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AGeneralizedOptimumR′equirementSpanningTreeProblem  
WithaMonge－1ikeProperty  
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且 ‡mも『OdⅦC七五om   

WebeginbyintroducingtheoptimumrequiTYmentSPannin9treePrOblem（ORSTproblem）studiedbyHu［5】，  

Whicllhasmotivatedourstudies・LetV＝（0，1，・・・，n－1）b？aSetOflLVertices，（首）thesetofallpairsof  
distinctverticesinV，andTthewholesetofundirectedspannlngtreCSOnl′．A treeT∈Twithanedgeset  

E＝（（v，u）lv，u∈V）isdenotedbyT＝（VE）conventionally・Assumethatanollnegativeval－1ert‖▲ 

． 

f（T）＝∑｛v，㍗｝∈（㌢）d（v，u；T）rvu，Whered（v，u；T）isthelengthofthepatllbetweenvanduonT・Heshowed  

tllatatreemlnimizingfisobtainedbytheGomory－Hualgorithm［4］whcndcgreesofvcrticesarenotrestricted・  
ORSTproblemhasbecnextenedbyAnazawaetal・［2，3］andAnazawa［l］indi鮎rentmanners・Theairr10f  

thispaperistogeneralizetheproblcmandresultsdiscussedintheliterature．Forgeneralizatioll，Wede且nca  

duⅢmyVerteXaSaVerteXWhosenumberisgreaterthann－1，andassmethatrvu＝Oholdsifvoruisdllr（1my．  

HereweconsidertheproblemtofindatreeT∈TmiIlimiesafunctionf9（T）＝∑（v，u）∈（㌢）g（d（v，u；T））rl・1▲  

u11derconstrainttllatdeg（v）≦lvholdsforallv∈V（calledmaximumde9reCOn血int），Whereg（x）bcan  

arbitraryreal－ValuedfunctionofrealYariablexsuchthatitisstrictlyincreaslngOn［0，n－1），andlvisgiven  

toeachvertexv∈V・Wecal1thisproblema9eneralizedoptimumrequremcntspannin9treePrVblcm（GORST  
problem），an（lasolutiontothisproblemanfg－OPtimumtree・OurmalnaSSertiononGORSTproblel－1inthis  

paperistheb1lowlng：   

Main甘heorem鋤p∂5e如£Jo≧Jl≧…≧㍍＿1α乃d∑：三言J〃≧2（乃－1）加gd・〝（r川）βα紘所eβrリu十rv′u′≧  

γ”U′＋γt九わrαJり一ね〆e（u，γ‘，叫〟）（†′＜γ′，u＜－りβ祝C九兢αfruu，r山▲・，rⅢ′几mdrれα柁αJJdぴれed「（氾gged  

Monge－1ikeproperty），thenr d所nedbelowisムーOPtimum・   

Definitionofr：Wesets＿1＝0，So＝lo，S．．＝Su＿l＋（lu－1）（u＝1，2，．・・）andletNbetheminimuminteger  

Satisfyingn－1≦sN～1；alsowedefineafuIICtion7rOn・aSet（1，2，‥・，n－1）by  

〈 

視  ifβu－1＋1≦u≦β祝 brll＝0，1，2，…，Ⅳ－2  

Ⅳ－1 ifβⅣ＿2十1≦u≦乃－1  
町（u）＝  

andletE♯＝iel，e2，・・・，en－1），Whereev＝（7T（v），V）（v＝1，2，…，7い1）・Thenwcobtainr＝（V，E＋）．   

Asthenameindecated，Monge－1ikepropertyiscloselyrelatedtotheMongeproperty，Whichisorlglnally  

discussedinthe classicalHitchcocktransportation problem，andis known to make some NP－hard problems  

efficientlysoIvable（see［6】）・   

2 P『e且五m五maI・五es amd皿emmas   

For agraph G＝（VE）andふsubset U⊂V，aSubgraph GnUis defined by aforest Gl＝（U，E／），  

Where E’＝（（v，u）∈E（v，u∈U）；While asubgraph G＼Uis defined by aforest G′′＝（V＼U，E′′），  

Where E′′＝（（v，u）∈EIv，u∈V＼U）・For arooted tree T＝（V，E）∈T and a vertex v∈V，1et  

X（v）＝（叫vistheparentofu）・ForapathP＝（ul，u2，・・・，uk）ofatreeT＝（V，E）∈T，letFbeaforestdc－  

finedbyF＝（V，E＼（（ul，u2），（u2，u3），‥．，（uk＿1，uk））），andT（ui）＝（V（ui），E（ui））（i＝1，．．．，k）theconnected  

COmpOnentSeaChofwhichcontainsui・WeregarduiaBtherootofT（ui）inthesequel・Anedge（v，u）suchthat  

