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On Generalizing Divisor Method for the Apportionment Problem

1002750 Saitama University

Tatsuo OYAMA

Ohio State University Nicholas G. HALL

1. Introduction

Given the set of N political constituencies
as S = {1,2,..., N}, the population of polit-
ical constituency 7 € S as p;, the total popu-
lation as P, and the total number of seats as
K, the ”ideal” number of seats allocated to
the constituency i, ¢.e., the "exact quota” g;,
is given by ¢; = L}fﬁ,i € Swhere P = Y ;.o pi.
Then the apportionment problem is to parti-
tion a given positive integer K into nonneg-
ative integral parts {d; | i € S} such that
Yiesdi = K; di > 0, integer, i € S
and such that these parts are ”as near as
possible” proportional, respectively, to a set
of nonnegative integers {p1,p2,...,pn}, t.€.,

{(11, qe, ... 7QN}-

2. GPDM and global optimization criterion

Let v(d) be a monotone increasing func-
tion defined for all integers d > 0 and also
satisfying d < v(d) < d+ 1. Then we de-
fine the rounding process for the divisor A by
[B), = d; i €S where v(d; — 1) < & <w(d;)
i € S. Defining the rank function r(p;, d;) as
r(pi, di) = %, 1 € S, then we can write the
above relation as

max 7(p;,d;) < min r(p;,d; —1
diEO(pl ) dj>0(pJ J )

Based upon different divisor functions we
can define an infinite number of different di-
visor methods (see e.g., [1,2,3,4]). There are
five traditional divisor methods as well as the
parametric divisor method (PDM). Using a
parameter ty such that 0 < ¢, < 1, the divi-
sor function of the parametric divisor method
(PDM) can be written as vpp(d, to) = d+tp.
We generalise the parametric divisor method

as follows, which we call general parametric
divisor method (GPDM).

vepp(di; to, t1,ta) = di (d; + to)®

where t1 -+ t2 = 1,0 S to,tl,tg S 1

Then traditional divisor methods includ-
ing PDM and GPDM, and their correspond-
ing global optimization criteria can be sum-
marized as in the table below.

Method | (to,t1,t2) | MingMax,eg
GDM | (1,0,1) | %
i 7
MFM | (3,0,1) T2
11 I
EPM) W22 | g
7
SDM | (0,0,1) Ej
7
X ok % gy
GPDM ( ) ’ ) djl(dj_+_t0)t2

(* : arbitrary)
3. Local measure of inequity

We denote the measure of inequity
between two constituencies ¢ and j as
E(ps, di; pj,d;). Then Huntington’s rule says
that we should transfer a seat from a more
favored constituency 7 to a less favored con-
stituency j when it brings a smaller measure
of inequity. So the ”desirable apportionment”
is obtained when no switching of seats be-
tween constituencies can improve the mea-
sure of inequity between any such pair of con-
stituencies. The attainment of this state is
referred to as a stable assignment of seats.

Based upon the definition of the local
measure of inequity in Oyama['91] GPDM’s
local measure can be defined as follows.

Egpp(pi, diypj, djsto, t1,t2) =

o — 60 —



1 .
5 log & — tl 10gdj + t2 log(d, + to — 1)
J
For the GPDM we change Huntington’s
transfer rule such that we shoutld transfer a
(di+to— 1)"} > (dJ+t)‘}
i

seat from ¢ to 7 when

and the relation Egpp(pz,dl,pj,dj,to,tl,tg)
> Fapp (p,,, d;—1; y Py d +1; to, 11, t;) holds for
all pairs 7+ and j with ¢ favored over j. Then
we obtain the following theorem.

Theorem 1 For the pair of constituencies i
and j with populations p; and p;, apportion-
ments d; and dj, respectively, the following
holds.

Ecpp(pi, di; pj, djit) <

Eepp(pi,di — 1;p5,d; + 1;1) ,j€ES
if and only if
V4 < Di
d;-‘(dj + i)tz T (di — 1)t(d; +to — 1)t

4. Combined apportionment methods

We consider to combine two traditional di-
visor methods so that the linear combination
of two global optimization criteria can be op-
timized. First we define the criteria function
c(ps, d;) such that the convergence criteria can
be expressed as

max c(p;,d;) < min ¢(p;,dj —1)

di 20 d; >0
Then for the traditional divisor method the
criterion function can be given by the corre-
sponding rank function. The final allocation
of seats among constituencies can be given by
{d;}’s such that the above convergence crite-
rion can be satisfied. For example, we know
that MF M and EPM minimise 3; p,'(l%j—r)2
and ¥; di(§ — 5)?, where r = & and s = £,
respectively. Namely, MFM and EPM min-
imise z,, = 21 & and ze = 3, &2 i respectively.
Defining the combmed global optimal crite-
rion as z = Cn2Zm + CeZe, Where we assume
em+ce = 1,0 < gp,c. < 1. Then we obtain
the following theorem.

Theorem 2 Let the criterion function be

de +1 p?

+ ¢
d; dy (dj +1)

c(pi, di; Cm, Ce) = —Cm

Then the allocation of seats based upon the
criterion function c(pi,di;cm,Ce) ts optimal
with respect to the global optimal criterion
2 = CeZe + CeZe.

For other combinations of two traditional di-
visor methods, we can obtain similar results
to the above theorem.

5. Summary

In conclusion, we believe that the method
LFM, which of course satisfies the quota
property, gives ” a most reasonable and impar-
tial” assignment of seats to the constituency
although it does not satisfy the house mono-
tone property. We try to find an appropri-

e "divisor” method giving the allocation
mostly satisfying quota property. We also be-
lieve that both G PDM and combined divisor
methods can contribute to this target. Cur-
rently we are are trying to find an apportion-
ment method whose allocation mostly ” guar-
antees” quota property.
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