

λ3

), π2 =
λ1

λ2

(1 − λ1

λ3

), π3 =
λ1

λ3

.

Consequently,

E(e−θXn) =
3∑

�=1

π�E(e−θU�) = E(e−θZ1) for n = 1, 2, . . .

If 1
2
≤ λ1

λ2
and 1 ≤ λ1

λ3
+ λ2

λ3
, then π1 ≤ π2 ≤ π3. Therefore, the transition probability matrix

P can be written in the form

P =

⎛
⎝ 0 1 0

0 0 1
a1 a2 a3

⎞
⎠ where a1 =

π1

π3

, a2 =
π2 − π1

π3

, a3 =
π3 − π2

π3

. (36)

For another case, if 1
2
≥ λ1

λ2
and 1 ≥ λ1

λ3
+ λ2

λ3
, then π1 ≤ π3 and π2 ≤ π3. In this case, the

transition probability matrix P can be written in the form

P =

⎛
⎝a1 1 − a1 0

0 a2 1 − a2

1 0 0

⎞
⎠ where a1 = 1 − π3

π1

and a2 = 1 − π3

π2

. (37)

3.2. Semi-PH process with Erlang distribution

Consider a random variable X distributed according to a PH-distribution with representa-
tion (α, Q) where

α = (1, 0), Q =

(−λ1 λ1

0 −λ1

)
qt = (0, λ1).

Equivalently, the X is distributed according to a two-phase Erlang distribution with
parameter λ1 and the LST is written in the form

E(e−θX) =
N(θ)

D(θ)
=

(
λ1

θ + λ1

)2

.
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Coefficient vector g∗ of the target distribution is thus g∗ = (λ2
1, 0).

We use one additional random variable to generate the semi-PH process. Let Z1 and Z2

be random variables distributed according to exponential distribution with parameters λ1

and λ2, respectively, where 0 < λ1 < λ2. Thus

E(e−θZ1) =
λ1

θ + λ1

, E(e−θZ2) =
λ2

θ + λ2

.

We compose kernel variables such that⎧⎨
⎩

U1 = Z1+ Z1+ Z2

U2 = Z1+ Z2

U3 = Z2.

The LST and its partial fraction expansion form for U1 and U2 are given as⎧⎪⎪⎨
⎪⎪⎩

E(e−θU1) =

(
λ1

θ + λ1

)2 (
λ2

θ + λ2

)
=

β(1, 1)

(θ + λ1)2
+

β(1, 2)

θ + λ1

+
β(1, 3)

θ + λ2

E(e−θU2) =

(
λ1

θ + λ1

) (
λ2

θ + λ2

)
=

β(2, 2)

θ + λ1

+
β(2, 3)

θ + λ2

.

Setting coefficient vector g = (λ2
1, 0, 0) and calculating each coefficient β(i, j) and arranging

each coefficient β(i, j) into matrix form, we obtain the coefficient matrix C in the form

C = (β(i, j)) =

⎛
⎜⎜⎜⎜⎝

λ2
1λ2

λ2 − λ1

λ2
1λ2

(λ1 − λ2)2

λ2
1λ2

(λ2 − λ1)2

λ1λ2

λ2 − λ1

λ1λ2

λ1 − λ2

λ2

⎞
⎟⎟⎟⎟⎠

where β(i, j) = 0 for i > j. Solving the linear equation πC = g, the stationary probabilities
π = (πi)

3
i=1 are obtained in the form

π1 = 1 − λ1

λ2

, π2 =
λ1

λ2

, π3 = 0.

Consequently,

E(e−θXn) = (1 − λ1

λ2

)E(e−θU1) +
λ1

λ2

E(e−θU2) = E(e−θX) for n = 1, 2, . . .

As the result, the generic random variable U3 is not needed in order to realize the semi-PH
process. In this example, we have to add at least one additional variable, otherwise we can
not generate the objective semi-PH process.

