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A Simple Example of Weighted Majority Games
with Undesirable Deegan-Packel Indices

01206500 Masayuki SHIDA - Kanagawa University

1. Introduction

For the weighted majority games, several value concepts for measuring voting power have
been proposed by Shapley and Shubik (1954), Banzhaf (1965) and Deegan and Packel (1978).
Among these three indices, we shall briefly discuss the validity of the Deegan-Packel index.

Let n be a positive integer which denotes the number of players P := {1,--- ,n}. The
weighted majority game is a sequence of nonnegatwe integers G = [q : wy,wo, "+, Wy)

satisfying the condition that w; > 0 and 3 z wp < g < Z w, where the integer ¢
' peP peP

denotes the quota for winning the game and each w, (p € P) denotes the voting weight of

player p. A winning coalition is a subset S of players P such that Y w, > ¢. A winning
peS )

coalition S is called minimal if S is minimal in the sense of set inclusion. We denote the

famlly of all minimal winning coalitions by Qnin. The Deegan-Packel indez 7, for player p

is defined by ‘

1 Z _1___ lf{S’pESGQnun}#m’

Yp = lQminl PESENmin | I (1)
if{SpESEQmm}Zm

1 . . |
The factor —— is to normalize the voting power, and hence Z vp = 1. Note that the

IQmml :

pEP
Deegan-Packel indices may not preber\e the order of the weights, i.e., wy > wy > -+ > w,
does not implies y; > 7o >+« > 7. To clarify the reason for the undeslrablhty, we give a

simple example of the w nghtt‘d majority games.
2. Simple Example
Let m > 2. Consider the following weighted majority game with 2m + 1 players:

‘ 2m—1
[q: wi,we, s, - wopgt] = [-m2 +m:m?2m?-m,1,---,1].

It is ed.sﬂ') verified that cach minimal winning (oahtlon in this weighted majority game is
of onc of the following two types: {1, 2} or {1,i ;1 €I C{3,---,2m+1},|I| = m}, te.,
Qiin = {1,2} U {l,i 1 i € I C {3,---,2m + 1},|I| = m} zmd |Qnin| = 1+2,,,,'_1C:,,.,}.
Therefore, the Deegan-Packel indices of this weighted majority game are as follows:

1 (1+ 1 'C‘> o 1 y
= 1 + ‘Z'r"'-—icl“» 2 m + 12'“ trm ) e 1 + '21‘/1—1Cm .23

1
.m',' ft X X T, — " Cm.-— t = 3 e 2 n 1 .
" I+ '2‘!:1-—10,” m+1 2mn—2 1 ( or i , m+ )

—

Therefore, y) > 3 = - -+ = Yam41 > 72 though wy > wy > wg = - -+ = wo41. Morcover, we
. have the following asymptotic behavior of the Deegan-Packel indices: (for @ = 3,---,2m+1)
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P o) - 0 .though wi = O(m?) —>. 00
2m+1 2m41
Y1—=0,7%—-0 Y vm—1 w > we > Y w
=3 } : =3

Repeatedly, we note that

o the Deegan-Packel index ; of each player i (¢ = 3,---,2m + 1) converges to 0 in the
same order as that v, of player 1 asm — o (the ratio y; /7 of the indices converges to
1/2, though the ratio w;/w, of the weights converges to-0). Note that every (minimal)
winning coalition contains player 1. .

e the Deegan-Packel index «, of player 2 conv erges to 0 as m — oo much (exponentially)
faster than that v; of each player i for i = 3,--+,2m + 1, though the ratio ws/w; of
weights dlverges to oo.

2m+1 o . : i
e the sum Z 7; of Deegan-Packel indices of players 3 to 2m + 1 converges to 1 though
=3 .
the sum of their weights is less than that of player 2.

Note that only minimal winning coalitions are considered in the definition (1) of the
Deegan-Packel index. Since player 2 fails to be a member of many minimal winning coali-
tions by its heavy weight, the sum in (1 ) for the player 2 have only one term of 1/2, whereas
the sum for each player i (i € {3,---,2m + 1}) consists of exponentially many (O(2™))
terms of 1/0(m). The kind of wmbmatorla,l explosion leads to the undesirability. Note
that n = 5 (m = 2 in our example) is enough to explode. Recently, Ogawa (1998) theo-
retically showed that the smallest number of players in the weighted majority game with
undesirable Deegan-Packel indices is equal to 5. Smallest example with undesirable Dcegcm-v
Packel indices is G =[5 : 3,2, 1,1, 1]. Sunple.st example in the sense of the number (=3) of
minimal winning coalitions is G = [8: 5 13,21 1]

Remark. The Shapley-Shubik index yg¢g and the Banzhaf index yp of the game are:

o 5m + 3 m+1 m 51 1

LA [4(‘2171, + 1) 4(2m + 1)’ 2(2m — 1)(2m + 1) v 88 O(m)’ o ] ’

o [3 1 9m-2Chn ‘ 31 -1
o= [P ~ livomm |
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