
田本オペレーションズ。リサーチ軍令  
部掴卑容寧研究発表食  

‘二‥うこ∴・二：  

DealingwithUndesirableOutputsinDEA：  

ASlacks－basedMeasure（SBM）Approach   
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In accordancewith the environmentalconserva－  

tionawarenessinourmodernsociety，undesirable  
OutputSOfproductionsandsocialactivi七ies，e．g．，air  

pollutantsandha2；ardouswaste，havebeenwidely  

recognizedassocietalevils．Thus，developmentof  

technologleSWithlessundesirableoutputsisanim－  
portant subject ofconcernin every area ofpro－  
duction．DEA（dataenvelopmentanalysis）usua11y  

aBSumeS that producing more outpu七S relative to  
lesslnputre＄OurCeSisacriterionofe航ciency．In  

thepresenceofundesirableoutputs，however，teCh－  

nologies with more good（desirable）outputs and  

les＄bad（undesirable）outputs relativetolessin－  

putre＄OurCeSShouldberecogni21edase凪cient．In  

theDEAliterature，SeVeralauthorshaveproposed  
methods fbrthispurpose，e・g・，Fare et al・（1989），  

Scheel（2001），andSeifordandZhu（2002），amOng  

others．   

Thispaperdealswiththesameproblembyap－  
plyingaslacks－basedmeasureofe瓜ciency（SBM）  

thattheauthorproposedinTbne（2001）．TheSBM  

is non－radialand non－Oriented，and utilizesinput  

andoutputslacksdirectlyinproducingane瓜ciency  
mbasure．Inthispaper，SBMismodifiedsoasto  

accountforundesirableoutputs．  

2．ÅmSBMwi仙Ⅷmdes五『ableo血p血s  

SupposethattherearenDMUs（decisionmaking  
uni七＄）eachhavingthreefactors：inputs，gOOdout－  

putsandbad（undesirable）outputs，aSrePreSented  

bythreevectorsx∈Rm，249∈RSlandyb∈RS2，  
respectively．Wb define the matrices X，Y9and  

InaccordanCeWith this de丘nition，WemOdibrthe  

SBMinTbne（2001）asfb1lows・  

ト去∑≡1た  
【SBM］p＊＝ min   

1＋志（∑ニ≧1鼻・∑詰1孟）   

Subjectto  3。＝X入十S一  

財g＝yタ入－βg  

財宝＝yわ入＋βわ  

β‾≧0，8タ≧0，㌔≧0，A＞0．   

The objectivefuncもion strictly decreaseswith re－  

specttos；（∀i），S字（∀r）ands至（∀r）andthcobjec－  

tivevaluesatisfiesO＜〆≦1．Letanoptimalsolu－  

tionoftheaboveprogrambe（A♯，S－ヰ，S9ヰ，Sb＊）・  
Then，Wehave：   

℡heo『em且 乃eβ〟払由q伊c玄eγもfれ班ep柁βeれCe  

扉肌deβ加地仙卸視ねげαれd o乃Jyげ〆＝1，豆・eリ  

8－＊＝①，β卵＝¢αれd8わ＊＝¢．  

IftheDMU。isinefhcient，i．e．，P＊＜1，it canbe  

improvedandbecomee瓜cientbydeletingtheex－  
CeSSeSinlnputS and bad outputs，and augment－  

1ngtheshortfallsingoodoutputsviathefo1lowing  
SBM－prOjection：  

才。←Ⅱ。－β‾♯，粥←封g＋β辞書，封E←封芝－βbヰ．  

UsingthetransfbrmationbyCharnesand Cooper  
（1962），Wearriveatanequivalentlinearprogramin  

t，Å，S－，S9andSbasdisplayedbelow・  

yb乱S払1lows．ズ＝転，‥・，恥】∈月mXれ，yg  
購，…，祀∈月β1×れ，and y♭＝【苫鉦…，ぬ  
R82×n・WbassumeX＞0，Yb＞OandYb＞  

ニ
∈
〇
．
 
 

［LP］T＊＝  mint－  

subjecttol＝t・X（裏芸  
諾。f＝ズA＋β‾  

封gf＝yタA－βg  

め＝y♭A＋βb  

ぶ‾≧0，βタ≧0，  

βb≧0，A≧¢，f＞0・  

Theproductionpossibilityset（P）isde負nedby   

P ＝（（〇，封g，封b）l〇≧∬A，封タ≦yタス，  

封b≧yb入，Å≧叶  

De免mi七ioml匹臨ci¢m缶Ⅱ柑柑U）  

A ヱ）〟払（〇。，野望，蛮）豆5q伊c血＝れ伽p代5－  

e托Ce扉肌de蕗Ⅶ鋸e仙吻視ねび仇e代由几0γeCねr  
（諾，封タ，封b）∈PβWCん娩αfォ。≧諾，粥≦がα血  

y已≧封ゎび鵡αfJeαβ上川eβ机c亡血e叩α物．  
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Let an optimal solution of［LP］ be  
（t■，A■，S－＊，S9＊，Sb＊）．Then we have an  
Optimalsolutionof［SBM］asdefinedby  

