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In this paper，We COnSider a multiple server  

queuewithMarkovianarrivalprocess（MAP）and  
exponentialservicetimedistribution・Thedepar－  
tureprocessofaMAP／M／cqueueisfirstinvesti－  
gatedandtheALLSToftheprocessisidenti丘ed  
intermsoftheMAPandtheexponentialservice  

rate．TheALLSTsofasuperposeddeparturepro－  

CeSSandarandomlysplitteddepartureprOCeSSare  

alsoderived．Weapplytheselimittheoremstothe  

asymptoticanalysIS Ofthe tai1behavior of七WO－  
StageCOmpOSitetandemqueues andshowexpo－  

nentialdecayofthestationarydistributions・Our  
analysisisbasedonamatrixalgebraicapproach  

andisverydi鮎rentfromthosein【1，4】．   

2。甘beD叩甜七Ⅶre】恥ocessofa■MAIP／M／c  

QⅧeue   

Wb consider the fo1lowing stable MAP／M／1  
queue・ThebackgroundMarkovchainoftheMAP  
hasanirreduciblerepresentation（Ao，Al）where  

Al（Ao，reSpeCtively）governs transitions with  

（without，reSpeCtively）anarrival．Theservicerate  

is FLk Whenthereare kcustomersinthesystem．  

Wt assumethat O＜FLk≦FLfork＝1，…，C－1  

andILた＝FLfor k＝C，C＋1，…．Note that a  

MAP／M／cisaspecialcasewithFLk＝kp／cfor  
k＝1，…，C－1．Let Dn denotethenthdepar－  

七山re epoch with the convention Do≡0．The  

queuelng prOCeSS Observed just after the depar－  

ture epoch fbrms a discrete time Markov chain  

（（丸，Lt）；れ≧0）whichisergodicbythesta－  
bility condition．The stationary distribution of  

（（丸，ん））isdenotedby罰・＝（Ⅳた）with7Tk＝  

（汀㈲），汀㈲＝1i恥→∞P（（軋ん）＝（頼）・   
Wbdenotebyu（k，i）（e，j）（s）theLaplace－Stieltjes  

transform（LST）oftheinterdeparturetimecon－  
ditionedonthenumberofcustomersandstatesof  

theMAP，thatis  

鮎…（β）＝上∞e‾βt  

dP（β1≦£，（軋fl）＝（叫（丸ふ）＝（た，盲））  

Abs七『aC七 The departure process ofa MAP／M／c  

queueisfirstinvestigatedandthea5ymptOticlogarith－  

micLaplaL：e－StieltjestranSform（ÅLLST）ofthepro－  

CeSSisidentifiedin termsoftheMAPand theexpo－  

nentialservice rate．The ALLSTs ofthesuperposed  

departure processand the randomly splitted process  

arealsoobtained．W占apply theselimit theorems to  

the asymptoticanalysis ofthe tailbehavior oftwo－  

StageCOmpOSitetandemqueuesandshowexponential  

decayofthestationarydistributions．  

皿．Im七どく）duction  

Itis wellknown thatin hirly generalslngle－  

Stage queueS，thestationary waitingtimedistri－  

butiondecaysexponentiallyfast．Considerasin－  

gleserverqueueWithastationarysequenceofin－  

terarrivaltimes（7h）・Ifthea5ymptOticlogarith－  

micLaplace－Stieltjestransform（ALIJST）¢（s）＝  

limn→∞n－1logE（exp（－S∑g＝1Ti））existsandthe  

service time distribution satisfies certain condi－  

tions，then  

J曳び‾1logP（Ⅳ＞ぴ）＝－∂  （1）  

andthedecayparameter6isdeterminedby¢（s）  
andtheLSToftheservicetimedis七ribution［2］．  

IntandemqueuesorqueuelngnetWOrks，anar－  

rivalprocess to one queueisformed by depar－  

tureprocessesoftheotherqueues．Thus，tOap－  

Plytheaboveasymptoticresulttoqueueingnet－  

WOrks，WeneedtoinvestigatethedepartureprO－  

CeSS・Chang【1】considered adiscreteもime sin－  

gleserverqueuewithconstantservicerate・As－  
Sumingth争teXternalarrivalssatisfysamplepath  
largedeviationprlnCiple，hederivedarelationbe－  

