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1 fntroduction   

AgossiplngPrOblemanditsvariousvariationshave  

beenextensivelystudiedfbrseveraldecades（See，for  

example，【4］forsurvey）．Inthegossipingproblem，  

firstproposedbyA．Boydin1971，therearenladies，  

each ofwhom knows a unique message thatis not  

knownbyanyoftheothers．Theycommunicate by  

telephone．Whenev6r twoladies make acall，they  

passon toeach other allinfbrmation they know at  

thattime．ThegossiplngprOblemistofindtheminJ  

imumnumberofcallsrequiredforallladiestoknow  

a11massages．Ithasbeenproventhatthesolutionto  

theproblemis2n－4forn≧4．   

GossiplnglSafundamentaltaskinnetworkcom－  

munication. As communication networks grow in 

Size，they becomeincreaslngly vulnerable to com－  

ponent failures・Berman and Hawrylaycz［1］intro－  

duced the additionalfbature that as many as k of  

the calls may failin the sense that noinformation  

isexchanged，Where kis asecond parameter ofthe  

problem・Wea5Sumethattheladiescannotattempt  
different callsdependingon which ones have failed  

PreViously・BermanandHawrylaycz［l］havesought  
bounds on T（n，k），the number of telephone calls  

neededtoensurethata11nladiespossessallnmes－  

SageSeVenifsomearbitrarykcallsfail．Theyestab－  

1ishedalowerboundofT（n，k）：  

Inthispaper，WeprOpOSeaneWupPer boundon  

T（n，k），Whichisimprovedthepreiousboundsfora  

SufBcientlylargek．Moreover，WeglVetighterbounds  

OnT（n，k）forsmalln・   

Gossiping is modeled by an ordered multigraph 

G＝（V，E），WhereVisavertexsetwithlVI＝nand  

EisanedgesetonwhichalinearorderinglSimposed．  

TheverticesofGrepresentladies，theedgesrepresent  

telephoneca11s between pairsofladies，and thelin－  

earorderdeterminestheturnoftelephonecal1s．A  

messagefromu∈VtoIJ∈V mustproceedalonga  
u－VaSCendin9Path，i．e．，apathfromutovsuchthat  

foranytwoedgesinthepaththeedgeclosertouis  

Smallerinthelinearorder．Wesayanorderedmulti－  

graphGis90SSipin9ifthereisau－VaSCendingpath  

fbreveryorderedpairofdistinctverticesu，V∈V．If  

anorderedmultigraphGisstillgossiplngWhenever  

anykedgesaredeleted，Giscal1edkJhilurt：tOlerYLnt  

gossipin9．NotethatGisk－failuretolerantgossiping  

ifand onlyifG has atleast k＋1edgedi＄joint u－  

V aSCending paths fbreveryordered pairofdistinct  

Verticesu，V∈V．  

2Aconstructionofk－fa‖uretolerantgossIP［ng  

Let a classbe asubsetofedges whoseca11scan be  

madeinapyorderamongthemselves．Edgesinthe  

SameClassareorderedarbitrarily，but，fori＜j，al1  

theedgesintheclassiareorderedbefbreanyedge  

intheclassj．   

We now show a construction that est．ablishes  

T（n，k）≦n（n－1）／2＋「（nk）／2l．Atfirst，preparea  

COmpletegraphKn・Alledgesofthiscompletegraph  
belongtotheclassO・Obviously，thiscompletegraph  

is（0－failuretolerant）gossipingofredundancies．We  

nextfbrmedgesetsofclassesfromlton－1．When  

niseven，thereareedgedi毎Ointl－factors，i．e．，Sub－  

graphsinduced by perf6ct matchings，Gl，…，Gn＿1  

suchthatUごGiisacompletegraphKn．When  

nisodd，WeCandecomposethecompletegraphKn  

inton－1spannlng Subgraph Gl，．．．，Gn＿1，Where  

thedegreeofeachvertexofGieXCePted toaspec－  

ified vertexvoisexactlyone，and，ifiisodd，the  

degree ofvois two，Otherwise，itis zero．We then  

ParCelouttheedgesetofGi，denotedbyE（Gi），tO  

〈 

「（年生）（乃－1）1－2「、広1＋1（た≦m－2）  

「（曳ヂ）れ1－2「J可  （た≧m－2）  

丁（几，た）≧  

and an upper bound 

巾購L（た＋…）（れ－1）」・  

Haddad，Roy and Scha鮎r［3】showed thefo1lowing  

upperbound：   

丁い）≦筈＋0（れ応＋几1即）  

Whichwasanimprovementforalmostallk・Recently，  

BermanandPaul［2】provedthat  

た（れ－1）  
－しlog2m」≦丁（几，り．  2れ－2＋  

－112－   
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theclassiforl≦i≦n－1．Sinceeachvertexv∈V  

