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1Im七rodl皿C七iom   

Valuation ofAmerican options written on dividend－  

PaylngaSSetSisanimportantissueintheactualmaト  
ket，Sincetheyhaveamuchbroaderrangeofapplica－  

tions．However，there have been no closed－formfor－  

mula5andanalyticalsolutions・Manyresearchershave  
directedtheire鮎rttodeveloplngaCCuraもeandquick  

approximationsforvaluingAmericanoptions．   
An accurate approximation is the randornization 
method proposed by・Carr［2］，Whichis based onan  

AmericanOPtionwith a random maturity．The ran－  

dom maturity fbllowsthen－StageErlangian distribu－  

tion with mean equalto the pre－SpeCified maturity．  

Althoughtheideais easy to understand，the pq of  
Erlangian distribution is not suitable for obtaining a 
Simple fbrmulaforthen－thapproximation．Actua11y，  

Carr7sformulafbrthen－thapproximationoftheAmer－  
icanputvalueisglVenbyarecursionofcomplextriple  
SumS．Tbimprove this shortcomlng，an alternative  

randomizationmethodhasbeenrecentlydevelopedby  

Kimura［3】，Whichusedanorderstatisticfortheran－  

dommaturity．Kimura’s randomi21ation notonly has  

amuch simpler expression than Carr，s one，but also  

its numericalresults havealmost the same accuracy  

as Carr7s．However，COmputationalresultssometimes  

behaveunstablyunderacertaincondition．Improvlng  
thisinadequacyisaprincipalgoalofournewrandom－  

izationmethod，WhichwecallapincerrYlndomization．  

TheprimalfocusofthispaperisontheAmericanput  
Optionbecausethecallcasecanbeanalyzedbyput－Call  

Symmetryrelations．  

2 Pre且iminaries  

Assume that the stock price（St）亡≧Ois a risk－  

neutralized processgoverned by the stochasticdiffer－  
entialequation  

dぶ亡  
－＝（γ－∂）df＋JdⅣi，壬≧0  
ぶt  

WhereW≡（l仇）t≧OisastandardBrownianmotion  
processonafi1teredprobabilityspace（n，（Ft）t≧0，P）  
Where（Ft）t≧OisthenaturalBltrationcorresponding  
toⅥ／andtheprobabilitymeasure肝ischosensothat  
thestockhasmeanrateofreturnr．Here，ristherisk－  

freerateofinterest，6isthedividendrate，andqisthe  

volatilitycoefBcientofthea5Setprice・Weconsideran  
Americanpuloptionwrittenonthestockpriceprocess  
（St）t≧0，Which has maturity date T＞O and strike  

priceK＞0．LetP≡P（t，St）＝P（t，St；K，r，6）（0≦  
巨≦T）denotethevalueofthe American putoption  
at t．ime t．Itis sometimes convenient，tO WOrk with  

