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1 Introduct，ion  

LetG＝（V，E）standforanヮndirectedmulti－  

graph with a set of V of verわces and a set E  

Of edges，Where an edge with end vertices u and  

t，is dellOte（1by（u，V）．For two disjoint subsets  

X，Y⊂V，We denote by EG（X，Y）the set of  

edges，OneOfwllOSeendverticesisinX andthe  

otherisin Y，and by cG（X，Y）the number of  

e（二IgesinEG（X，Y）．Inparticular，EG（u，V）implies  

the set ofedges with end vertices u and v，and  

cG（u，V）＝FEG（1L，tT）l．We denoten＝lVL，e＝  

LEl・ForavertcxsetX⊂V，（v∈Vl（u，V）∈E  

forsome u∈X）is cal1ed aneighborsetofX，  

〔1enotedby rG（X）．A cutisdefinedas asubset  

X ofVwithの≠X≠V，andthe sizeofcut X  

isdenotedby cG（X，V－X），Whichmay alsobe  

writtenascG（X）・IfX＝（37），CG（x）denotesthe  

degreeofvertexx．Acutwiththeminimumsize  

isca11eda（global）minimumcul，anditssize，deT  

notedby入（G），iscalledthe ed9e－COnneCtivityof  

G．Thelocaledge，COnneCtivity入G（x，y）for two  

Vertices x，y∈Vis defined to be theminimum  

Size ofa cしItin G that separatesこごand y．Itis  

knownthatthereare入G（x，y）edge－disjointpaths  

in G for everyご，y∈V［1］・A separaioris de－  

fined as a subset S ofV with¢≠S≠V such  
that the removalof Sin Gleaves atleast two  

COlOnelltS・IfG≠K］”aSeparatOrWiththe  
mlnlmulnSizeis 

． 

t，he vertelて－COnneCわuity of G．If G ＝ K・，，＾，de一  

鮎1erC（G）＝n－1・Thelocalvertex－COnneCtivity  

KG（x，y）for two vertices x，y∈Vis defined to  

bethenunlberofvertex－disjointpathsbetweenx  

andy，andIt（G）＝min（FCG（x，y）Ix，y∈V）holds・  

ForaseparatorS，Psdenotesthenumberofcom－  

p？n？ntSinC－S・Letβ（G）：＝maX（Ps：Sisa  

mlIllmumSeparatOrinG）．   

Given（i）alnultigraphG＝（V，E），（ii）thede－  

nla・ndfunctiollγ1（x，y）∈Z＋（Z＋‥thesetofnon－  

negativeintegers）foreachx，y∈V，（iii）thede－  

mandfunctioIlγ2（n：，y）∈Z＋foreachx，yE V，  
り－い‥有り り′′・J′・げ／‥・イり′川・・・／′＝／′‥り呵′′′川／り／｛＝  

PrOblem，denoted by EtAP asks to augment G  

byaddingthesmallestnumberofnewedgestoG  

sothattheresultinggraphG／satisfies入GI（x，y）≧  

rl（x，y）foreachx，y∈VandFCGI（x，y）≧r2（x，y）  

fbr each x，y ∈ V．When the demandfunc－  

tions rland r2Satisfyrl（x，y）＝k∈Z＋for  

each x，y∈V and r2（x，y）＝l∈Z＋for each  

x，y∈V respectively，thisproblemisdenotedby  

EVAD（k，l）・Withoutlossofgenerality，k≧lisas－  

sumed．Whenr2（x，y）＝Oholdsforeachx，y∈V，  

this problemimplies the ed9e－COnneCtimty au9－  
meniaiionproblem．Whenrl（x，y）＝O holdsfor  

each x，y∈V，this problemimplies the vertex－  

・川川・・・／椚り／り′り／仙‖／り／′り′′ノりいん／川′．   

2 Definitions  

AparlitionXl，…，XtofvertexsetVmeansa  

family of disjoint nonempty subsets of V whose 

unionis V，anda subpartitionofV meansapar－  

tition ofa subset ofV．   

2．1Edge－Splitting   

Weintroduceatoolthatishelpfu1tosolvethe  

edge－COnneCtivity augmentation problem，Called  

e勾e一軍損有明．   

Given a multigraph G ＝（V，E），a desig－  

nated vertex s∈V，Vertices u，V∈rG（s），alld  

anonnegativeinteger6≦min（cG（s，u），CG（s，V）），  

we construct graph Gl＝（V，E／）from G by  

deleting∂edges fromEG（s，u）and EG（s，V），re－  

spectively，and addingnew∂edges to EG（u，V）・  

Thatistosay，G′satisfiescG（（s，u）：＝CG（s，u）－6，  

cG′（5，り：＝ CG（β，γ卜∂，CG′（叫り：＝ CG（笹ル）＋∂，  

andcGI（x，y）：〒CG（x，y）forallotherpairsx，y∈  

V・AsplittinglSCOmPleteifG／doesnothaveany  
neighbor of s. 

