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1∬n亡rodut：tion  

Therearemanyreaトwor．d，industrialproblemswherethepossiblesolutionsaresonumerousthatitisnotpracticaltoconsiderallof  
theminasearchfbranoptlmalfbasibtesolution・Theseproblemsaresometimesrefbrredtoascombinatorialoptlmizationproblems，  
emphasizlngtheideathatthenumberofpossiblesolutionsgrowscombina（Orialasthenul一一berofdecisionvariablesincreases・Both  
constraintprograrrLmlngandMathernaticalPrograrrun．ngCanbeusedtomodelandsoIvethiskindofproblems・Thispaperpresentsa  
comparisonstudyofconstraintprogrammlngandmathematicalprogrammlngfbrsoIvingcombinatorialoptlmizationproblems・1t  
fbcusesonillustratlngthemqordifrtrenceofthetwoapproaches・［talsodiscussedhowtobuildahybridcooperatlngOPtlmizersto  
providefacilitiesthatcancombinethesetwotechniquesinordcrtotakeadvantagesofboth・  

2ApproachestoCom耽血色torianOp¢im五za伽m肝『¢b8ems  

Therearemanydi恥rentapproachestocombinatorialoptlmizationproblems・Thebestapproachdependsontheproblemaswe11asthe  
businessrequlrementS・lnthispaper，tWOOPtlmizationtechniquesareconsidered・MathematicalProgrammlng，eSpeCia11y，1tSlinearand  
integerprogrammlngarethemostwe11knownoptlmizationapproachesandarewidelyusedtooptlmizeeconomicgoals・Constraint  
programmlnglSarelativelynewtechniquethathasprovedparticularlypowerfulwhenusedtosoIveschedulingproblemsandother  
problemswherelinearandintegerprogrammlngareinsumcient・Thesetwosolutionapproachesarethemainoptlmizationtechniques  
usedthroughoutindus【ryfbrsoIvlngCOmbinatorialopt］mizationproblems・  

2・皿Const相加Progrチmming（C『）  

ConstTaintProgrammlngWaSOriginallydesignedtosoIvefeasibilityproblems，butithasbeenextendedtosoIvecombinatorial  
optlmizationproblemsaswe11・Constraintprogrammlngalgorithmsareveryemcientfbrsol一一eClassesofcombinatorialoptlmization  
problems，AnadvantageofconstraintprogrammlnglnattaCkingcombinatoriaLoptlmizationproblemsisthatconstraintprogrammlng  
offtrsavarietyofmodelingfacilities，SuCh aslogicalconstraints，higher－Orderconstraints，andglobalconstraints，thatmakeit  
SOmeWhateasiertofbrmulateamodelthatisnaturalandintuitivefbrpeople．  
Thesenatural，htuitivemodelsmakeiteasiertoexploittheproblemstruCture，forexample，inglobalorloglCalconstraints・tOnnda  
solutionmoreefnciently．Eachtimeanewsearchdecisionismade，alltherelevantconstraints（1inearandnonlinear）areautomatica11y  
PrOPagatedinordertoreducefurtherexplorationofthesearchspace・  
ConstraintprograrrmlngalsofacilitatesthedesignofsearchproceduresthatexploitthestruCtureOfaglVenPrOblem，andletsusers  
fbrmulatetheirowngoalstoguideasearch；italsoofftrspredefinedevaluatorsandselectorsfbrcontrollingthesearchefTtctively・  

2・2Malhema軌治肋ogramm五mg（MP）  

MathematicalProgrammlng，eSPeCially，1tSlinearandintegerprogrammlnglSaWayOfapplylnglinearconstraintsoverbinary，1nteger，  
Orreal（noatin！－POint）variables・Alinearprogranliヲmadeupofasetoflinearc？nStraintsandalinearobjectivefunction・Whena  

linearPrOgramlSuSedasarelaxationofaproblemltlSreftrredtoasalinearrelaxat10n・Generally，agOOdintegerprograrrmlngSOIver  
wi11maintainanoptlmalsolutionoftherelaxationofaproblemwhileitgeneratesadditionallinearconstTaints，knownascuttlng  
planes・Thus，Whenitisusedtoattackacombinatorialoptlmizationproblem，itisusualIyemphasizedon丘ndingastronglinear  
relaxationoftheproblem．  

3AComFIarisonofCons（raint肝rogramm五ngandMaehema瞳icauPFOgmmming  
AcomparisonofCP－basedapproachesandMP－basedapproachesfbrsoIvingcombinatorialoptlmizationproblemscanbesummarized  
asbellow，inwhichMP－basedapproachesreftrtoapproacheswhichusesMathematicalProgrammlng，eSpeCially，1tSlinearandinteger  
programmlngteChnology・  

3．1肝rob旭mMode刀ing  

Tbblelprovidesacomparisononproblemmodeling・  
TabIel  

CP－based叩田町OaCh   】Ⅶ『一basedapp『OaCh   

Coms¢ra丘加陀脚eSemぬt五on  Anyconstraints   linearconstraintsonly  
Prob皿emmode刀云ng  

Ob．竜ec偵ve陀p『eSem仕a伽n   Anyexpressions   Linearexpressions   

3．2ProblemSotving  
nble2T）rOvidesacomparisononproblemsoIving・  

nble2  

C肝－baseda田仲『OaCh   ⅠⅦP－basedapproach   
Characte『五sせ孟cs   Relies on inference Reliesoncontinuousrelaxation   

