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An Optimal Selection and Replacement Policy
Related to the Duration Problem

01303783 BHIAKZE FEEHKXE TAMAKI Mitsushi

L.Introduction

We consider here a variation of the sequential observation and selection problem called the duration
problem treated by Ferguson, Hardwick, and Tamaki. The basic framework of the no information
duration problem is described as follows. n candidates appear one at a time in random order with all n!
permutations equally likely. If we could observe them all, we could rank them absolutely with no ties
from best to worst. However, each time a candidate appears, we only observe the rank of the candidate
relative to those preceding her and decide, based solely on the observed rank, whether to choose a
candidate or not. The reward to the decision maker(abbreviated by DM) is the length of time he is in
possession of a relatively best candidate, who is called an eligible candidate. Thus DM will only select
an eligible candidate, receiving one unit of reward as he does so and an additional one for each new
observation as long as the selected candidate remains eligible. The objective of DM is to maximize the
expected reward earned. Before considering our problem, we give a lemma for later use.

LEMMA 1

Assume that 1(x), O=x<1, is a differentiable unimodal function with end condition r(0)=r(1)<0 and
attains its peak at a, wherer(a)>0. Also let a and B be respectively the smaller and the larger root of the
equation r(x)=0. :

Then, if A y = x/y2, O<x<y<1, the functional equation

1
f(x) = max \r(x), j

has a continuous solution of the for}:n

r(b), Osxsb‘
f(x)={ r(x), bsx<p ‘ s

0, P=x=l
where b(ausb=a) is the unique root x of the equation

f(y)kx,ydy I, Osx=<1

p
1(x) =j r()')kx,ydy .

X

2. Optimal selection and replacement problem

The problem we consider here is composed of two sub problems, selection problem and replacement
problem. DM eamns the reward proportional to time duration spent with an eligible candidate, thus the
selection problem arises when DM has no candidate - DM must decide when to select an eligible
candidate that appears. As soon as a new eligible candidate appears after selection, the present candidate
turns out to be ineligible and no further reward is earned. Thus the replacement problem arises when
DM has a candidate - DM must decide whether or not to release the present candidate by paying her
consolation money c¢(=0) and simultaneously get a new eligible candidate. When DM decides not to
release, he receives no reward until the final time or the next eligible candidate appears, in which case,
DM again faces the replacement problem. The objective is to find a procedure which maximizes the
expected net reward. ' A

For simplicity, we consider here the asymptotic case, letting n tend to infinity. Let X(X) denote the
state where DM has no candidate(keeps a candidate) and facing an eligible candidate at time x. Also
define f(x)(g(x)) to be the supremum of the expected net reward from time x onward, starting from state
X(X).

Then we have the following equations.
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1 ' 1
(y-x )hx,ydy +(1-x)1 f )»x,ydy , I
X .

g(Xx) = max |- + I
X
These are simplified to

g(x ydy
M

1 1

[f(x) = max {ry(x), I

X

f(y)kx,ydyf » g0 =max ir(x), f

8(y)hx,ydy/ ,
. f

where
1
rix)=-xlogx +J g(y)hx,ydy , nx)=-c-xlogx .
X
These can be solved to yield the following lemmas.

LEMMA 2
Assume that DM is at state X. Then two cases are distinguished dependmg on the value of c.

Case I(cze 1) : No replacement occurs.
Case 2(Osc<e'!) : Let B(>e!) be the larger root of the equation rp(x) = 0, and define x* = e-Z/B then
replacement occurs if and only if x* < x < .

LEMMA 3
' Assume that DM is at state X. Then we have

Case 1(cze’'l): Selectlon is made if and only if e2 < x < . The e\pected net reward is 2e2.

Case 2(0sc<e’!) : Let A=1+logB=1-c/p, and define x**= exp( (1 +V1+ > /3) )) then

selection is made if and only if x** < x < 1. The expected net reward is - (x**log x** + x*log x* +-¢).

Summarizing the above lemmas, we have the main result.

THEOREM 4 , A A o
Case 1(czel) : The optimal procedure passes over the candidates that appear before e2 and then
select the first eligible candidate. No replacement occurs and the expected net reward is 2e-2.

Case 2(Osc<e!) : The optimal procedure passes over the candidates that appear before x** and then
select the first eligible candidate. After selection, replacement occurs when an eligible candidate appears

in (x", B) (neither too early or too late). The expected net reward is - (x**log x** + x*log x* + ¢).

Remark | When consolation money is zero, ie, ¢ = 0, B=1,x"=e2=0.1353, and

x** = expl- (1 + ¥773)) = 0.0799. Thus the maximum net reward is 2e2 + (1 + Y773 Jexp(- (1 + ¥773)) =
0.4725.
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