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Abstract  

ItisknownthattheNewton－PCGlike．algorithmsaregenerallyverysuc．  

CeSSful，Whichisshownbyalargeamountofnumericalexperiments，but  

unfortunatelyshortoftheoreticaljustificationonitse侃ciency．．Recently，  

atheoreticalanalysisofthee氏ciencyisdevelopedin［5】，Whichshows  

thatthee侃ciencyofaNewton－PCGlikealgorithmistheoreticalsuperior  

tothatofNewton’smethodundertheassumption：Newton’smethod  

ispreciselyquadraticallyconvergent．Inthispaper，theassumptionin  

［5】isweakenedtoamoTegeneralcase，andanencouragingtheoreti－・  

Calanalysisonthee侃ciencyofamodifiedNewton－PCGlikealgorithm  

isobtained．It furthershows thesuperiorityofthe Newton－PCGlike  

algorithmfromthetheoreticalpointofview．  

Key words：Newton’s method，Preconditioned coruugate gradient  

method   

乱 Im七roduc七五om  

Weareinterestedinthelocalalgorithmfortheunconstrainedoptimizationproblem  

minJ（ご），ご∈月几，  （1・1）  

Wheref（x）satisfies   

Assumptionl．Theproblem（1・1）hasasolutionx＊withasymmetricpositivedefinite  

Hessian▽2f（x＊）．   

Assumptiom2．Inaneighborhoodofx＊，theHessian∇2fisLipschitzcontinuous・   

Newtonlikemethods are usuallyconsidered as the best methods provided that the  

Hessianmatrix∇2fisavailable．BasedontheanalysisontheinexactNewtonmethod  

in【3】andthepropertiesofconjugategradientmethod（CGmethod）（seee・g・【8】and  
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［7］），SteihaugandTbintproposedNewton－CGlikealgorithms（see【9］and［10］），Where  

theNewtonequationwassoIvedbyCGmethodapproximately．Later，thesealgorithms  

WereWelldevelopedtoakindofNewton－PCGlikealgorithms，WheretheCGmethodwas  

replacedbyPCGmethod（preconditionedCGmethod）・Ithasbeenshownbyalarge  

amountofexperimentsthat，generallyspeaking，Newton－PCG．1ikealgorithms arevery  

SuCCeSSful（seee・g・【1】，【6】and［4】），butunfortunatelyshortoftheoreticaljustificationon  

itse侃ciency．   

Recently，aNewton－PCGlikealgorithmisproposedin［5］・Ithasbeenshownthatthe  

algorithmin［5】hasthesameconvergenceorderasNewton，smethod，s，buttheoretically，  

itsaveragenumberofarithmeticoperationsperstepismuchlessthanthecorresponding  

number ofNewton’s method．for middle andlarge scale problems．However，allofthe  

aboveconclusionsareobtainedundertheassumptionthatNewton’smethodisprecisely  

quadratically convergent，i．e．thereexist positive scalars∂1，鳩≧Ml＞0，SuCh that  

when順一X＊＝＜61，theNewtoniteratex＋＝X－∇2f（x）‾1∇f（x）satisfies  

怖．1lエーエ＊l】2≦ll町－エ＊11≦鳩】l∬－エ＊ll2  （1・2）  

Obviously，theassumption（1．2）isverystrong・Moreover，itsvalidityisdi氏culttobe  

Verifiedevenitactuallyholds．   

Infact，forthegeneralcase（underAssumptionsland2），Newton’smethodhasat  

leastQ－quadraticorderofconvergence，i．e．，thereexistpositivescalars62，Mi＞0，SuCh  

thatwhen順一X＊I．＜62，theNewtoniteratex＋＝3：－∇2f（x）‾1∇f（x）satisfies  

llェ＋－∬＊】I≦鳩Il∬－エ＊Il2  （1．3）  

Thispaperdealswiththeabovegeneralcase・Ouralgorithmconsistsofcircles・Thebasic  

structureofacircleisthateveryexactNewtonstepisfo1lowedbyseveralPCGsteps・  

ThenumberofthePCGstepsdependsontheprogressofthepreviousexactNewtonstep・  

Therefore，thealgorithmdependsonthebehaviorofNewton，smethod・   

Ouralgorithmhasthefo1lowingproperties：forafiⅩeddimensionn，thereexistsa  

criticalvalue such that when the progress speed ofNewton，s methodis smaller than  

it，OuralgorithmissuperiortoNewton，smethod・Inaddition，・When（1・2）isvalid，Our  
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algorithmandtheonein［5］havethesameefRciencyestimatesfromthetheoreticalpoint  

