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1Introduction   

Consider a closed queuelng netWOrkin equilib－  

riurnwithMservicestationsandNcustomersっ  

in which we assume that   

l・theroutingprobabilitypijthatacustomer   

leavlng Stationienters station］isinde－  

pendent ofthe state ofthe system（i，j＝   

1，…，凡才）；   

2．customers are served under thefirst－COme  

first－SerVeddisciplineata11stations；   

3．service times of customers at stat，ioniare   

iid with a generaldistribution andinde－  

pendent ofthe arrivalprocess at stationi   

（宜＝1，…，几す）；   

4．each station has multipleidenticalservices   

inparallelandalocalbufferwithunlimited  

CapaCity．  

Thesystemisfurtherspecifiedbythefo1low－  

1ngnOtations：Let彗betheservice－timecdfwith  

finitemeanIL；1andletcZbethesquaredcoem－  

Cientsofvariation（i・e・，Variancedividedbythe  

SquareOfmean）ofEt（i＝1，…，M）・LetNide－  

notethenumberofcustomersatstatJioniandlet  

釣（れ）＝P（瑞＝乃）（五＝1，…，叫m＝0，…，Ⅳ）・  

Theproblemwefocusonhereistoobtainallof  

themarginaldistributions（pi（n））・   

Forthecaseofexponentialservicetimes，this  

problemis so classicalthat some efBcient com－  

putationalalgorithmshavebeendeveloped；See，  

e・g・，Bruelland Balbo【1］・For the general  

SerVice－timecase，however，theproblembecomes  

quitedifhculttosoIve．Inaddition，SOmeStudies  

indicatedthattheclassicalexponentialnetwork  

WillnotyieldsatisfactoryresultsfortyplCalper－  

formance measuresin the non－eXpOnentialnet－  

WOrk．Thisisthereasonwhyweneedapproxi－  

mations．   

Among numerous work to this direction，  

Marie【3】developedaveryaccurateapproxima－  

tion，Whichisoftenca11edthe exponentialization  

approach．Theideaofhisapproachisto trans－  

brmtheorlglnalnetworkintoanapproximately  

equlValentexponentialnetwork，Whereeachsta－  

tion has exponentialservice times with state－  

dependentrates・YaoandBuzacott【4］applied  

Marie’sapproximationtonetworkswithlimited  

localbuffersand／ordynamicrouting・Although  

OurapprOXimationalsocanbeextendedtosuch  

generalnetworks，We reStrict ourselves to the  

mostbasiccase（i．e．，1－4aboveandsingle－SerVer  

Stations）fortheeaseofpresentation．  

2 The ExponentializationApproach   

LetL／i（n）be‘equivalent’servicerateofcustomers  

at stationiin the equlValent exponentialnet－  

workwhenⅣi＝n（i＝1，・・・，M，n＝0，…，N），  

Wherel／i（0）＝Ofbralli・Letp；（n）denotethe  

marglnalprobability ofhaving n customers at  

Stationiin the exponentialnetwork character－  

izedbythe set ofservice rates（L／i（n））・Obvi－  

OuSly，the success ofthe exponentialization ap－  

proachstronglydependsonhowtoapproximate  

（〃豆（乃））brwhich凱（れ）＝p；（m）（宜＝1，…，凡才，  

n＝0，．．．，N）．Theessentialsintheapproaches  

OfMarie［3］and Yao and Buzacott【4］canbe  

Summarizedasthefo1lowlngalgorithm：  

Step O Fori＝1，．．．，Mandn＝0，．．．，N，Set  

〃豆（几）：＝〃慮．  

SteplSoIve the exponentialnetwork charac－   

terized by the set ofservice rates（L／i（n））   

andtheroutingmatrixP＝（pij）toobtain  
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α‡（m）入豆（れ一1）  

7五（れ）＝   themarginaldistribution（p；（n））・  

For乞＝1，．‥，〟，Set  
α；（几－1） 佑  

帥）＝血）． αm  
哀（）  0，  

〆（m＋1）  

ナナ＝1r  

〝壱（几＋1），0≦几≦Ⅳ－1．  

．ノ＝1  

入哀（氾）：＝  

Then，theBD－baseddi飢1Sionapproximationfor  

（7ri（n））isgivenby  
J申′′）  

Step2Fori＝1，・・・，M，analyzestationiasan   

isolatedM（n）／G／1／NqueuehavingPoisson  

arrivals with state－dependent arrivalrates   

（入i（n））andtheservice－timecdfF；，Obtain－   

ingitssteady－Statedistribution（7Ti（n）；n＝   

0，…，N）asanapproximationfor（pi（n））．  

Step3For a glVen errOr bound E ＞ 0，if   

maxi，n屁（n）－7Ti（n）l＜E，thenpi（n）‥＝   

7Ti（n）fbr alliand n，and stop；Otherwise  

Set  

」Ⅴ  

∑（机一入豆（J））抽）  

．メ＝1  
乃＝0  

‘＼■  

∑（損＋ん朋）一痛））抽）  
．メ＝1  

入豆（0）㌫（m）   

打五（乃）＝  

1＜乃＜Ⅳ．  

RemarklInsteadofthepointdiscretizationin  

Kimura［2】，Wehaveusedamodifieddiscretiza－  

tion method based on a rate conservationlaw．  

Checkthatourapproximationsatisfiestherate  

COnSerVation condition   

Ⅳ－1  

∑右（れ）打五（れ）＝（ト打泄））捗1＜豆＜〟．   
m＝O   
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〈  

0，  几＝0  

打五（れ－1）  

入豆（れ－1），1≦れ≦Ⅳ，  
打五（れ）  

fora11i，andgotoStepl．  

IneachiterationofStep2，Marie【3］andYao  

andBuzacott［4］proposedtocalculate（7Ti（n））  

exactlybyuslngthe Coxianservice－timedistri－  

bution・Clearly7thisincreasesthecomputational  

time slgnificantly・In this paper，We Willsim－  

PlifythecalculationinStep2byuslngtheBD  

（birth－and－death）一baseddi軌1Sionapproximation  

fbrtheM（n）／G／1／Nqueue，Whichhasrecently  

beendevelopedbyKimura［2］・Thesimplifica－  

tion makes the exponentialization approach be  

moretractableasaquickmodelingtoolfbrper－  

formance evaluation．  

3 The BD－based Diffusion Approxi－  
mation   

Following Kimura［2］，We prOVide an approxi－  

mation fbr the distribution（7Ti（n））：For n＝  

1，・‥，Ⅳ，1et  

α慮（れ）＝入豆（れ）十神島  

α；（乃）＝Å五（几）＋〝豆，  

α；（m）  

α壱（れ）’  

α五（m）＝  
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