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1. Introduction

We consider here a full-information model for the du-
ration problem (See Ferguson, Hardwik, Tamaki) with
horizon n tending to infinity. Our objective here is to
determine the asymptotics for the optimal value V(n).
Suppose that X;, X3, ... are i.i.d. random variables,
uniformly distributed on [0, 1], where X,, denotes the
value of the object at the n-th stage from the end. We
call an object relatively best if it possesses the largest
value than previous objects. The task is to select a
relatevily best object with the view of maximizing the
duration it stays relatively best. Let v(z,n) denote
the optimal expected return when there are n objects
yet to be observed and the present maximum of past
observations is z. Notice that V(n) = v(0,n).

The Optimality Equation for v(z,n) has form
1
v(z,n) = zv(z,n - 1) +/ max{w(t,n),v(t,n — 1)}dt,
z

1)2a"'| 'U(Z',O)———'O)

where
w(z,n) =1 -z")/(1 - z).

denotes the expected payoff given that the nth object
from the last is a relatively best object of value X,, = z
and we select it.

Denote the point of intersection of functions v(z,n—
1) and w(z,n) as z,. It exists and unique because
w(z, n) are increasing in = while v(z, n) are nonicreas-

1
ing in z, and w(0,n) = 1 < [w(t,n) = v(0,n), and
0

w(l,n) =n>0=uv(1,n).
If we stop with a relatively-best object X,, = z, we

receive w(z,n). If we continue and select the next
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relatively-best object, we expect to receive

n—1 1
u(z,n) = zmk"l/ w(t,n — k)dz
k=1 z
n—1 n—k )
= ka“l Z(l -z’)/j.
k=1 i=1

It is easy to see that u(z,n) satisfies the following re-

lation.
1

w(t,n—1)dt, u(z,1)=0.

u(z,n) = zu(z,n ~ 1) +/

The problem is monotone [Ferguson et al, 1992], so
the one-stage look-ahead rule (OLA) is optimal and

prescribes stopping if w(z,n) > u(z,n); that is, if

n—-1 n—k
P (1 -y (- xj)/j> >0.
k=1 j=1

Equivalently we stop on step n if the relatively-best
object has value X, > z,.
2z, written as z, = 1 — 2, /n satisfies the equation

E(l - Z_")k—l (1 _ ?}f(l - (1 — _z_'_‘)j)/j)
k=1 n j=1 no

and from here z, must converge to a constant, z, — 2,
where z = 2.11982 satisfies the integral equation

/01 e [1 - /Ol—v(l - e"“)/udu} dv=0.

(See also Porosinski.)

2. Limiting optimal value
Let us introduce two new functions

y(m, n) 'U(.’E, n) - 'U-(CE,Tl + 1)’

An(z)

u(z,n) - w(z,n).
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In the interval [0, z,] both functions are non-negative
and A(z.,n) = 0. It is easy to see that y(z,n) satisfies
the equation '

y(z,n) = zy(z,n - 1) + /I" {y(t,n -1+ A,;(t) dt,

0<z <z,
and y(z,n) = 0, for £ > z,. Also, notice that
y(z,1) = y(z,2) = 0 (because z; = zo = 0) and
y(z,3) = [;3 Aj(t)dt, where Az(z) = 1/2—z—(5/2)z?

Now we have the following lemmas
Lemma 1. Function A,(x) satisfies the equations
n »
An+l(x) — An(z) = Z " .7’_ z"
=7
(Tl=2,3,"‘,j A1(2)=_1)
Lemma 2. y(z,n) satisfies the equations

y(zn) =3 / T 4ni A (t)de
j=ilz

ziy Lz <xi,1=3,4,-,n

—z".

Lemma 3. _
Un =y(0,n) = / T IA ().
7=370

Consider the difference 7, = yYn+1 — Yn. We can

represent it as a sum of two expressions

Tn =

Ynt1 — Yn

- .Z/ozj (A4 (t) — Aj(t))dt

n+1

+Z/x

The first sum can be rewntten in the form
Z / - ,[ =i t]—t’]
1

- —i41 zr}+l] 1

j
Z[ —1+1 n]+1 i

i=1

LA (t)dt

n

=Z{

n+1
:lfj -
n+1

As n — oo for z, = 1 — z,/n we have that this con-

)dv—l]du

verges to the integral

v

1 u 2y A%
P v —1 o
/e'ﬁ[/ dv(e + c
0 0 v 1-v

0.435178.

Ve =

R

The second sum can be shown to tends to zero as n —
0.

Theorem 1. For large n

Va '
— V7
n

3. PPP approach

Samuels considered our problem in PPP (Planar Pois-
son process) approach. He showed that the optimal
limiting policy of the duration problem has ¢/(1 — t)
threshold-rule and that the limiting duration under
¢/(1 — t) threshold-rule can be calculated as

U= / / [ ( )]fs(s)f'r(t)dsdt
* /0 /o {/0 ) E[D(t’y)]l_:-tdy} fr(t)fs(s)dtds
where | ,
Sy _ .-yl
BID(ty)] = 1___5__
frt) = c(1-t)7,
Is(s) (l—:—css-)me—i’

Straightforward calculations from these immediately

yield

U* = {I(c) - 1+e} + {(1 +c)(e° — 1) — ceI()}J(c),

1 —_
1_ e cu
/ 1z
0 u
o0 —Ccv
/ ¢ dv.
1 v

It is not diffecult to show that for ¢ = z, U* agrees
with V*

where

I(c) =

J() =
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