Theorem 

． 

α乃d入G（ご，y）≧2ノbγe靴γypα豆γ竺，y∈Ⅴ－β・rんe乃  

わγeαCんe勾e（β，祝）∈β亡んe7－e Zざedge（β，γ）∈β  

打沈Cん摘αと入G′（諾，y）≧たわγ♪γeγeγypα五γ諾，封∈  

一206－   

© 日本オペレーションズ・リサーチ学会. 無断複写・複製・転載を禁ず.



l’－メ′′イ′川（ノJ′・ヾ′／′‥川′／／川…川J′／川ん′り＝＝－／Jり／  

叩損有明（5，㍑）α乃d（β，り．  □   

ThissaysthatifcG（s）is even，thereis always a  

SequenCeOfpalrSOfedges，Whosesplittingtogether  

glVerisetoacompletefeasiblesplittingats．   

3 TheEVAP（k，2）  

In this section，We Show that the EVAP（k，2）  

with an arbitrary k can be solved in polynomial 

timewhentheinputgraphisconnected．Incaseof  

theinputgraphisnotconnected，theEVAP（k，2）  

Can be solvedin the same manner，but for sim－  

plicity，We aSSume that theinput graphis con－  

nected．TheEVAP（k，2）whentheinputgraphis  

COnneCtedisthefollowlng：  

Input：AconnectedmultigraphG＝（V，E）  

andanintegerk≧2，  

Output：GI＝（V，EUF）whereFisthesmallest  

numberofedgesetwith  

入（G′）≧たand  

K（G′）≧2．□   

Tosolve EVAP（k，2），itisnecessaryto add at  

leastk－CG（X）edgestoEG（X，V－X）foreach  

¢≠X⊂V，tOaddatleast2－IrG（X）ledgesto  

EG（X，V－X）foreach¢≠X，V－X－rG（X）⊂  

V，and to add atleast bs－1edges to connect  

COmPOnentSOfG－SforeachseparatorS．Hence  

alower bound ofthe number that must be added  

toGtosolvethisproblemispresentedasfollows：  

TheLowerBound7（G）：  
7（G）＝maX（「α（G）／2l，β（G）－1）where  

p ヴ  

α（C）＝maX（∑（た－CG（弟））＋∑（2－lrG（木川），  
J＝1 1＝ゴ）＋1  

（Xl，・・・，Xq）isasubpartitionofVwith¢≠V一  

方定一rG（弟），壱＝p＋1，・‥，9  □   

Weshowthatthefollowlngmaintheoremholds．  

Theorem3．1GivenaconnecledgraphGandan  

五花物eγた≧2，C cα和むe mαdeた－e勾e－CO乃几eC£ed  

α几dら五co乃氾eCfedみyαdd壱乃タ7（G）乃eひe勾eβ． □   

Befbreprovingthistheorem，WeWillshowsome  

lemmas．   

Lemma3．1LetG＝（V，E）beamultigraph．We  

cαmα叩me乃fGみyαdd乞mタα几e乱・γeγ≠e∬βα几dα（G）  

…′＝・小・く／′・／い＝－′‥り′！（Jl●ざ・′／／川／／／′‥・・州／／ノ叩  

タmpんGl＝（Ⅴ∪（∂），βUn）ざαf哀訴eβ入Gl（諾，y）≧  

んα乃d㍍Gl（諾，y）≧2JoγeαCん諾，y∈V，ぴんeγen  

de710王e5αdde（ブ班e5efげ几e礼・e勾eざ．  口  

Lemma3．2Let G＝（りE）and G2 ＝（V U  

（β），且∪ダ），ぴんeγeダ＝ガG2（5，り，肌dαββ祝me  

fんαf（壱）入G2（諾，y）≧ たα花d（五壱）KG2（諾，y）≧ 2  

んoJdかe眠γy諾，y∈V・〝cG2（5）壱βアγe乃α乃d  

「α（C）／21≧β（C）－1んogd5，血花王んeγe Z5αCOm一  

丁高山 り′／沼／J号／り／バ′′ソ鮎川／川，／り／川†J川り′′・／l′′I．  

＋  

The ProofofTheorem3．1  

Case－（1）「α（G）／21≧β（G）－1  

From Lemma3．1，We Can Obtain Gl＝（V U  

（s），EUFl）with入Gl（x，y）≧kandrcGl（x，y）≧2  
fbr each x，y ∈ V and EFII＝ α（G）．Ftom  

Lemma3．2，WeCanObtainG＊＝（りEUF＊）with  

入（G＊）≧kandFC（G＊）≧2byacompletesplitting  

atswhereedgesetF＊isobtainedbythesplitting．  

Case－（2）「α（G）／21＜β（C）－1  

SimilarlytoCase一（1），WefirstobtainGl＝（VU  

（s），EuFl）with入Gl（x，y）≧kandFCGl（x，y）≧2  
for each x，y∈V andlFll＝α（G）．Ftom the  

proofofLemma3．2（detailsareomitted），WeCan  

Showthatthereisacompletesplittingatssothat  

入（G＊uF／）≧k andFC（G＊uF／）≧2holdwhere  

G＊＝（tlEuF＊）istheresultinggraphobtained  
byacompletesplittingatsandF／isanewedge  
setwithIF／．＝β（G）－1－「α（G）／21．  

Fromabove，WeCanShowthatEVAP（k，2）can  

besolvedinpolynomialtime．  □   

Remarks Eveniftheinput graphis not con－  

nected，the EVAP（k，2）canbesolvedinpolyno－  

mialtimesimilarlytotheaboveprocedure．More，  

over，eVenifthedemandfunctionrl（x，y）foredge－  

COnneCtivityis glVenindividual1y for each palr  

X，y∈Vinstead ofrl（x，y）＝k for every pair  

X，y∈V，thisedgeandvertexTCOnneCtivitiesaug－  

mentation problem can be solved in polynomial 

time，Similarlytotheaboveprocedure．  □  
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