ofview．  

2 Åome…朗mems温oma孔叩七鼠m五Ea七五omprob且em  

Ouralgorithmisqoncernedwiththefo1lowingone－dimensionaloptimizationproblemwith  

respecttoK  

〝  

1＋∑p（α，m）Q（几）  
m＝＝1  

聖＝（∬；れ，α）＝  P（れ，α）：  
1＋．打  

S．t．Kisanonnegativeinteger，  

wherenisthedimensionof（1．1），αisaparameter，P（T，q）isanintegerfunctiondefined  

by  

（丁）9（T－1）＜甲（T，ヴ）≦（T）9（T－1）＋1  （2．3）  

andQ（n）isdefinedby  

Q（乃）＝（2乃2＋6几＋2）／（几3／6＋3れ2／2－2れ／3）・   
（2・4）  

（NotethatwhenK＝0，Wedefinethe‘sum，∑莞＝1…＝0）・Infact，inthei－thcircle，  

thenumberpiOfthePCGstepsshouldbeselectedtobethesolutionto（2・1）－（2・2）with  

α＝αi．However，iftheproblem（2．1）－（2・2）withdi鮎rentαiissolvedrespectively，the  

correspondingcomputationcostwillbreakdownthetheoreticale氏ciencyofthealgo－  

rithm．Thisisthemaindi臨cultwhenthealgorithmin［5】isextended・Fbrtunately，the  

solutionhasananalyticexpressionasshowninTheorem2・1below・Bythisexpression，  

thesolutionstovariousvaluesofαiCanbeobtainedeasilywithoutsolvingtheproblem   

numerically．   

甘heorem2．1Co乃β乞der〃ほpm鋸emP（m，α）ひ鵡αβヱedpoβ五如e豆れ吻erγも・〝α≧2，  

兢e陀仏eγ℃e〇五βね兢eβmα～geβ七夕gOみαJβOg餌如乃∬＊（γ乙，α）・凡γ兢eγmO7℃，βef血タ9＝∬＊（陀，2），  

兢ereα代官＋1βCαJαrβ  

（2．5）   む0＝毎（れ）≧わ1＝む1（乃）≧‥・≧わ9＝ゐ9（乃）＝2，  
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β祝Cん仇αま∬＊（甲，α），αβαルれC如れげα，C肌むee呼γeββedαβ  

0，   ひんeγ1α∈伽（m），∞）；  

1，   ぴんeγlα∈【bl（乃），毎（れ））；  

q，   ひんeれα∈【む9（乃），む9－1（几）），  

∬＊（托，α）＝  （2．6）  

ぴんer℃兢e豆mねmαりわ，わー1）由e叩fyげわ＝ち－1，ブ＝1，…，9・   

Theorem2・2T兄eoptimalvalueu＊（n，α）tolheprvblemP（n，α）isnondecreasin9With  

re呼eC±わα．  

3 Algorithm  

Algorithm   

StepO・Initialdata：ChoosetheinitialpointxO∈Rn・Setk＝0．GotoStep3．   

Stepl．Tbrminationtest：ifH▽f（xk）LJl＝0，StOp．   

Step2．Switchtest：if反k＜・bo definedinTheorem2．1andm≦pk，gOtOStep4；  

OtherwisegotoStep3．   

Step3・ExactNewtonstep：findtheexactsolutionsktotheNewtonequationand  

estimatetheprogressofNewton’smethodasfo1lows：   

3．OFindthesolutionsktotheNewtonequation  

▽2J（㌔）β＝－▽Jぃた）   

byCholeskyfactorization▽2f（xk）＝LkDkLF・   

3・1Setv＝XkandB＝▽2f（xk）・Setxk＋1＝Xk＋skandm〒1・   

3．2Compute  

αれ1＝1州▽Jい頼1川／1可トーエれ1ル   

and set  

融＋1＝maX（α♭十h2）・  

3．3Set  

釦＋1＝∬＊（m，何行1），  

（3・1）  

（3．2）  

（3・3）  

（3・4）   
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WhereK＊（n，ak＋1）isdefinedby（2．6）inTheorem2．1withαtherebeingreplacedby岳k＋1．  

GotoStep5．   

S七ep4。PCGstep‥findskbシAlgorithmPCG（B－1，∇2f（xk），－∇f（xk）ふふ／（存k）m），  

where㍍＝P（ak，m）definedby（2．3）withαtherebeingreplacedby存k．Set＆k＋1＝岳k，  

pk＋1＝Pk・Setxk＋1＝Xk＋skandm＝m＋1・   

Sもep5。Setk＝k＋1，andgotoStepl．   

Note‥AlgorithmPCG（C，A，b，l，e）isthestandardpreconditionedconjugategradient  

method（seee・g・【7】），WhichisusedtosolvethelinearsystemAs＝b，WhereCisthe  

preconditioner，listhemaximumnumberofsubiterations，andeisascalarusedinthe  

termination criterion．   

Fbrconvenience，thesegmentof（3：klgenerated byi－thcircleofthealgorithmis  

expressedasfo1lows：  

（巧毘浩も1）＝（∬廟＋1） ， 錘＋1）＋1，…，エi（折1抽；エ（叫恒1） ）  

＝（ェj‘，エブ汁1 …，エ山1‾1，ご山1），  （3・5）  

WhereJ江1＝j電＋釣＋1・   

4 T払ecomve『酢mCe叩eedo『0甲『a鳳go『五仙m  

Weassumethereforethatthefo1lowlngaSSumptionholds，WherethescalarsαlandαhLin  

thefo1lowlngAssumption3characterizetheconvergencespeedofNewton，smethod・It  

reducesto（1・2）whenαl＝αh＝2・   

Assump七五om3．Thereexist6＞0，且弟≧弼l＞0，αlandαh SuCh that when  

瞳。－均l＜∂，  

弼服。－£＊ll恥≦ル町－∬＊‡l≦嘲lェ。－㌔＝叫，  

wherex＋istheNewtonmapping‥X＋＝Xc－∇2f（xc）‾1∇f（xc）・   

Thenexttheoremshowstheconvergencespeedofournewalgorithm・  
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Theorem4・1仇derAssurTtPtionsl－3，thereexists6＞OsuchthatwhenHx焉－X＊H≦6，  

