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Inthisstudy，nrStthesequentialsurvivaltimesandthesequentialrepalrtimesofanenglneWeremOde11edusinga  
decreaslng arithmetic process and anincreaslng arithmetic process respectively．Secondly the values ofmodel  

parameterswereestimatedbyapplyingspecialstatisticalmethods．Finallythemeansofthesequentialsurvivaltimes  
andthemeansofthesequentialrepalrtimesofanenglneWereeStimated，andtheoptlmumpOlicyforthereplacement  
OftheenglneWaSdeterTnined．   

Sigmi爪camce：Theperfbrmanceofanenginedecreasesbecauseofagelngandaccumulatedwear．Theefftctsofagelng  

andaccumulatedwearareassumedtobeirreversible，SOthatafterarepalranenglnewi1lnotworkas  
We11asitdidwhennew．Consequentlythesurvivaltimeofanenglnebecomesshorterandshorterand  
therepalrtimeoftheenginebecomeslongerandlonger．Afteracertainnumberoffailures，anenglne  

CanStillworkbutisnolongermaintainableinacoste脆ctiveway．Atthisepoch，theenglneShouldbe  

replacedwithanewone．   

Keywords：ArithmeticProcess，RenewalProcess，RepairTime，Replacement，SurvivalTime．  

皿。INT凪ODUCⅧ’ION   

TheKowloonMotorBus（KMB）CompanyLimitedemploysdiffbrenttypesofbusfbrtheprovisionofpublictransport  
WithinHongKong．Anenglneisoneofthemaincomponentsofabus．Everytlmeanenginefhils，KMBwi11repairit・  

Sincetheoperationqualityofanenginedeterioratesunderageingandaccumulatedwear，thesurvivaltimedecreases  
andtherepalrtimeincreases・Eventually，ltisnolongerworthwhiletorepalrafatiguedenglneanditbecomesfar  

efncienttorep）aceitwithanewone．  

TheperftctrepalrmOdelandtheminimalrepalrmOdelarepopularmodelsusedinresolvingmaintenanceproblems  
【1，2］．Theperftctrepairmodelassumesthatafailedsystemwi11workaswellasanewoneafterrepair・Theminimal  

repalrmOdelassumes thata failed system willfunction，afterrepalr，With the same rateoffhilure andthe same  

efftctiveageasattheinstantofthelastfailure・Neithermodelis，however，Particularlyrelevanttothemodellingofthe  

englnemaintenanceproblemsthatweencounterherebecausetherepalrtimeinthesetwomodelsisnegligible・Inthis  
Study，WeuSetWOdifftrentarithmeticprocesses［3，4］tomodelthefailureandrepairprocessesofanengine・  

Conditionl．GivenasequenceofrandomvariablesJn，X；．X；，．．．，iffbrsomerealnumbera，（X；＋（i－1）a，i＝1，2，3，・・・）  

fbrmsarenewalprocess，（考，i＝l，2，3，．．．）isanarithmeticprocess．aiscalledthecommondi胞renceofthearithmetic  

PrOCeSS・  

（0，封  ，Wherei＝2，3，4，・・・and／′x．isthemeanofthenrstrandomvariableJn，thenthe  Condition2．If a∈  

arithmeticprocessiscalledadecreaslngarithmeticprocess．Ifa＜0，thenthearithmeticprocessiscalledanincreaslng  

arithmeticprocess．Ifa＝0，thenthearithmeticprocessreducestoarenewalprocess．  

TheupperboundofainCondition2canbeobatinedasfo1lows：ByConditionl，theexpressionfbrthegeneralterm  

Ofanarithmeticprocessisgivenby Xi＝X．－（ト1）a・Takingexpectationsonbothsidesofthisexpression，and  

rememberingthatX；isanon－negativerandomvariableandhence E（Xi）≡i（xi≧O fbri＝1，2，3，…；WeObtain，after  

t，anSP。Siti。。，the。pperb。。。d。f。glVenby些fo，i＝2，3，4，…．                            J－1  
Ifthesequentialsurvivaltimesofanenginedecreasearithmeticallywithacommondifftrence，WeCanmOdelthese  
times uslng a decreaslng arithmetic process・Furthermore，ifthe sequentialrepalr times ofan englneincrease  

arithmeticallywithacommondifftrence，WeCanmOdelthemuslnganincreaslngarithmeticprocess・  
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2．OBJECTIVES   

Theo句ectivesofthisshdyaretodeterminethefollowlng：  
（1）thecommondifftrenceofthedecreasingarithmeticprocessforthesequentialsurvivaltimesofeachtypeOf  
englne・  

（2）thecommondif托renceoftheincreasingarithmeticprocessforthesequentialrepairtimesofeachtypeOfengine．  

