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Lexicographically Optimum Traffic Trees
with Maximum Degree Constraints
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1 Imtroduction

We shall consider a problem of finding an ‘optimum’ tree which is closely related to the network flow problem
proposed by Ford and Fulkerson [5], and regarded as a min-max problem.

Let V be a set of n vertices and ( ) the set of all pairs of distinct vertices in V. Also, let Ty, be the set of
undirected spannmg treeson V. A tree T € 7y with an edge set £ (|E| = n — 1) is denoted by T = (V, E),
and such E is sometimes denoted by ET to emphasize that it is the edge set of T\ Also, the edge e € E
connecting two vertices v and w is denoted by e = (v,w). Assume that a nonnegative value 7., is assigned to
éach pair {v,w} € (2) For aii édge (v,w) € E of a ttee T = (V, E) € Ty, we define a siibtrée of T denoted by
T(v) = (V(v), E(v)) as the connected component of (V, E \ {(v,w)}) containing v, while T'(w) = (V(w), E(w))
is defined as the other connected component. Also, we define the treffic of the edge (v, w) by

t{{(v;w); T) = Z Ty
zeV(v)weV(w)

(In terms of the network flow problem, (v, w), T) is the capacity of the cut dividing V into V(v) and V(w) in
the complete graph K, on V with edge capacities r,y (z,y € V).)
The problem of minimizing

=3 e = 5 d@w;T)rew

e€ET {v,w}e(:)

can be regarded as a min-sum problem, and was discussed by Adolphson and Hu [1], Hu [4], Anazawa (2] and so

on. Especially, Hu [4] showed that the solution is obtained by the Gomory-Hu algorithm (3] when the degrees

of vertices are nof restricted. On the other hand, Anazawa [2] considered a problem of minimizing f with

maxdmum degree constraints and showed that the problem is explicitly solvable under a reasonable condition.
In this paper, we propose another problem regarded as 3 min-max problem. Let

tT =[tT,ef,...,tT_))

be the sequence of traffics in which the traffics of edges in T" are arranged in descending order, that is, tT >
t3 > ... > tI_, holds. For mathematical convenience, if n = 1 then we set 7 = [] (an empty sequence)
The purpose of thxs paper is to find a tree T' € Ty which minimizes £7 lexicographically. We call such a tree a
lezicographically optimum traffic tree (LOTT). If T' is a LOTT, then it is obvious that 7" minimizes

t(T) = { gl‘m{eEET t(eaT) (=' t’{) gz i 3

Hence, we can regacd the LOTT problem as a generalized min-max problem.
In this paper, we shall devote ourselves to a special case when

every vertex v € V satisfies deg(v) < L (4]

for a given integer L (> 2) and
Tyw = 1 holds for all {v,w} € (‘2/) (2)

Note that, in this case, the solution to the LOTT problem for n < 8 or L = 2 is trivial.

- 100 —



2 Definitions

First, we add some notation and definitions. For a vertex set V with [V| = n and an integer L (> 2), let 7y,
be the set of undirected spanning trees on V satisfying condition (1). For a tree T' = (V, E) € Ty, we call
the edges attaining {(T) the mazimum traffic edges of T. In general, a tree may have two or more maximum
. traffic edges. Also, for a subtree T'(v) =.(V(v), E(v)) of T defined for an edge (v,-) € E, let V('u) V\V(v).
When condition (2) is satisfied, we find that t((v,-),T) = [V(v)]- |V (v)] = |V (v)|(n - IV(v)I) holds for any edge
(v,-) € E.

We can easily verify that any tree T € Ty,1, (n 2 2) has a vertex v with deg(v) = m satisfying the following
condition: When subtrees T'(u;) = (V(u;), E(u;)) (i = 1,...,m) of T are defined for edges (v,w;) (i =1,...,m),
|V(w)] < |V(w)} holds for alt i = 1,...,m. We call such v the mazimum traffic vertez of T. Let VT be the
set of all the maximum traffic vertxc& of T. Then |VT| < 2 holds for all T € Ty,;,. If T has two or more
maximum traffic edges with the common end vertex v, then VT = {v} holds. On the other hand, |VT| = 2
(say VT = {v1,v2}) holds if and only if T has an edge (vl,vg) and |V (v1)| = |V (v;)] is satisfied for the subtree
T(v1) = (V(v1), E(v1)) defined for (v3,v2). For mathematical convenience, if T' = ({v},08) then we define the
maximum traffic vertex of T' by v.

Further, for a tree T = (V,E) € TVL and a vertex v € V (m = deg(v)), we define a property called
(n, L, v)-balancedness recursively as follows:

(i) fn =1, then T is (1, L,v)-balanced.
(ii) If n > 1, then let T(u;) (¢ = 1,...,m) be subtrees of T defined for (v,u;) (i =1,...,m). If

me n—1 fn-1<L-1
1 L-1 fn—-1>L-1
and .
T(w) is (n' +1,L,u;)-balanced fori=1,...,r
* (', L, u;)-balanced fori=r+1,...,m
for nonnegative integer n' and r satisfying n — 1 =n'm +r (0 < r < m), then T is (n, L, v)-balanced.

3 Main Result

From these definitions, we can describe the following :

Main Theorem For a given set V with |V| = n and a given integer L (> 2), let T' be a tree belonging to Ty,
and v a vertez withv € VT, Also, let mT = deg(v), and let T(u;) (i = 1,...,mT) be subtrees of T' defined for
edges (v,u;) (i=1,..., mT). Then T minimizes t1 lezicographically in '.TV L zf and only if

r_ [ n-1 ifn—1<L
m =1L ifn—1>1L
holds and o + 1. L) balanced for .
N n + 1, L,u;)-oalan ori=1,...,r
T(w) is { (n', L, w; }-balanced Cfori=r4+1,...,mT
T)'

for nonnegative integers n’ and r satisfyingn —1=n'mT +r (0<r<m
References
(1] D. Adolphson and T. C. Hu, Optimal Linear Ordering, STAM J. Appl. Math., 25 (1973) 403-423.
[2

] T. Anazawa: A Generalized Optimum Requirement Spanning Tree Problem with a Monge—hke Property,
submitted to JORSJ.

[3] R. E. Gomory and T. C. Hu: Multi-terminal network flows, SIAM J. Appl. Math., 9 (1961) 551-570.
[4] T. C. Hu: Optimum Communication Spanning Trees, SIAM J. Comput., 3 (1974) 188-195.
[5] L. R. Ford and D. R. Furkerson: Maximal flow through a network, Canad. J. Math., 8 (1956) 399-404.

— 101 —