isadjacent toatleast kverticesbyedges belonging  
totheclassesfromltok，thereareatleast kedge  

disjointascendingpathsformanyvertexu∈Vtov．  

Theseu－VaSCendingpathshaveat mosttwoedges：  
the丘rstedgebelongstotheclassOandthesecond  
edgetooneofthecla5SeSfromltok；Oruandvare  
adjacentin theclasseslto k．In addition，thereis  

anedgeincidenttouandvintheclassO．Therefore，  

forO≦k≦n－1，theorderedmultigraphobtained  

bythecollectionofalltheedgesintheclassesfrom  
Otokisk－failuretolerantgosslplng．   

Fbranyk≧n，WeOnlyrepeattheaboveprocess．  

Fbrexample，inthecaseofevennahdnr≦k≦2nr－  

1，We make r copies ofthel－factors decomposition  

（Gi，Gち，…，GLl）（1≦t≦r）andparceloutE（G‡）  
to theclassnt＋iforl≦i≦n－1andl≦t≦r．  

Ifnis odd，WeCan also construct k－failure toleranも  

gosslplngbythesameway．   

Theoreml凡rαmyた，亡んe orde†℃d汀l祝g孟夏gmpん0♭－  

ねれedゐy兢ecogJec如乃扉αJJ班ee勾eβiれ兢ecねββeβ  

♪℃m（7ねた五βた一わ加代わJe7Ⅶれ亡goβ吻れg．meγ亡直門，  

ひe O鋸αれ  

Tablel：Tighterupperboundsfbrsma11graphs  

inFiguresland2，reSPeCtiv91y．Forconvenience，in  

thesefigures，Wedrawoneedgetopresentmultiedges．  

Fbrexample，inFigurel，■theedge（vl，V2）meansthe  

multiedgesordered withl，4，7，10…．Whenn＝8，  

WeCan Verifythat thecollection ofallthe edgesin  

theclasseslto3fbrmsaO－failuretolerantgossiplng，  

andedgesintheclassesltok＋3formsak－failure  
tolerant gossiplng．In the case ofn＝12，edgesin  

theclasseslto4makea．0－failuretolerantgosslplng，  

andedgesin theclasseslto k＋4fbrm ak－failure  

m（和一1）  Figurel：Construction for a k－failuretolerant gos－  

Sipingwithn＝8  

一一一→－－‾－－－  

丁（れ，た）≦   

This resultimprovestheprevious upper boundsfbr  

asufncientlylargek．   

3 Tighterboundsforsma11graphs  

If Gis k－failure tolerant gossiplng，Since there are  

atleastk＋1edgedisjointascendingpathsbetween  

every palr Ofvertices，the degree ofeach vertexis  

atlea5t k＋1．Moreover，We Can See thatifthere  

aremorethantwoverticeswhosedegreesareexactly  

k＋1，thenthegraph becomesdisconnected．Thus，  

WehavethefbllowlngreSult．   

Theorem2hholdsthatLn（k＋2）／2」≦T（n，k）・   

Thislowerboundistighterthan thepreviouslower  

boundswhen n＜20．   

WealsogivetighterupperboundsonT（n，k）fbr  

n ＝ 4，6，8，10，12，14and16by constructing a k－  

failuretolerantgossipingforeachcase．Tablelshows  

Our uPper bounds for th6se smallcases，Which，tO－  

getherwith Theorem2，implies T（4，k）≦2k＋4．  

Unfortunately，Wehavenotfbundageneralizedrule  

forconstructingk－failuretolerantgosslplngSfbrsmall  

Ca5e．Sothispapershowsonlyrulesfor’n＝8and12  

＼  －1．4．8．11．15い‥  

l＋＝＝＝ 2．5且12．16・…  

∵ 3．10．17，．‥  

－－－一一－  6，13．20，．．．  

－・－ 7．14．21トり  

Figure2：Constructionfor a k－failure tolerant gos－  

SiplngWithn＝12  
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