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Two-queue and two-server model with a threshold control service policy
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1. The Model

Threshold-based service policies have been applied by many authors to queueing systems as policies to
control service rate, number of servers or vacation, and proved to be optimal to some queueing systems. In
this paper we consider a threshold-based service policy for a queueing system with two queues: Q; and Q,
two homogeneous servers and infinite buffer capacities. The arrival processes in @; is a Poisson with rate J;,
and the service time distribution at Q); is exponential with the parameter y;. The two control levels v(> 0)
and N(> v) are set up in Q2. The service policy is as follows.

(1). At each epoch of service completion in Q;, (i) when the two servers all serve in Qy, if the number
of customers in @2 exceeds the threshold v, the server switches its service.to Q,, otherwise it continues to
serve the customers in Q;; (ii) when the two servers server respectively in Q; and Q, if the number of
customers in Q2 exceeds the threshold N, the server switches its service to (2, otherwise it continues to
serve the customers in Q;. (2). At each epoch of service completion in Q, (i) when the two servers all serve
in @9, if the number of customers in @ drops below the threshold IV, the server switches its service to Q;,
otherwise it continues to serve the customers in Qy; (ii) when the two servers server respectively in Q; and
Q2, if the number of customers in Q2 drops the threshold v, the server switches its service to Q, otherwise
it continues to serve the customers in Q2. (3). The server does not idle if there are customers present at
either queue. The service is first-come-first-served within each queue and non-preemptive.

We derive the generating functions of the joint stationary queue—length distribution, and calculate the
mean queue lengths and the mean waiting times.

2. Generating function equations

Let p; = Ai/pi,i = 1,2. The system is ergodic iff p = p; + p2 < 2. Let Q;(t) be the number of customers
waiting for service in queue Q; at time ¢, and I;(t) the number of servers serving in queue Q; at time ¢. Then
{(11(2), I2(t), @1(t), @2(t)) }+>0 is an irreducible continuous-time Markov chain. We denote its equilibrium

probabilities by {p; jam, 0<é+j < 2;n,m > 0}, that is,
Pijmm = Yim P((L(2), 22(t), Q1(2), Qa(t)) = (i, 5, n,m)). (2.1)

For |z| £ 1,|w| £ 1, define respectively two-dimensional generating functions and one-dimensional
generating functions as follows _
\I/,'(z,'UJ) = Z;;“;o E$=0 Pi,n,mznwm’ "»l’im(z) = Z?:opi,n,mzny 1=0,1,2; 0<m <N. (2~2)
Then we derive the following generating function equations, :
ao(z,w) Yo(z,w) + s 1 (2, w) = 2p2 Tm—o(Yom(2) — Pom (0))w™ + py Em=o(¢1m(z) Y1m (0))w™
+2p2p0,, 0 + 191,00 — A2wpo,1 (2.3
a1z, w) 2 (z,w) +2p12¥2(2z,w) = ~2paw TN _o(Yom (2) = Pom (0))w™ — 1w TN _o (Y1m (2) —1m (0))w™
+p22 Lin—o(P1m (2) = Y1m(0))w™ +2p1 2 Ty (Y2m (2) — thom (0) )™
+122p1,00 + 2112P2,0,0 + A1 zwpo 1 + A2 2wpy o (2.4)
az(z,w)z¥2(z,w) = p2 Jom—o(¥1m(2) = Y1m (0))w™ +2p1 Y0 —o(V2m(2) — PYom (0))w™ + A1zpro,  (2.5)
where ag(z,w) = 2u9(1 — w) — w(Ai(1 - 2) + A2(1 — w)),
ar(z,w) = pp(l —w) —wh(l = 2) + Ae(1 —w) + 1), e2(z,w) = A (1~ 2) + Ao(1 — w) +2p1.
Furthermore, we have the following equations for one-dimensional generating functions,
Bo(2)oo(2) = 2p2p0,0,1 + 191,01 + A2po 1,
Bo(2)om(2) = Aato(m-1)(2) +262P0,0m+1+#1P10m+1, 1 <M SN, (2.6)
Br(2)¥r0(2) = 2p2%00(2) = 220,00 — H1P1,00 + H22P1,0,1 + 212P2,0,1 + A1 2Po,1 + Aoz 0 + 122 (P10, 50
+11(2)0(v=0)) + 2012(P2,0,10{v>0) + ¥21(2){y=0})» ‘
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B1(2)¢1m(2) = 2p2vhom (2)+Aaz9y(m—1)(2) H22%1(m+1) (2)8(m+1>0) F2112%2(m41) (2) S mo4150) —2042P0,0,m
+122P1,0,m+10(m1<0}) — B1P1LOm + 212P20m+10(m11<v)y 1 SM SN -1, (2.7)
Ba(2)¥20(2) = pathro(2) — pap100 — 2119200 + A12p10, -

