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1. Introduction
The Shapley value and the core are well-known

solution concepts in cooperative game theory. They

have been investigated by a number of researchers.
Most of them treat games with crisp coalitions.
However, there are some situations where some
agents do not fully participate in a coalition, but
to a certain extent. A coalition including some
players who participate partially can be treated
as a so-called fuzzy coalition. The fuzzy coali-
tion, first introduced by Aubin [1,2], is a collec-
tion of players who transfer fractions of their rep-
resentability to a specific coalition.

Butnariu [3] has introduced a class of fuzzy
games and investigated the Shapley function on it.
He has defined the Shapley function as a function
which gives us the Shapley value of a given fuzzy
game for a given fuzzy coalition. However, the
class is unnatural since most games in the class
are neither monotone nondecreasing nor continu-
ous with respect to players’ participation degree;
and hence the Shapley values of them are also
unnatural. He has also introduced the core of
fuzzy games. '

In this study, we define the Shapley function
and the core function, which is applicable to any
class of fuzzy games. The definitions are different
from the Butnariu’s. We introduce a particular
class of fuzzy games G¢(N) and show a Shap-
ley function on it in an explicit form. Further-
more, we show a relationship between a Shapley
function and the core function on a subclass com-
posed of convex games in G¢(N).

2. Notations and Definitions

In this paper, we consider cooperative fuzzy games
with the set of players N = {1,... ,n}. A fuzzy
coalition is a fuzzy subset of N identified with
a function from N to [0,1]. Then for a fuzzy
coalition S and a player 7, S(¢) indicates the i-th
player’s participation degree to S. For a fuzzy
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coalition S, the level set is denoted by [S], =
{i € N | S > h} for any h € [0,1], and the
support is denoted by Supp S = {i € N | S(z) >
0}. The set of all fuzzy coalitions is denoted
by L(N). Particularly, P(N) denotes the set of
crisp subsets of N. For the sake of simplicity, let
LU;N)={S € L(N)|SCUforU € L(N)}
where S C U iff S(3) < U(i) for any i € N.

A fuzzy game is a function v from L(N) to
Ry = {r € R|r > 0} such that v() = 0. G(N)
denotes the set of all fuzzy games. v($) is often
regarded as the least profit when the crisp coali-
tion S is formed. It follows that any crisp game
v is superadditive; and hence monotone nonde-
creasing with regard to set inclusion. This paper
follows this interpretation.

In this paper, union and intersection of two
fuzzy sets are defined as usual, i.e.,

(SUT)(t) = max{S(:),T(¢)}, Vi€ N,
(SNT)(¢) = min{S(),T(¢)}, Vi€ N.
Then we introduce convexity into fuzzy games as

follows:
Definition 1 v is said to be convez if

v(SUT)+v(SNT) > v(S) + v(T),

VS,T € L(N).

3. A Shapley Function and A New
Class of Fuzzy Games

We define C-carrier for U as an extension of car-

rier for V € P(N) in order to define the Shapley

function.

Definition 2 Letv € G(N) andU € L(N). S €
L(U; N) is called a C-carrier for U if S satisfies:
v(SNT)=v(T), VTeLU;N).

Moreover, we make the following definitions
to define the Shapley function.

Definition 3 For S € L(U;N) and i,j € N, let
S5 be defined by

min{S(:),U(5)}, if k=4,
Sj(k) = ¢ min{S(5),U®)}, i k=7,
S(k), otherwise.
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Definition 4 For S € L(N), let P;;(S) be a fuzzy
" coalition defined by

Pi;[S)(k) = { S@), if k=4,
S(k), otherwise.

We define the Shapley function as follows.

Definition 5 Let G'(N) be a class of fuzzy games,
i.e. G'(N) C G(N). A function f from G'(N) to
(R’_f_)L(N) is said to be a Shapley function on G'(N)
if [ satisfies the following four azioms.

Axiom Cy: Ifv € G'(N) and U € L(N), then
Yien fi()(U) =v(U),
fi(w)(U) =0, VigSuppU,

where f;(v)(U) is the i-th element of f(v)(U).

Axiom Cs: Ifve G'(N), U € L(N) and T is a

C-carrier for U, then

fi)(U) = fi(v)(T), VieN.

Axiom Cs: Let v € G'(N) and U € L(N). If

o(S) = v(SY) = v(Py[SL]) for any S € L(U; N),

then

fi()(U).

fi(v)(U) =
Axiom Cy: Let U € L(N). For vi,v3 € G'(N),
) =

let v +vo € G'(N) be defined by (v1 + v2)(S

v1(S) + v2(S) for any S € L(N). Then
filvr +v2)(U) = fi(va)(U) + fi(v2)(U),
VieN.

Now, we shall define a particular class of fuzzy
games. In the class, we can obtain a Shapley
function in an explicit form.

Definition 6 For S € L(N), let Q(S) = {S(?) |
S(i) > 0,72 € N} and let q(S) be the cardmalzty
of Q(S). We rewrite the elements of Q(S) in the
increasing order as hy < -+ < hys). Then v €
G(N) is said to be a fuzzy game ‘with Choquet
integral form’ iff the following holds:
" q(S)
v(8) =3 v([Sn) - (bt — hi=1), VS € L(N),
=1 ,

where hg = 0. We denote by Go(N) the set of

all fuzzy games with Choquet integral forms.

The class defined above is more natural than
Butnariu’s, as shown in the next theorem.

Theorem 1 Any v € G¢(N) is monotone non-
decreasing and continuous with regard to players’
participation degree.

We obtain a Shapley function on G¢(N).

Theorem 2 Let f be a function from G¢c(N) to
(R”)L(N defined by
q(U)

Zf

where f'(v)(V ) zs the Shapley value of the crisp -
game v for V. € P(N). Then f is a Shapley
function on G¢(N).

([Uln,) - (he = hi=1),

Theorem 3 f;(v) is monotone nondecreasing
and continuous with regard to players’ participa-
tion degree.

4; The Core Function

We define the core function which maps a pair of
fuzzy game and a fuzzy coalition to the core.

Definition 7 Let G'(N) C G(N). A core func-
tion C from G'(N) to (P(R2))XN) is defined by
C(v)(U)

z € R}

Z z; > v(S5)

t€Supp S
Vv € G'(N),

S € L(U; N)

VU € L(N).

If v is nondecreasing with regard to set inclu-
sion, we have

ZiESupp sZTi >wv(S), VSe€L(U;N),

= zieSupp sTi 2 v(S),
VSe L(U N),
st. S(i) € {0,U(i)},¥i € N.
Let Gec(N) = {v € G¢(N) | v : convex}.

We have a relationship between a Shapley func-
tion and the core function on Ggc(N).

Theorem 4 For any v € Gec(N) and for any
U € L(N), f(v)(U) defined in Theorem 2 co-
incides with the center of gravity of the eztreme
points of C(v)(U).
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