
2－一卜・一5  2003年日本オペレーションズ。リサーチ学会  

春季研究発表会  

DegreeofScale臥：OnOmiesamdCongesもion：  

AUn息鮎dI〕EAApproach  

O1302170 NationaiGraduateInstitutefbrPolicyStudies  

Kaoru甘ONE傘and Biresh K SAHOO  

ing hospitals by Grosskopfet al．（1998）・‡n the  

presenceofcongestion，however，thestudiesonesti－  

mationofscaleclasticityarealmostnil．Thispaper  

makesahumbleattempttoB11inthisvoid．  

乱Sca且¢E且asも五c五屯y最m恥odⅧC屯五om   

Throughouもthis paper，Wedealwith nDMUs，  

each having minputs fbr producing s ouもputs．  

FbreachDMU。（0＝1，…，n），Wedenoterespec－  

tively theinput／output vectors byc。∈Rm and  

y。∈RS・Theinput／outputmatricesarede6nedby  

∬＝（勘，‥・，諾n）∈月mXnandy＝（机，…，財n）∈  

RSXn．WcassumethatX＞O and Y＞0．   

Thereturnstoscale（RTS）orscaleelaBticityin  
production（p）ordegreeofscaleeconomies（DSE）  
isdefineda5theratioofmanalproduct（MP）  
toaverageproduct（AP）．Inaslngleinput／ouもput  

CaSe，iftheoutputyisproducedbytheinpuもX，We  

de丘netheproductionelasticitypby  

p＝MP／AP＝霊／芝・ （1）  

RTSissaidtobeincT℃aSing，COnStantanddecreas－  

in9ifp＞1，P＝1and p＜1respecもively（See  

Baumole亡αJ．（1988））・   

Wbdealwiththeproductionpossibilityseも鞄cc  
related with the multipleinput－Output COrreSpOn－  

denceBLSde鮎edtⅣ  

鞄cc＝（（ご，封）匝≧∬A，財≦yA，eA＝1，Å≧呵，  
（2）  

Whereeisarowvectorwithallitselementsbeing  

equaltoone．   

Analogous to the slngleinpuもーOutpuもCaSe，We  

mcasure the production elasticity of DMUs posi－  

tionedontheeLncientportionofEbcc．   

Thedualprogramtothe【BCC－0】modelisde－  
SCribed as fbllows，uSing thc dualvariables v ∈  

月m，餌∈月アandl〃∈月：   

且．ImもrodⅦCもゑom   

Most ofthe business units（or decision making  

units（DMUs））today face anirritatinglylimited  

SupPlyofresourcesandfacepersistentcompetition．  

This ha51ed to aslgnincantemphasison thee択一  
cientutilizationandallocat，ionofon－handresourccs  

by buiIding larger operating units Lo achieve the 

possible advanもages of‘scale economies．’Ftom a  

POlicypointoEview，theestimationofscaieela如ic－  

ity（returnstoscale）parameterisofparもicularim－  

portanceconcernlngWhetherthereisanyscopefor  

increa5ed productivity by expanding／contracting，  

whether minimum e航cient scales willa1low com－  

petitive markets to be established，andifthe ex－  

istingsizedistributionoffirmsisconsistentwitha  

COmpetitivemarketoutcome．   

There are many resources which afrbct the per－  

brmance ofa unit whenもhereis‘overuse，ofsuch  

re＄OurCeS・Whenfirmsusetheseresourcestheyonly  
t，akeint，O aCCOunt their own bene飢s and cost，S Of  

SuCh usage，butlargelylgnOre the congestion，Or  

exclusion costs that theylmpOSeOn Others．This  

isrefbrredas“congestionexternality”ineconomics  

litera．ture・Whencongestionispresent，ite鮎ctively  

shrinksbusinessmarketareasandreducesthescale  

economies．So t，hereis a need to estimat．e t．he re－  

turnstoscaleparameterinもhepresenceofcor）geS－  
tion，andtoexamineitwithmoreprudenceforthe  

firm’sfinancialviabilityandsuccess．   

SincethebreakthroughbyBanker，Charnesand  

Cooper（1984），thereturStOSCaleissuesunder  

multipleinput／outputenvlrOnmentShavebeenex－  
tcnsively studiedin the framework of DEA．The  

treatment of congestionwithin the DEA h・amC－  

work has received considerable attcnt，ionin the re－  

CCntliterature．Aftertheco11CepもOfcongestionwas  

firstintroducedinthepaperbyFiireandSvensson  

（1980），Subsequentlywa5givenoperational1yimple－  

mentableformbyFare etal・（1985）andCooper  
et al．（1996，2000），therehasbeen foundagrow－  

1nginterestin congestionin anumberofapplica－  

tion areas，e．g．，COngeStionin Chinese production  

byBrockett etaZ．（1998），COr）geSもioninUSteach－  

【Dual】 mln即皿。－W  

Subjectto  －VX＋uY＋ew≦  

℃飢，＝ 1  

即≧の，髄＞①．  
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IfweassumethattheDMU（x。，y。）is（strongly）ef－  