（3）themeanSOfthesequentialsurv享VaJtimesofeachtypeofengine・  

（4）themeansofthesequentialrepalrtiTSOfeachtypeofengine・  
（5）themean1ifbtimeofeachtypeOfenglne．  

（．6）theoptimalreplacementpolicythatshouldbeadoptedforeachtypeofenginebasedontheminimisationofthe   

long－runaVerageCOStperday．  

3．ASSUMPTIONS   

Modelassumpt10nSareaSfo110WS：  
（1）Initiallyanewengineisused．  

（2）Wheneveranenginefails，WeCanrepairit．  
（3）Let．羊bethesurvivaltimeafterthe（i－1）threpair．Then（考，i＝1，2，3，…〉formsadecreasingarithmeticprocess  

ト剖  
withacommondifftrence a∈   ，Wherei＝2，3，…and／ノ，．isthemeanofthenrstsurvivaltime考・  

（4）Letllbetherepairtimeaftertheithfhilure．Then（Y，i＝1，2，3，…〉fbrmsanincreasingarithmeticprocesswitha  

commondifftrenceb＜0．  

（5）Thefailureprocess（耳，i＝l，2，3，・・・）andtherepairprocess（Y，i＝l，2，3，…）areindependent．  

（6）Alltheenginesworkundernearlyidenticalconditions．  

4．METIIODOLOGY   

4．1NotationfbrVariables   

E（旦）≡P，．＝h＞OandV（Xl）≡q：．≡q：arethemeanandvarianceofXlrespectively・  

E（Y一）≡jL，．≡P，≧0（〟，＝Omeansthattherepairtimeisnegligible）andV（Yl）≡0．；≡q…arethemeanandvariance  

of Y, respectively. 
C，istheaveragecostofarepalrperday．  
q，istheaveragecostofareplacement・   

4．2TestingforanArithmeticProcess   

4．2．1TestinEtheExistenceofaTrendintheData   

Foreaseofmanipulationandinterpretation，theLaplacetestisused［1］．  

Nullhypothesis，Ho  ：考■sareidenticallydistributed・  

Alternativehypothesis，H■  ：考■sarenotidenticallydistributed，i・e・thereisatrend・  

巾－1 ∑1 

r ノtl  

／J－1 2  
］  

Theteststatistic  
（1）  U＝  

ノ  
Wherel＝∑ズ‘  

J■l  

isapproximatelydistributedasthestandardnormalfbrrz≧3attheO・05  

1evelofsignincance．  

R可ectH。ifU＞l．960rU＜－1．96，i．e．thedatasetexhibitsanupward  

trendoradownwardtrendrespectively：  

Thedecisionru1e  

4．2．2Testi叩WhethertheDataCome什omanArith叩eticProcess［4］  

First，WePlot考against（i－1）toseewhethertherejsalinearrelationshipbetweenth9m．Itso，aSimplelinear  

regressionmodelcanbewrittenasfo1lows：  
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ぺ＝－α（ト1）＋α＋句  

WhereE（句）＝OandV（句）≡03．  

（2）  

Secondly，WeeStimatetheparametersaandauslngtheleast－SquareCriterion．Theleast－SquareeStimatorsfbraandα  

areasfb1lows：  

［3（乃－1）妄ズ‘－6芸 ズ‘－6∑ 

（ト1）ズf  
（3）  

（〝－1）〃（〝＋1）  

and  

［  

2  

〟（〝＋り  

（2〃－1）∑ズ∫－3∑（ト1）∬‘  
f■l  J＝l   

（4）  
α＝  

Thirdly，WeCalculatethemeansquareerror6；forthesimplelinearregressionmodeluslngthefo1lowlngeStimator．  

上   可  
∑ポー  何  
局  〃  

∂2＝  
（5）  

〃－2   

Finally，Wedistinguisharenewalprocessfromanarithmeticprocessuslngthefbllowlnghypothesistestlngatthe  
O．051evelofsignincance．  

Nu11hypothesis，Ho：a＝0．  

Altemativehypothesis，Hl：a≠0．  

－∂ル偏＋1）  
（6）  

Theteststatistic：E＝   
応斗．  

isapproximatelydistributedasastudenttwith（n－2）degreesof丘eedom．  

Thedecisionru1e：R可ectHoifltl＞thecriticalvalue．  

Wecanapplythesameprocedure，i．e．useequations（1）to（6）toasetofsequentialrepairtimes（Y，i＝1，2，3，…〉to  