もWeenthe ALLSTs ofthe arrivaland departure  
proces・0’Connell［4Jobtainedasimilarresult  
for aslngleserver queuewith stochastic service  
times・Thoughthese results are potent toolto  
analyze queuelng netWOrks，it seems di伍cult to  

extendthemtomultipleserverqueuessincethe  

analysisisessential1yba5edonthe工ノindleyequa－  
tion．  
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andletU（s）＝（u（k，i）（e，j）（s））・Tbmakethedepar－  

tureprocessstationary，WeaSSumethat（hb，ふ）is  
distributed accordingto thestationarydistribu－  

tionれThen，thelogarithmicLSTofnthdepar－  

tureepochwillbeglVenaS  

TheALLST6（s）ofthesplitteddeparturepro－  
CeSSiXpreSSedintermsoftheALLSTQ（s）of  
theorlglnalprocess．・  

Theorem3 6（s）＝logG（exp（¢（s）））．   

4・Application to Two－Stage Composite  
Tandem Queues   

Wbconsideratwo－Stagetandemqueuewherethe  

firststageconsistsofKlindependentMAP／M／c  
queues while there are K2Slngle server queues  

having generalservice time distributionsin the  

SeCOndstage・W占writejthqueueintheethstage  
asQ；（e＝1，2；j＝1，‥・，Ke）・Acustomerwho  

COmpletestheserviceinthefirststagemovesto  

OneOfthequeuesinthesecond stageaccording  
） toaMarkovianrdutingdiscipline・Letp5‡bea  

probabilitythatthosewhodepartfromQ主will  
beroutedtoQ言giventhatthepreviouscustomer  
wenttoQ？．underthissetting，Nk＋1－Nkin  

Section3fb1lows adiscrete phase－type．distribu－  

tionanditsz－tranSformcanbeea5ilycalculated  

fromP（た）＝（p5‡））・Notethatthearrivalprocess  

intoQ言isasuperpositionofdepartureprocessesof  

Q主（k＝1，・・・，Kl）thatareroutedtoQ3・There－  
fore，theALLST4・j（s）ofthearrivalprocessinto  

Q3canbeobtainedbycombiningTheoremsl，2  
and3・Assumenowthat4・j（s）＋loghj（－S）＝O  

hasapositivesolutions＝6jwherehj（s）isthe  
LSToftheservicetimedistributionofQ3・Then  
thedistributionofthestationarywaitingtimel竹  
inQ言decaysexponentiallyas  

limw，1logP（明＞w）＝－ち t〟→00  
asindicatedin（1）・   
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n－1logE（exp（－SDn）  （舟，ふ）室町）  
＝m‾1log訂し叩（βけ丁．  

Let f（s）be the Perron－Ftobenius eigenvalue of  

Al（st－Ao）‾1anddefineabivariatefunction  

g（β，エ）＝J（β＝トーL                     〃‾エ  
Also let zo be the unique positive solution of 

9（0，X）＝1anddefine  

（ごl－β≦ご≦0），   0≦β≦和，  

（∬l－β≦ヱ＜ご0－β），〇0＜β．  〈  
ど（β）＝  

Then，4・（s）isgivenbythenexttheorem．  

Theorem14・（s）＝inf。∈f（s）log9（s，X）・  

Itis observedfrom this theorem that FLk（k＝  
1，・‥，C－1）doesnota鮎ct4＞（s）providedpk≦p．   

3・SuperpositionamdRandomSplitting   

SupposethereareKlqueueS MAPi／Mi／ci（i＝  
1，・‥，Kl）operatingindependentlyofeachother．  

The ALLST¢i（s）of MAPi／Mi／ciCan be ob－  

tained from Theoreml． Let Ni（t）be the  

number ofdeparturesfrom MAPi／Mi／ciduring  
【0，t）・Ftomtheinversiontheorem［3］，4，i（s）＝  

limト→∞t－1logE（exp（－SN（t）））existsandisgiven  

by－¢5－1）（－S）where¢！‾1）（s）istheinversefunc－  

tionof¢i（s）．Let6（s）betheALLSTofthesu－  
perposedprocessconsistingofKindependentde－  

partureprocesses．  

Theorem2 6（s）＝¢（－1）（s）where4，（s）＝  
∑た14，i（s）．Inparticular，if¢i（s）＝¢1（s）fora11  

i＝1，‥・，Kthen6（s）＝¢1（s／K）．   

Next，WeCOnSidertheALLSTofaprocessob－  

tainedbysplittingtheorlglnalprocessbycertain  

routing discipline．Suppose there are K2pOSSi－  

bleroutes・Let（賄；k＝1，2，・・・）bearandom  

SequenCeOfcustomerswhoselect（say）・rOutel．  

Weassumethat（Nk・l－Nk）formsani・i・d・S  

quenceofrandomvariableswhosez－tranSformlS  

denoted by G（z）＝∑註1ZnP（Nk＋1－Nた＝n）．   
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