〃ほ5eタmemf甘可βαf榔eβ  

腑山1－エ＊ ll≦叫lェJi－エ＊ll叫（1十円） ，   

ひ九eT℃〟乞βαCOれβ加亡ぴん乞cんdepeれゐ0花物0㍑∇2J（ェ＊）αれdエ卸βCん豆±zと0れβ加±ム  

（4．1）  

5 E侃ciencyComparison   

Nowwesha11replythequestionthatcomparedwithNewton’smethod，Whetherandhow  

muchsavlngOuralgorithmcanbeexpectedintheory．AccordingtoTheorem4．1，itis  

rea50nabletoconsiderthattheirprogressspeedarealmostthesame．Soweonlyneedto  

ihvestigatethecomputationcostofbothouralgorithmandNewton，smethod．Tbobtain  

a■newiterate，thecomputationcostconsistsofthefo1lowlngtWOpartS：   

（1）evaluatingoneHessian▽2fandonegradient▽fwhichyieldaNewtonequation．   

（2）solvingtheNewtonequation（usingdi鮎rentways）・   

However，foraslgnificantnumberofwidelydi鮎ringapplicationproblems，thelinear－  

algebTaCOStOfthepart（2）tendstodominate（seee・g・【2】）・Soinordertocomparetheir  

e伍ciency，We are mainlyinterestedincomparlngtheir arithmetic operationsin soIving  

Ne壷tonequations，Orfbrsimplicity，COmparlngOnlytheirnumbersofthemultiplicative  

Operationsinvolved．   

FbrNewton，smethodwithCholeskyfactorization，thenumberofthemultiplication  

OperationstosolveaNewtonequationis  

3 

鋸＝吉乃＋…乃2一三乃・                                3   

However，thecorrespondingnumberofouralgorithmisdi鮎rentindi鮎rentiterations▲  

So，WeCOnSideritsaveragevalueinji＋1－jiiterationsinthesegment（3・5）‥  

ひji＝l竹ノ（力＋1－j五），   

where叫iisthetotalnumberofthemultiplicativeoperationsinvolvedinsolvingthe  

Newtonequationstoobtainx］i＋1fromx3iinouralgorithm・  
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De瓜m五立五0皿5。皿（大畑L熟止わ【句ご叩pOβe娩出伽呵脚Ce（㌔〉査βタe氾erαねdみyo祝rα如一  

γ助m，α乃d（ェム，乞＝0，1，…）血豆ねβ山β叩eれCe．meγⅦ如げco叩扉αf血coβ土哀れβOJu五叩  

Ⅳel〟ねれe叩αゎれβゐy皿rα如r鵡mα卵五几β亡〟ほⅣel〃われ′βme兢od豆βd頭medみy  

り＝p  forany（xk）whichisgeneratedby   

Ouralgorithmandconvergestox＊）．  
（5・1）  

甘払eorem5。皿〝αん＜む0，兢erα如りdぴmedby（5．1）βα±哀訴eβ  

り≦祝＊（乃，αん）＜1，   （5．2）  

ひ九ereαん肌dむ0αreg血em玩Aββ㍊m〆五0几βαれd耶もeO代m2・J代印eC抽（和，㌦（几，αん）血  

統eo〆壱mαgγαJ祝eわ兢eoれe－d五me乃β加αgO〆宜m盲zαま加pm鋸emP（れ，αん）dぴれedらy作．Jノ  

ー作・イノび鵡α仇e†℃むe豆mタ柁pgαCedみyαん．   

ItisshownbyTheorem5・1thattheupperboundu＊（n，αh）ofcostratio77dependson  

thevalueof＆ん，Which，tOSOmeeXtent，reflectstheprogressspeedofNewton，smethod．In  

fact，thereexistsacriticalvaluebosuchthatwhentheprogressspeedofNewton’smethod  

issmallerthanit，OuralgorithmissuperiortoNewton’smethod．AccordingtoTheorem  

2．2，thesm．al1erthevalueofαh，thesmallerthevalueofu＊（n，αh）．Thefo1lowingtablelists  

SOmetypicalvalueofu＊（n，αh）and，thereforegeneral1yspeaking，Showsouralgorithmis  

much more e伍cient than Newton，s method．  

m  

αん  100   200   300   400   500   1000   

2   ．67   ．53   ．46   ．43   ．41   ．33   

2．5   ．73   ．61   ．52   ．47   ．44   ．36   

3   ．84   ．70   ．64   ．59   ．54   ．44   

Table5．1：Thevaluesofu＊（n，αh）  
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