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A NOTE ON THE DISTRIBUTION OF
THE TIME OF THE FIRST k-RECORD

01303783 EAIAZ EEXF TAMAKI Mitsushi

We explicitly give the probability mass function and the probability generating function of the
first k-record index for a sequence of independent and identically distributed random variables that
take on a finite set of possible values. We also compute its factorial moments.

1. INTRODUCTION AND SUMMARY

Let X, X5, ... be independent and identically distributed finite-valued random variables with
probability mass function

pi=PX=i},i=1,..,m
For a fixed positive integer k, k>1, the random variable
T= Mn<n: X=X for exactly k of the values i,-i=1,...,n}

is called the first k-record index.

Adler and Ross[1] determined the first two moments of T via a recursive formula for its
probability generating function obtained by conditioning on a random variable T}, which is defined
as the first k-record index when the observed random variables have probability mass function

P{X =i} = F?f_ﬂ);., i=j, .., m.

In this note, we derive the probability mass function and the probability generating function of T
explicitly and then determine its factorial moments.

THEOREM
Leta; = pj+...4pm, 1 = 1,...,m. Then the probability mass function of T is given by
PT=ny=5 pi( 2 )aii(t -apk k 1
{T=n}=) pi by JaL-a)M nak. (1)
i=1 -

Moreover the probability generating function P(s) = E‘iST] is given by

m
P(s) = - __a_is__)k“. 2
PROOF Let Pj(s) = E{ST:'], j=1,...,m. Then Adler and Ross[1, Theorem 1] give a recursive

formula

. : s _
Pj(s) = %—sk + (1 -%s) Pj,,l(——_a—&-ﬂ_—-), Jj=1,....m-1

which, combined with P(s) = sk, can be easily solved to yield



Pj(s) = Z %(aj -(3j- a')s) A

Thus, since a;=1, we have

Ps)=Py(s) = S s (St
© =P = > pis ()

which yields (2). (1) is immediate from (2), because (ﬁ)kl denotes the probability generating

function of the negative binomial random variable with parameters k-1 and a;, and hence can be
expanded into

(1 (T-Z)s)kl i(ﬁ;)a.k I(1 - a;)n-kgn-1,

Thus the proof is complete.
The following corollary gives the factorial moments of T.

COROLLARY
Forj=0,1,2,.,

H(T+j-1)(T+j-2)..(T-D]= Y p;

s i=1

PROOF Forj=0,1,2, ..., we have from (1) that
H(T+j-1)(T+j-2)...(T-1)]

(k+j -1) (k+_; -2\ (ka}\

= ) (ntk#j-1)(n+k+j-2)...(n+k-1)P{T = n+k}
n=0

= (k4j-D(kj-2)...(k-1) Y Piaik'l{ 2 (Mk;”l)(l - aa)“}
i=1

n=0
m
= (k+j-1)(k+j-2)..(k-1) ) piag*-lay ),

i=1

which is the desired result. The last equality follows from the well known identity(see, e.g.,
Ross[2], p. 153)

o (n+k+j- .
Z (n+ :‘, 1)(1 -a)' =ak+),  O<a<l, k+j=l.
n=0
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