VOr聖isa卓u禦myVerteXi㌔Ca11edadummyed9e・FbratreeT＝（V，E），WeWills聖netimesconstructanother  

t・reeT＝（V，E）satisfyingT＼（dummyvertices）＝T・Thenitisobviousthatム（T）＝fg（T）holds・Suppose  
thatatreeT＝（V，E）∈Tsatisfie隻thelP聖imumdegrceconstraintandapathP＝（ul，‥・，uk）（k＝20r3）  

OfTisgiven・ThenweconstructT＝（V，E）byaddingdT！mmyVe中CeSaTdedgestoT，andsimultaneously  
introduceanisomorphismcrpasfo1lows‥LetusconstruCtT（ui）＝（V（ui），E（ui））（i＝1，k）byaddingdllmmy  
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verticesand edges toT（ui）＝（V（ui），E（ui））（i＝1，k）defined forPsothatwe can defineanisomorphism  

oTp：ウ（ul）→ウ（uk）9tisfying（i）qp（ul）＝uk，（ii）（qp（w），Crp（w／））∈E（uk）ifandonlyif（w，W′）∈虐（ul），  

and（iii）foranyv∈V（ul），lx（v）I＝lNIorlx（cTp（v））E＝lN’1holdswhereN＝（w∈x（v）Iw≦れ－1）and  
N’＝（wl∈x（gp（v））lw′≦n－1）・Wecallsuchanisomorphismqp aforcedisomorphismforP・AIsofor  
fandcrpde餌edabove，WeCOnSiderthebllowingtransformationofテwhiclll一間reducethejもvalue‥Let  

tb＝（v∈ウ（ul）Ev＞gp（v）），andexchangevandLTp（v）forallv∈tt．Wecallsuchatransformationbiasin9  
withrespecttoqp．FurtherletfIbeatreeobtainedfromテbybiasingandT′＝fI＼（dummyvertices）．  

Lelll111alブリJ・ヾり／・ヾりり／…・h山一り／呵／り●r′‖＝Jべ・山、ノi・J仙・〃＝J…川川・／・〃…・川J′・ヾ／川川／，  

Lemma2〝（れ川）βα£哀訴eβ〟0γlタe－J盲たep和per軌班eれム（r′）≦ム（r）ん0協・   

Here we show some properties of the tree r ＝（V，E＋）satisfyinglo ≧ll≧・・・≧ln＿1・Let了ブ ＝  
rn（0，1，・‥，Z／－1）（l／＝1，2，…，n）besubtreesofthetreer・  

Lemma3凡reαC九Tニ（〃≧2），Jeモア＝（uh餌2，…，恥）わeα乃αrゐ盲かⅥrypα班0／㌍βαf哀痛哀叩机＜’恥，αTld  

letm＝L喜」whereLrJisthema∬imumintqgernotexceedin93・771enui＜uk－i＋1anddeg（ui）≧deg（uk－i＋1）  
九〃Jdわr豆＝1，2，…，m．  

LeITlma4エe亡rむeα如ecoれね査m哀れタα5祝わけee7ブ仰α士官β，rn（0，1，…，リー1）＝㌍ノ，αmdア＝（町‥・，㍑ん）（た＝  

20r3）化れαrみ血ry卵塊0／r・凡ご加古reeTαれd血p呵P，Je£テわcα血mm哀紗αdded如eo…ん坤α  

♪rced虞βOmO叩ん戎βmJpねdぴmed，r′α打ee oわね亘れed丹那柁rわ訂む戎αβ如軋助re叩eCとねαp，αれdr′＝r′＼  

（血γ′lmyUe†斬ceβ）・爪印r′αねocomねわ乙βT：・  

3 ProofofMainTheorem（Outline）  
LetT＊∈Tt－ethetreestatedinMainTheorem，alld7bptthesetoff。－Optimumtrees・Byusil－gLemmas2  

and4，WeCanShowthatrmustbelongto7Lpt・   

4 Application  

Letverticesberegardedasnetworkhosts，edgesasnetworkcables，a11d（rt，u）asrclativefrequenciesofconl－  

Inunication．AIsoletp（T；k）denotetheprobabilitythatarequestofcommunicationisnotrealizedonatrec  

networkT＝（V，E）withkfailures・Undersomecoll（litiollS，P（T；k）iscxpresscdby∑（t・，u）∈（；）g（d（v，u；T））rvtl  

where  

∑
 
 

g（ェ）＝1－  

（7）告1）  

andcki4＝Pr（iverticesandjedgesarebrokendownIi＋jfai1ureshaveoccured）・Notingthatg（x）isstrictly  
increaslngOn【0，n－1），、Wefindthatrde蝕edaboveminimizesp（T；k）払ranyk（0＜k≦2nTl）iflrvu）  

SatisfiesMonge－1ikeproperty．   
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