If 1
2
≤ λ1

λ2
, then π1 ≤ π2, else π1 ≥ π2. Therefore, for the case in which π1 ≤ π2, the

transition probability matrix P can be written in the form

P =

(
0 1
a1 1 − a1

)
where a1 =

π1

π2

. (38)

For the case in which π1 ≥ π2, the transition probability matrix P can be written in the
form

P =

(
a1 1 − a1

1 0

)
where a1 = 1 − π2

π1

. (39)
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3.3. Semi-PH process with hyper-exponential distribution

Consider a random variable X distributed according to a PH-distribution with representa-
tion (α, Q), where

α = (α1, α2), Q =

(−λ1 0
0 −λ2

)
qt = (λ1, λ2).

Equivalently, the X is distributed according to hyper exponential distribution with two
parameter λ1 and λ2, where 0 < λ1 < λ2. The LST of X is written in the form

E(e−θX) =
N(θ)

D(θ)
=

α1λ1

θ + λ1

+
α2λ2

θ + λ2

so that g∗ = (α1λ1, α2λ2).
Let Z1 and Z2 be random variables distributed according to exponential distribution

with parameter λ1 and λ2, respectively. Thus we have

E(e−θZ1) =
λ1

θ + λ1

, E(e−θZ2) =
λ2

θ + λ2

.

We compose kernel variables such that{
U1 = Z1+ Z2

U2 = Z2.

The LST and its partial fraction expansion form for U1 are given as

E(e−θU1) =

(
λ1

θ + λ1

) (
λ2

θ + λ2

)
=

β(1, 1)

(θ + λ1)
+

β(1, 2)

θ + λ2

Setting coefficient vector g = g∗ = (α1λ1, α2λ2) and calculating and arranging each coeffi-
cient β(i, j) into matrix form, we obtain the coefficient matrix C in the form

C = (β(i, j)) =

⎛
⎝ λ1λ2

λ2 − λ1

λ1λ2

λ1 − λ2

0 λ2

⎞
⎠ .

Solving the linear equation πC = g, the stationary probabilities π = (πi)
2
i=1 are obtained

in the form

π1 = α1(1 − λ1

λ2

), π2 = α2 − α1(
λ1

λ2

).

Consequently,

E(e−θXn) = α1(1 − λ1

λ2

)E(e−θU1) + (α2 − α1(
λ1

λ2

))E(e−θU2) = E(e−θX) for n = 1, 2, . . .

If α1 ≤ α2, then π1 ≤ π2, else π1 ≥ π2. Therefore, for the case in which π1 ≤ π2, the
transition probability matrix P can be written in the form

P =

(
0 1
a1 1 − a1

)
where a1 =

π1

π2

. (40)

For another case in which π1 ≥ π2, the transition probability matrix P can be written in
the form

P =

(
a1 1 − a1

1 0

)
where a1 = 1 − π2

π1

. (41)

Note that we use no additional random variable for this case, i.e., M = 0.
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Remark 3.1 As shown in this section, there exist two examples, one of which requires
no additional random variable to generate the objective semi-PH process, while the other
requires at least one additional random variable. The questions of how many additional
random variables are required to generate an objective semi-PH process and what condition
determines the minimal number of additional random variables arise. Unfortunately, the
answers to these questions remain unclear.

4. Heuristic Algorithm

4.1. Genetic algorithm

In section 2, we investigate how to determine the stationary probability vector π to gen-
erate the objective semi-PH process. In this section, we study the semi-PH process which
satisfies an additional constraint in addition to the constraint giving in the form of a target
distribution at the same time. We consider the problem of how to fix the transition prob-
ability P of the embedded Markov chain such that P satisfies the relation π = πP and
P provides given values of the correlation coefficient through the relation (30) at the same
time. Finding an analytic approach to accomplishing this task is difficult and remains an
open problem. We therefore examine this problem using a heuristic approach rather than
an analytic approach. In this section, we use a genetic algorithm(GA)[9].