6cient，thereexistsanoptimalsolution（v＋，u＋，W．）  

for【Dual］suchthat：  

V●諾。」址′●＝1・  （7）  

The hyperplane－V＋x＋u＋y＋w＋＝Oisasur＞  
POrtinghyperplanetotheproductionpossibilityset  

PβCCat（〇。，y。）・   
⊥Wdnowdefinerespectivelythevirtualinput（E）  
and virtualoutput（77）associatcdwith（3：，y）∈  

鞄ccby  

〔＝V●諾andり＝u●y・   （8）  

Thus，thehyperplarleCanbeexpressedas：  

－∈＋り＋ひ●＝0・  （9）  

Ftom this equation，We dcrive marglnalproduct  

（MP）貼：  

to“congestion’’withreferencetooutput．Inorder  

topotentiallydealwithsuchsituatioh，Weneedto  

modifyourproductionpossibilitysetasfo1lows：  

島抑皿＝（（〇，y）lェ＝ズ入，y≦y入，e入＝1，入≧0）  

（19）  

Wb discuss the scaJe elasticityissuewith respect  

tothisnewproductionpossibilityse＝㌔肌e3＝，and  

demonstratethat“congestion”isrecognizedbythe  
StatuS With having negative production elasticity  

（p＜0），andthatthedegreeofcongesFioncanbe  

mea5uredbyp．  

4・Ⅵ厄akcongestion   

Thecommonunderstandingoncongestionisthat  

anincrease（decrea5e）inoneormoreinputscauseSa  
decrease（increase）inoneor．moreoutputs（Cooper  

efαJ■，2001）・  

De6nitionl「Weakcon9eStion） 
Aβ〟U由「ひeα的ノco叩eβ£edぴi亡由β加n油¢  

βcie托亡びi紙代叩eC亡わた。nUeエαmd仇er℃e虎βbαn  

αC如軸iれろ。nUeエ兢αとuβeβJeββ柁β0む托eβ如0乃e  

OrmP柁i叩加ゎルrmα扇町mO柁p叩血cね血抑eOr  

m（椚＝血如血．  

Ⅵ毎havetheEbllowIngtheoremregardingthesta－  
tusofweakcongestionandineLhciencyintheBCC－  

O model．   

Theoreml・∫叩ク∂βeめαと班e上）〟〝（訂。，y。）由妨  

βc電eTl亡びi仏陀叩eCfわ班e j‡〃n〃。エ．m印，if由  

Weα的co乃タeβ亡edげαmd o埴げifんαββ右cc＞l  

or（♂右cc＝1α乃d8＋◆≠0）むy班emodeJ【BCC－0ト  

5．AnemplrlCalstudy   
We will demonstrate a case study regarding 

the operations ofsupermarketsinJapan on site．  

6．Conclusion  

Investigation ofscale elasticityfor obtainlng Op－  

tima）scale ofoperations has s】gnほcant beanngs  

While recommending policy fbr restructuring any  

SeCtOrin a competitive economy．In recent years  

the BCC modelhas enjoyed widespread popular－  

ityinthenon－parametricliteratureforcomputing  

thescalpelasticityin production．However，there  

isadimcultywitlltheuseofBCCmodelsincethis  

modeldoesnottakethecongestionfactorsintocon－  

＄ideration．When congestionispresentin produc－  

tion，BCCmodcloverstatcstruescaleelasticityes－  

timates．Itisofinterest，then，tOdeterminetheim－  

pact ofcongestiononscalecla5ticityparameterof  

incorporatingcongestcdproductionfactorsintothe  
modcl．Thispapcrmakesacontributiontothelit－  

eratureinthisregardbyproposlnganeWmethodto  

mea別Irethcscalcelasticity▲ParametCrin thepres－  

ence of congestion. 

MP＝＝1，  

andaverageproduct（AP）as：  

り  AP＝＝  
洋右  

（10）  

（11）  

At（x。，y。），WChave77＝1，andhencetheproduc－  

tionela5tjcity（p）orDSEat（3：。，y。）isexpressed  

by：  

β＝1＋l〃●．  
（12）  

＼VealsosoIve：  

【Upper（Lower）］  

Subjcctto   

房（望）＝maX（min）w（13）  

一肌芳＋uy＋el〃≦0（14）  

一冊。＋叩。＋ぴ＝0（15）  

叫ル＝1  （16）  

V≧0，u＞0・   （17）  

The upper（lower）sca）e elasticity jn production  

β（e）iscalculatedby： 

β＝1＋由and2＝1＋望・  （18）  

3．Congestion   
Sofarwehavcdcaltwithsituationswhereinput  

slacks 

allowsan（unboundcd）inputx≧X入fbrproduc－  
inganoutputy＝Y入．Undcrthisassumption，the  

SCale clasticity pis nonncgativc．However，thcre  

arcsome casesin which anincreasein onc or more  

inputs causcs thc worsenlng Of one or more out－  

puts．Atypicalexampleistheca5eOfminillgWhere  

toomanyminersinanundergrouhdminemayJead  
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