Checkwhetherthedatacome舟omanarithmeticprocess．   

4．3E如im乱疏mg仙eMeamsamdVa血mceso『斗amd弟   

E（考），V（考），E（Y．）andV（Y．）aredeterminedbyestimatingtheparameters捗J：，P，andJ；respeCtively【4］・These  

parametersareestimatedusingtherelevantestimatorslistedinTablel［5】．  

Tablel．Estimatorsfor〟r，q：，P，andq…  

α  ム  

ん   霞   カr   ∂手   

＝0   
華∬★   

〃  
〃 ∑（〝∫一斉）2   ∑（れ一戸）2  

土 」 ≡ガ   
n ∑r  

∫＝l   曇」 ≡r   f＝1  
〃   

〃－1   乃   
〃－1   

＜0   α’   α’   

真2ト‡（蓋え）】  妄孝一謳えプ  
〝－1  〃－1  

where  where  

Z∫＝ズ∫＋（ト1）∂  Z∫＝れ＋（ト1）ム   

＞0   

1n（告）一号抜一去）＝0   
Asabove   

1n（告〕一缶一錦   
Asabove   

孔4De如m丘mimg仕馳eMeamsamdVar紬皿CeS①灯常a皿d狐   

Themeanandvarianceofthesurvivaltimeandtherepairtimeofeachtypeofengineareestimatedrespectivelyusing  
thefo1lowlngequations．   

〟∫‘＝ん－（ト1）∂，乾＝霞，A；＝ん－（ト1）ムand∂芸＝∂…  
（7）   
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4・5I）etermlr”ngtheOptimumReplacementPolicy   

Theoptimumreplacementpolicyisdeterminedbyminimisingthe（expected）long－runaVerageCOStPerunittime．  

theexpectedcostincuredinacycle  
The（expec亡ed）iong－runaVerageCOStPerunittime＝   

theexpeCtedlengthofacycle  

Whereacycleisthetimebetweentwosuccessivereplacements．  

Thefbllowingstepsshowhowtodeterminetheoptimumreplacementpolicy［3］．  

（l）Calculatethelong－runaVerageCOStperdayc（i）fori＝1，2，3，…uSingthefo1lowingequation．  

cr（÷［2〟r－（f・一叫・Cク  
C（り＝   

（8）  

笹川ー1）dト【2〟r－（ト2）占】   

（2）Plotthelon学－runaVerageCOStperdayc（i）againsti・Thentheoptimumreplacementepoch，Shownbythe   

minimumpolntOfthecurve，isdetermined．  

5．ANALYSISANDFINDINGS   

TheDepotManagerprovideduswithatotalofl，503repairrecordsforthreedifftrenttypeSOfengine，namelyengine  

types：407H，6LXB，6LXCT．Table2showsanexampleoftherawrepairrecords．Wesortedtherepairrecordsby  
enginetypeandnextbyenginenumber・Inaddition，WeOnlyanalysedthoseengineswhichhadmorethanonerepair  

record．  

Table2・AnExampleoftheRawRepairRecords  

BUS NO   ENG NO   E TYPE   ∨ TYPE   DEPOT   R DATE   RET DATE   lNS DATE  

DG2612   028879   407H   BENZ   TM   8／1／93   7／30／93   7／19／93   

DG5362   028849   407H   BENZ   TM   8／9／93   8／1／93   10／23／89   

DF8962   046787   407H   BENZ   TM   8／28／93   8／1／93   11／23／89   

DF6548   029344   407H   BENZ   TM   4／1／94 ．   3／28／94   6／9／90   

DG2612   028827   407H   BENZ   TM   4／9／94   4／1／94   7／31／93   

DF9740   028920   407H   BENZ   TM   4／21／94   4／1／94   9／21／90   

DG4756   028900   407日   ■BENZ   TM   6／8／94   6／1／94   10／11／90   

DF9705   028901   407H   BENZ . TM   9／3／94   9／1／94   10／10／89   

DF6700   028874   407H   BENZ   TM   9／21／94   9／1／94   ●12／6／88   

ThefNS DATEiswhentherepairedenglnereinstalledinabus．TheRET DATEiswhenthedamagedenglneis  
transporte古tothemaintenancedepot．TheR＿DATEiswhentheenginerepai∴scompleted．Eachsurvivaltime（考）is  

deteminedbythedifftrencebetweentherNS＿DATEandtheRヱT＿DATE・Eachrepairtime（れ）isdeterminedbythe  
difftrencebetweentheRETDATEandtheRDATE．  
SincecalculationoftheparametervaluesfbJthethreedifftrenttypesofengineistime－COnSuming，equations（l）to  

（8）andtherelevantestimatorslistedinTablelwerecomputedusingEXCEL．  

Weveri貞edthatthesequentialsurvivaltimesandthesequentialrepalrtimes comefrom two difftrentarithmetic  
PrOCeSSeS．Themeansurvivaltimeandthemeanrepalrtimewereestimated，andareincludedinTable3・Themean  

survivaltime，themeanrepalrtimeandthelong－runaVerageCOStperdayversusthenumberoffailuresareplottedin  