〆＝T■，入－＝A－／f†，β‾■＝5‾＊／t－，  

βg★＝gタ＊／t■，g♭－＝βb●／f＊，  

Theexistenceof（t■，A■，S．＋，Sg■，Sb■）witht＋＞  
Oisguaranteedby［LP］．  

3．Economicinterpretations  
Wehavethedualprogramof［LP］asfo1lows：  

［DualLP］ maxu9yg－VX。－uby三  

subjectto ugYg－VX－ubYb＜O  

u＞／∬。1  

OutputS．Hence，reducingbadoutputsisinevitably  

accompaniedbyreductioningoodoutputs．Inthis  
SeCtion，We discuss this non－Separable case．Fbr  

this，We decomposethe set ofgood and bad out－  

puts（Y9，Yb）into（YS9，YSb）and（YNS9，YNSb），  
where（YS9ERSllXn，YSb∈RS12×n）and（YNS9e  
RS21×n，YNSb∈RS22×n）denotetheseparableand  
non－Separablegood andbadoutputs，reSpeCtively．  

Fbrtheseparableoutputs（YS9，YSb），Wehavethe  

same structure ofproduction as（Y9，Yb）in P．  
However，thenonvseparableoutputs（YNSg，YNSb）  
needhandlingdiffbrently．Ared11Ctionofthebad  
outputs yNSbis designated byayNSb with O≦  

α≦1，Whichis accompanied bya proportionate  

reductioninthegoodoutputsyNSgasdenotedby  
ayNS9．Althoughinthiscaseweassumethesame  
proportionaterate（1inbadandgoodoutputs，We  

Can Set Otherrelationships betweenthetwo，e．g．，  

QyNSbandβyNS9withO≦α，β≦1．   
AnSBMwithnon－＄eparableoutputscanbeim－  
plementedbytheprogramin（入，S‾，SS9，SSb，α）  
雛b 

誌聯＝min（1一志墓夏）／  

（1・絹針鐸・（頼継α）） 
Subjectto  

∬。＝ズ入＋8－   

）  

yぎタ＝y5タ入－β軸   

ygb＝yβb入＋ββむ   

叩㌘軸≦yⅣ和人   

叩ダ5b≧y〃別入  

e入＝1   

8－≧0，βgク≧0，85b≧0，入≧0，0≦α≦1，  

Whereβ＝β11＋β12＋β21十β22．   

The objectivefunctionis strictlymonotone de－  
creasingwithrespecttos；（∀i），Sヲ9（∀r），Sぎb（∀r）  

andα・Let an optimalsolutionfor［SBM－NS］  

be（〆，入♯，S，＊，SS9＊，SSb＊，α＊），thenwehave  
O＜〆≦1andthefo1lowlngtheoremholds：  

Theorem2 meDMUJsNS－eβcientげandonly  
び〆＝1，豆．eリβ－＊＝0，β5タ■＝0，βSb＊＝0∽d  
α＊＝1．   

Wewillcompareourmethodwithothermethods  
proposedsofarandexhibitnumericalexamplesat  
thepresent，ation．  
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Thedualvariablesvandubcanbeinterpretedas  
thevirtualprices（costs）ofinputsandbadoutputs，  

respectively，Whileu9denotesthepriceofgoodout－  

puts．Thedualprogramaimsatobtainingtheop－  

timalvirtualcostsandpricesforDMU。SOthatthe  

profitu9y9－VX－ubybdoesnotexceedzerofor  
everyDMU（includingDMU。）andmaximi2；eSthe  

profitu9yS－VX。－uby3fortheDMU。COnCerned・  
Apparently，theoptimalprofitis at best zeroand  
henceE’＝1fortheSBMe飴cientDMUs．  

4．Ret，urnS tO SCaleissue  

Althoughwediscussedourbadoutputsmodelun－  
dertheconstantreturnstoscale（CRS）assumption，  

WeCanincorporateotherRTSby‘addingthefo1low－  
ingconstraintto［SBM］andhencetothedefinition  
OftheproductionpossibilitysetP，  

ム≦e入≦坊  

Wheree＝（1，・・・，1）∈Rnand，L（≦1）andU（≧1）  

arerespectivelythelowerandupperboundstothe  
intensity入．   

The cases（上＝1，ぴ＝1），（エ＝0，Ⅳ＝1）  

and（L＝1，U＝∞）correspondtothevariable  

（VRS），the decreasing（DRS）and theincreasing  

（IRS）RTS，reSpeCtively．   

Thedefinitionofthee凪ciencystatllSisthesame  

asdescribedin［Definitionl】andTheoremlholds  
inthesecases，tOO，Thepriceinterpretationofthe  

toleofthedualvariablesremainsvalidinthiscase，  
too．  

5．Non－Separable‘bad，and‘good，outputs  

Itisoftenobservedthatacertain‘bad’outputs  

are not separablefrom the corre＄pOnding‘good’  
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