Consider a transition probability matrix P as an individual and let φth individual es-
timate be P̂φ = (p̂

(φ)
ij ) for φ = 1, 2, . . . , Φ . To obtain the best estimate, we search for

the smallest evaluated value among Φ individuals and Ψ generations. Each generation has
evaluation and operation steps.

Each individual has 32N(N −1) bits’ data f where N is order of P̂ and they correspond
to a transition probability matrix P̂ .

bitdataf :

32N(N−1)[bits]︷ ︸︸ ︷
011 . . . 10︸ ︷︷ ︸

p̂11

| 110 . . . 00︸ ︷︷ ︸
p̂12

| . . . | 001 . . . 11︸ ︷︷ ︸
p̂N,N−1

Each element p̂ij(0 ≤ p̂ij ≤ 1) in P̂ is assigned to 32 bits from f . These bits are transformed

to a [0, 1] real number. Since order of P̂ is N , 32N2 bits are required. However, from
stochastic condition we define p̂iN = 1− p̂i1 − p̂i2 − · · · − p̂i,N−1. If we get a s for p̂i1 + p̂i2 +
· · · + p̂is > 1 on the transformation process of p̂ij, then we define

p̂is = 1 − p̂i1 − p̂i2 − · · · − p̂i,s−1 and

p̂it = 0 for t = s + 1, s + 2, . . . , N.

In the evaluation step, we first evaluate the error between the stationary probability
vector π and π̂(φ) by calculating v

(φ)
1 ;

v
(φ)
1 = |π̂(φ)

1 − π1| + |π̂(φ)
2 − π2| + · · · + |π̂(φ)

N − πN |.
If v

(φ)
1 is greater than ε1, then let the evaluated value be maximum and we do not per-

form evaluation again. When v
(φ)
1 ≤ ε1, we calculate the correlation coefficients ρ̂(φ) =

(ρ̂
(φ)
1 , ρ̂

(φ)
2 , . . . , ρ̂

(φ)
h ) and then define the evaluated value v

(φ)
2 of φth individual;

v
(φ)
2 = (ρ̂

(φ)
1 − ρ1)

2 + (ρ̂
(φ)
2 − ρ2)

2 + · · · + (ρ̂
(φ)
h − ρh)

2,

where ρ = (ρ1, ρ2, . . . , ρh) are assigned correlation coefficients. In the operation step, we
perform crossover with the individual that has the minimal evaluated value and then apply
mutations to every individual. The entire algorithm is given below.
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Figure 2: Two correlation functions with ρ2 = 0.7 and ρ2 = 0.9

Algorithm K:

A-1 Generate initial individuals P̂1, P̂2, . . . , P̂Φ such that each P̂φ is a probability
matrix of which each element is chosen randomly.

A-2 Calculate v
(φ)
1 and v

(φ)
2 for φ = 1, 2, . . . , Φ and let vmin = minφ{v(φ)

2 }.
A-3 Stop searching if either vmin is smaller than the given criterion ε2 or the number

of generations achieved at the given Ψ.
A-4 Renumber the index φ of P̂φ in the increasing order of v

(φ)
2 , i.e., φ1 ≤ φ2 if

v
(φ1)
2 ≤ v

(φ2)
2 .

A-5 Replace {P̂φ}Φ
φ=[Φ

2
]
with P̂1, where [ξ] is the maximum integer less than ξ.

A-6 Do operations in the sense of GA except P̂1.
A-6 Increment the number of generations and go to A-2.

4.2. Numerical example

Let the target distribution of a random variable X be a PH distribution with the represen-
tation (α, Q), where

α = (1, 0), Q =

( −0.1 0.05
0 −0.3

)
.