Figuresl，2and3respectively．  

Table3．TheMeanSurvivalTimeandtheMeanRepairTime  

EngineType   〟れ＝ん－（ト1）∂（days）   巧＝b，－（i－1）b（days）   

407H   1426．07－（ト1）730   14．11－（ト1）（－0．33）   

6LXB   1241．32－（ト1）584   8．86－（ト1）（－12．17）   

6LXCT   1629．64－（ト1）752   39．03－（ト1）（－6．13）   
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Figurel・TheMeanSurvivalTime均inDaysVersustheNumberofFailuresi  

Figure2・TheMeanRepairTime巧inDaysVersustheNumberofFailuresL  
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Figure3．TheLopg－runAverageCostPerDayc（i）VersustheNumberofFailuresi  

‘．CONCLUSION   

AsummaryoftheparametervaluesforeachofthethreedifftrenttypesofengineisshowninTable4．  

Table4．ParameterValues  

SurvivalTimes  RepairTimes   

EngineType   d   År（years）   ム   A．（days）   

407H   2．00   3．91   －0．33   14．11   

6LXB   l．60   3．40   －12．17   8．86   

6LXCT   2．06   4．4（；   －6．13   39．03   

FromTable4wecanseethatallthevaluesofaaregreaterthanzero．Thisimpliesthatthesequentialsurvivaltimes  
Ofeachtypeofenginefbrmadecreasingarithmeticprocess．Thestudy■snndingsshowthatanenginedeterioratesover  
timeingeneral・Anenglnelslifttimeis爪nitebecauseitcapnotbeconstantlyrepairedsothatitcanfunctionforever・  
FromTable4wecanalsoseethatallthevaluesofbaresmallerthanzero．Thisimpliesthatthesequentialrepalrtimes  
Ofeachtypeofengine fbmlanincreasing arithmeticprocess．Sincetheefftcts ofageing andwearbecomemore  
Seriousasthenumberoffailuresincreases，thetimeneededtomakerepalrSincreasescorrespondingly．Therepalrtime  
becomeslongerandlonger．Theenglnethusbecomesunrepairable・  
Table5showsthemeanlifttimesofthethreedifftrenttypesofengine，andindicatesthatthe6LXCTenginetypehas  
thelongestmeanlifttime．  

Table5．TheMeanLifttimes  

MeanLifttime完圭レ∫－（i－1）a］（yea，S）  
EngineType  
407H   5．82   

6LXB   5．20   

6LXCT   6．86   
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Table6showstheoptimumreplacementpoliciesforthethreediffbrenttypesofengine．  

Table6．TheOptimumReplacementPoliciesBasedontheMinimumCost  

OptimalReplacementPolicy  
EngineType  BasedonMinimumCost   

407H   RepJacea食erthe2ndfailure   

6LXB   Replaceafterthe2ndfhilure   
6LXCT   Relaceafterthe2ndfailure   

AlthoughTable6showsthatalmostaJIoptJmumrePlacemerltePOChescomeafterthe2ndfailure，thesurviYa＝imeof  

anenglneafterthe2ndfailureisveryshort．Assuch，itisneitherpracticalnorcostefftctivetocontinuetomake  
repalrSafterthispolnt．  

Theparametervaluesofaand撤arehighlyoveトandunder－eStimatedrespectivelyowlng，1nPart，tOtheviolationof  

theassumpt10nthatalltheenglneSOperateunderidenticalenvironments．Sincedif托rentenglnelypesareinstalledin  

difftrentbusesandareusedfordifftrentroutes，eaChenglneOperateSinaslgnincantlydiffbrentenvironment・The  

performanceofeachenglneisthereforeafftctedbythisfhctor．  
FrompreviousmeetingswiththeDepotManager，Weknowthatthemeanlifttimesofthethreetypesofenginearefar  
longerthanthe爪ndingsindicatedinTable5．Thedifftrenceisduetodatashortage，aSKMBonlykeepsrepalrreCOrds  

foraftwyears．Theconsequenceofthisisthatthevalueof〟rlSunder－eStimated，andthevaluesofa，band〟Yare  

OVer－eStimated．Asaresult，themeanlifttimeofeachtypeofenginewasfurtherunder－eStimated・  

Althoughthenndingscannotfu11yreflecttheoperatlngCharacteristicsoftheenglneS，WeCanregardthisapplication  
asapilotstudyonthemodellingofenglnemaintenanceproblemsuslngarithmeticprocesses．  
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