A¶）prOaChes   Fromdiscretetodiscrete   Fromcontinuoustodiscrete   

Ma五n†bcus   Constraintsandfもasibility   Objectivefhnctionandoptimality   
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earch5PaCededuc伽n 封   Dolnain reductidn LPreJaxation   

Searchmcthods  
Goaトbasedexplicit  

Built－inbranch－and－boundalgorithm  
SearChingwithconstraintpropagation  

Prune：eliminateinftasibledomainvalues  Bound：eliminatesuboptlmalsolutions  

Inferencedurin巳SearCh  bomainreductionandconstraintpropagation   LPrelaxationaslowerbound  

Deduce new constraints Constraintpropagation   Strongcuttingplanes  

Searchtuning   UsersuppliesCPsearch   Parameterttmtng   

3・3AdvantagesandWeaknesses  

Tbble3summarizedtheAdvantagesandWeaknessesofthetwoapproachcs・  
Table3  

AdYanta巴eS   Weaknesses   

Goodfbrnndingftasiblesolutions   

Not ood for Less constrained roblems CP－basedapproach  
Handle integers directly May go deep backtracking 

Expressiveftamework   MaysIowdownwithstrengthenedpropagation   

GoodatprovingoptimalitY   q  Restrictedclassofconstraints  

Goodglobalreasoning  ヨ   Weakonhandlingcombinatorialconstraints  
MtLbasedapproach  

FindsoptimumboundswithoutsearCh   MaybecomehugehardMIPs  

4HybridApproaehe5  
Fromthecomparisonabove，WeCanSeenthatthetwoapproacheshavecomplementarycharacteristics．Onepracticalwayofattacking  
COmbinatorialoptlmization problemsis through constraint programmlng teChniques to reduce the combinatory explosion and  
MathematicalProgrammlng，eSPeCia11y，1tSlinearandintegerprogralnmlngteChniquestoprovidetheboundingofthesolutionsby  
utilizlngOfanylinearconstraintsinthemodel．Thus，ahybridapproachcanbeconsideredtouseCPandMPlbgether．  
There are severaldiffbrent approaches fbr uslng COnStraint programmlng andlinear andinteger programmlng tOgether・Some  
approachesusetheoptimtzerssimultaneously；OthersappJytheoptimizerssequentially（Oneaftertheother）・Thus，itispossibleto  

pursueeitherofthefbllowlngStrategleS：  

● ModelandSearchcooperation：ModelingprobLem＄inMPandsoIvingwi（hCP－basedsearch  

Theprob）emcanberepresen［edasaintegerprogrammlngmOdelandcanbesoIvedbydesignlngCuStOmizedbranch＆boundstrategy  
bymeansofCPgoals．Ingeneraltems，thisallowstoincrementallysoIvealinearprogramateachnodeofaCPsearchtreeanduse  
theinfbrmationtohelptheCPsearch．  

● Doublemodeling：DeepinformationexchaれgeW仙叩rOblems01扇ng  
This approach relies on the fact that thelinear constraint can manage synchtonization with the CP constraints．Thus，hybrid  
functionalitiesareavailableinaninstanceoflinearconstTaintwhenitiscreatedwithaninstanceofCPconstraints．Thiscanprovidean  
encapsulationlinearandintegerprogrammlnglnaglobalconstraintfbraproblemmodeledinCP．Aninstanceoflinearconstraintwill  
Capturealllinearconstraintsthatareextractedby theinstanceofCPconstraintsorthatareaddedduringthesearch．Becausethe  
SOlutionofalinearrelaxationisarelaxedoptlmalsolution，thissolutionhcIpstoguidethesearch，tOtightenvariableboundsfbrbetter  

COnStraintpropagation，andtoachieveearlierdetectionofinftasibilities．  

● Problemdecomposition：Sequentia）usageoftwoapproaches  

This approachis to usesinstances ofCPandMPmodelsequentiallywith dif托rent“soIvers”fbreachpart．ln otherwords，that  

approachnrstusesCPtosoIveaproblem；thenthosesolutionsareintumusedtocreateanintegerprogrammlngprOblemthatcan  
readilybesoIvedbyMPmodel．ColumngenerationcanbeoneofexalTIPlesofthisapproach，inwhichthemasterproblemcanbe  
modeledasMPproblemwhilethesub－PrOblemcanbemode）edasCP．  

5 Remarks 

This paper presents a comparison study ofconstraint programmlng and mathematicalprogrammlng fbr soIvlng COmbinatoria1  
0Ptlmization problems．tt also presented about hybrid cooperatlng Optlmizers that can combine these two techniques and take  
advantagesfrombothofthem．  
‘Re†erence  

［1】ILOGOptimizationTt：ChnologyWhitePaper，tLOGInc．2001．（http：／／www．ilog．co．jp／）  

【2］rLOGSoIver，UserManual，VerSion6．0，2004．  
［3］TLOGCPLEX，UserManual，VerSion9．0，2004．  
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