Ba(2)¥2m(2) = p2tbim(2) + A229y(m-1)(2) — #2P1,0,m — 21P20m, 1< m < v, ' (2.8)
B3 (2)2m(2) = )\21/’2(m-1)(z), v<m<N, . (2.9)
where Bolz) = M(L—2)+ X +2p2,  Bi(2) = 2(M(1 = 2) + g + p2) — pa(1 — 2),
Ba(z) = z(M1(1 = 2) + A2) = 2p(1 - 2), B3(z) = A(1 — 2) + Ao + 2.

3. Determination of the function equations

In this section, we determine the two-dimensional generating functions ¥;(z,w),i = 0,1,2..
Theorem 1. If p < 2, then for every fixed |z| <1,
(i) ai(z,w) has exactly two zeros y;(z), wi(z) for i = 0,1, and as(z,w) has exactly one zero y(z).

yi(Z),'U)g'(Z) — Alil—;)+A:;2§il‘l+(2—i)l‘2 + \/()\1(1—2)+/\2+i.l‘1 ;’iz—l')#2)2—4(2"i)kzﬂz’ 7: — O, 1, (3.1) .
yp(7) = Mll=zlihetdin | (3.2)

(ii) The zeros y,(z),z =0,1,2 are in |w| > 1, and w;(2),% = 0,1 are in |w| < 1. Furthermore, wy(z) # w;(z).
(iii) w;(2) is analytic in |2| < 1 and continuous in |z| < 1 for i = 0, 1.
Using the zeros w;(z),1 = 0,1 and the equations (2.6)-(2.9), we obtain the matrix equation
M(2)(TI(2) - TI(0)) = £(2)P + K(2)P, (3.3)
where  TI(z) = (II](2), IT3(2),%on(2))", P = (P5,P{,P3)", P = (po,0,Po,1,P10)",
and ILi(2) = (Yio(2), -+, ¥in(2))",i= 0,1,  TIz(2) = (¥20(2),--, ¥2u(2))",
Pi = (pio,0,  *»Pio,N)", 1=0,1, P2 =(p2,0,0," *,P200) -
Theorem 2. detM(z) has exactly N 4+ v + 3 zeros z;,1=0,---,N+v+2in |z| < 1. Especialy, zg = 1.
Using the N +v+2 zeros z;,i = 1,- -+, N+v+2, the normalizing condition Wo(1,1)+¥;(1,1)+Ts(1,1)+
Po,0 + Po,1 +p1,0 =1 and the stationary equations:
(A1 + A2 + )p1,0 = Aipop + 2p1P2,0,0 + B2P1,0,0, ,
(A1 4+ A2 + p2)po,1 = A2poo + 411,00 + 212P0,0,0, (A1 + A2)po,o = p1p1,0 + p2po,1,.
(A1 + A2 + 212)P0,0,m = A2P0,0,m—1 + H1P1,0,m+1 + 242P00me1, O <m SN =1
(A1 + A2 + 2p2)po0,0 = A2po,1 + #1P1,0,1 + 2142P0,0,1, )
- we obtain a matrix system with 2N + v + 6 equations for the unknown constants P, P as follows,
P, P =v (3.4)
where v = (0,---,0,1)7 is an (2N + v + 6)-dimensional vector. Solving the system and substituting the
solution into (3.3), we obtain the one-dimensional generating functions ¥;,(2),7 = 0,1;0 < m < N and
Pam(2),0 < m < v, and then substituting these functions into (2.3)—(2.5), we can finally determine the
two-dimensional generating functions ¥;(z, w),0 <1< 2. ’

4. The mean queue lengths and mean waiting times
The mean queue lengths E[Q;] and mean waiting times E[W;] for the queue Q;,7 = 1,2 can be calculated
by the following formulae,

[Ql} = :2_0 az‘I’ (z l)lz—la E[QZ] = z—o awq"(l’w)lwﬂ’ (4.1)
E(wy) = 22, E[W,] = 81, (42)
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