theequationswherethecurrenttimetisreplaced by  

the remainlng time untilmaturity T＝T－t・Let  
P（丁，gT）＝P（r一丁，gTィ）andfbr入＞01et  

入e一入丁♪（丁，β）dT  ア＊≡P＊（人β）＝   

betheLaplace－CarSOntranSform（LCT）ofP（T，S）・A  

SimpleandexplicitexpressionforP＊canbeobtained  
byKimura［3，Theoreml］・  

3 ］K五mⅥ町a†s Ramdom五za七iom   

LetXl，．．．，Xn＋mbeiidrandomvariableswithaneユ：一  

ponentialdistributionwithparameterα（＞0），andlet  

X（i）denotethei．thsmallestoftheserandomvariables  

（i＝1，・・・，n＋m）・Then，thepqofX（n＋1）is  

（れ＋m）！  
（1－e－αt）れαe‾mαt ，f≧0，  んm（f）＝   

扉（m－1）！   

Whereαisdeterminedtosatisfyeither（i）E［X（n＋1）】＝  

Tor（ii）M［X（n＋1）］≡a・rgmaXtんm（t）＝T・Thecase  

（i）isca11ed meanmatchin9，andthecase（ii）ismode  

matchin9．Foracontinuousfunctiong（t）（七≧0），define  

上∞  
ダニ，m（r）＝軸（ズ（叫1））】＝   タ（£）ん，m（りd藍・  

Kimura［3，Proposiもion3］showed thatthesequence  

（9芸，m）n”≧1Satis負estherecursion  

砿m（r）＝J㌻mαe‾mα七夕（榊亡  

ダニ，m（r）＝旦票銘＿1，m（r）－誉軋1，m＋1（r），乃≧1，  

and thatlimn，m→∞gニ，m（T）＝ g（T）・If we set  

9S．m（T）＝P＊（mα，S）・thentherecursiTabovegen一  

宇rateSaSequenCeOfapproximationsfbrP（T，ST）・This  
ISjust mathematicalessence ofKimura’s randomiza－  
tion．  
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4 A Pincer Randomi2；ation Method   

Kimura’srandomizationmethodisnotonlymuchsim－  
PlerthanCarr7sone，butalsoasaccuratea5Carr’sone．  

However，themethodshowsunstablebehaviornearthe  

expiry undercertain conditions．The reasons for this  

instabilityareconsideredas   

●thealgorithmissensitivetotheprecisionofnum－  
bersusedincalculations；  

・the（n，m）－thapproximationgニ，m（T）cannotap－  

propriately satisfythe value matching condition   
inthewqTOfrecursion．   

Taking account ofthese points，We prOPOSe a neW  

randomizationschemenamed apincerrandomization  
（PR）method・ThePR・methodisaninterpolationap－  

PrOXimationbasedonapairoflowerandupperbounds  

foratruevalue．Thismethodsreflectsome fundamen－  

talpropertiesoftheorderstatisticX（n＋1）andtheop－  
tionGreek Thetathattheshortertheremainingtime  

toexpiration，thecheapertheoptionvalue．   

Assume thst the maturity T is a random variable 
TdistributedastheorderstatisticX（n＋1）Withmean  

IE［f］＝T・lFromsomenumericalexperiments，We 
． 

tion for the option value always underestimates the  

truevaluewhenn，misnotlargeenough，i．e．，itgives  
alowerbound．Similarly，themode－matChingapproxi－  
mationglVeSanupperbound．Itshouldbenotedthat  
eachapproximationgeneratesanopposite－Si．debound  

fbrtheearlyexerciseboundary．Inthoseexperiments，  

thearithmeticaverageofthelOOO－andlOOl－StePCRR  
binomialvaluesis used as a benchmark of the true  

value．Theexperimentsshowthatthetruevaluesare  
appropriatelysandwichedinbetweenthebounds，and  

that thelower bound derived by the mean matching  
isagoodapproximation．Fromtheseobservationsand  
Other numericalexperiments，．We employ three meth－  

OdsforvaluingAmericanputoptions：（1）arithmetic  
average ofthe bounds；（2）geometric average ofthe  

bounds；and（3）lowerbounditself・   

5 Computational Results 

Wecansummarizetheperformanceofourrandomiza－  

t．ion methods as fb1lows：  

・ThePRmethods（1）and（2）perfbrmverywelland  
COmpeteSwiththepreviousrandomi2：ationmeth－  
Ods．Inaddition，bot，hmethodsaremoreaccurate  

than LBA and LUBAdeveloped by Broadieand  
Detemple【1】，Whicharealsolower－bpundandin－  

terpolationapproximations，reSpeCtively．  

・The PR methoqs（1）and（2）become accurate  

aBtheinitialpriceSincreases，becausetheearly  

exercise premium relativelyconstitutes asmaller  
port．ionofthevalueforsuchcases．  

・ThePRmethods（1）and（2）becomeaccurateas   
theremainlngtimebecomeslong・  

●Thelower－boundapprimation（3）islessaccu－   

rate than other approxlmations，andit performs   

wellonlyif6＝0，fbr which P＊（mα，S）can be   

COmputedwithoutuslngNewton’smethod・This  
impliesthattheaccurayOfthelower－bound（or   

mean－matChing）approxlmation would be high1y   

SenSitivetothecomputationalprecision・  
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（a）r＝1－0，打＝0・2，0・3，0・4  
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∫  

（b）r＝0・25，1・0，4・0，J＝・0・2  

Figurel：Values ofput options（K＝100，t＝0，  

γ＝0・05，古＝0・02）  
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