The LST of X is written as

E(e−θX) =
0.125

θ + 0.1
+

−0.075

θ + 0.3

so that λ1 = 0.1, λ2 = 0.3 and g∗ = (0.125,−0.075). Adding one additional random
variable Z3, we define three exponentially distributed random variables Z1, Z2 and Z3 with
parameter λ1 = 0.1, λ2 = 0.3 and λ3 = 0.7, respectively. Composing generic random
variables U1 = Z1 +Z2 +Z3, U2 = Z2 +Z3 and U3 = Z3, decomposing LST of those random
variables into partial fraction form, calculating each coefficient of each partial fraction, we
derive matrix C in the form

C =

⎛
⎝ 0.175 −0.263 0.088

0 0.525 −0.525
0 0 0.700

⎞
⎠ .
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Setting g = (g˜, 0) and solving the linear equation of πC = g, we obtain

π = (0.7143, 0.2143, 0.0714).

We keep two constraints in order to determine the transition probability matrix P . One
of these constraints is that P must satisfy the relation π = πP . The other constraint is
that the value of the correlation function at n = 2 satisfies a given value, i.e., ρ2 of the
correlation function is equal to the given value. We examine two cases in which ρ2 = 0.7
and ρ2 = 0.9. Applying the GA algorithm K given in the previous subsection, transition
probability matrices P a for ρ2 = 0.7 and P b for ρ2 = 0.9 are obtained such that

Pa =

⎛
⎝ 0.9080 0.0920 0.0000

0.2886 0.4000 0.3113
0.0527 0.8831 0.0642

⎞
⎠ and Pb =

⎛
⎝ 0.9526 0.0474 0.0000

0.1379 0.7807 0.0815
0.0601 0.1836 0.7563

⎞
⎠

respectively. Using the results for P a and P b, we can compute correlation function ρn for
n = 2, 3, . . . , as shown in Fig.2 in which the solid line shows the correlation function with
P a and the dotted line shows correlation function with P b.

5. Conclusion

The method to generate the semi-PH process was discussed in this paper. By using the pro-
posed method, we can generate a sequence of random variables that have a given marginal
distribution and are not independent but dependent. Future studies are listed in the fol-
lowings: Analytic method to find the transition matrix that satisfy both conditions for a
given marginal distribution and for a given correlation coefficients at the same time; Study
for application of queueing systems with correlation characteristics by using the semi-PH
process; Study for extension to a PH-subgenerator with complex conjugate eigenvalues.
Acknowledgement: The authors wish to acknowledge their grateful thanks to anonymous
referees for their helpful comments on the paper.

References

[1] Y. Kishi and I. Kino: Semi-Poisson processes and their extension. 165th Workshop of
ORSJ Queueing System Society (2002).

[2] Y. Kishi and I. Kino: Generation of Semi-PH processes (1). Abstracts of The 2002
Autumn National Conference of ORSJ (2002), 76-77.

[3] Y. Kishi and I. Kino: Generation of Semi-PH processes. Proceedings on performance
models for information communication networks (2003), 189-198.

[4] Y. Kishi and I. Kino: Generation of Semi-PH processes (2). Abstracts of The 2003
Spring National Conference of ORSJ (2003), 154-155

[5] G. Latouche: A Phase-type Semi-Markov Point Process. SIAM J.ALG.DISC.METH.
3-1 (1982), 77-90.

[6] G. Latouche: An Exponential Semi-Markov Process, with Applications to Queueing
Theory. Commun.Statist.-Stochastic Models,1(1985), 137-169.

[7] G. Latouche: Perturbation Analysis of a Phase-type Queue with Weakly Correlated
Arrivals. Adv.Appl.Prob. 20 (1988), 896-912.

[8] G. Latouche and P. Taylor: Matrix-Analytic Methods: Theory and Applications (World
Scientific, New Jersey, 2002).

c© Operations Research Society of Japan JORSJ (2006) 49-4



Generation of Semi-PH Process 305

[9] D.Vose. Michael: The Simple Genetic Algorithm: Foundations and Theory (Bradford
Books, 1999).

Yasuhito Kishi
Kanagawa University
2946 Tsuchiya, Hiratsuka,
Kanagawa 259-1293, Japan
E-mail: ykishi@mx5.ttcn.ne.jp

c© Operations Research Society of Japan JORSJ (2006) 49-4



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /JPN <>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


