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1 Introduction 

Tandemqueues are basiclllOdelsinthe queue－  

1ng theory and have beellStudied fbr along  

tillle．However，the stationary state probabili－  

tiesorevenbasicpropertiesofthelnareSCarCely  

knownexceptforsomesinlplecaseswithprod－  

uctfbrmsolutions．Thennumericalcomputation  

alld simulat．ions are the main t，001s to evaluat．e  

tlleSemOdels．   

Recently，theimportance of the asymptotic  

a11alysisof（lueueSisincreaslngSillCetheasymp－  
totic property can be applied to evaluate very  

＄111al1（～10‾10）lossprobabilitiesofthequeueing  

nctworkswithATMmultiplexer．Althoughthere  

al・emanyreSultsontheasymptoticbehaviorof  
thesteady－StatedistributiollSOfqueues（ 
【1】alldtherefel・enCeSthereill），mOStOftllemare  

restrictedtoslllglequeues・  

In this paper，We Show some results on the  

geometric dec町Of the steady－Stage distribu－  

tionintwo－StagetandenlqueueSViaquasi－birth－  
dcath（QBD）processeswithcountablellumber  
Ofphases．   

2 Modeldescription  

Weconsideratwo－StagetandemqueuelngSyStem  

PH／PH／1→／PH／1with theordinaryFIFO  
queuing discipline・The kth stage（た＝1，2）  

has aslngle server’and abuffer ofillfinite ca－  

pacity，SOthatnolossorblockingoccurs・Inter－  

al・rivaltilnegOfcustomers al・eindependent and  

idcntical1ydistributedrandomvariable＄Subject－  
il‘1g tO a phase－type distribution（α，T）・Ser－  

Vice times at the kthstage are alsoi．i．d・Vari－  

ables subjecting to a phase－type distribution  

（βk，Sk）・TheinterarrivaltimesandtlleSerVice  

timesareassulnedtobemutuallyindependent．  

Thestateofthesystemisrepresentedbyaquln－  

tllple（nl，n2；io，il，i2），Whereioisthephaseof  

tllearrivalprocess，ikistllephaseoftheservice  

processattlle k：thstage，andnkisthenumber  

Ofcustomersinthekthstage・TllentlleSyStem  
bellaVeSaSaQBDprocesswithcoulltablenuln－  

berofphasesifweappropriatelyrearrallgetlle  

Sta．teS．   

TlleaSylllptOticallalysisofGZ／PH／cisbased  

Ollthetheoryoflnatrix－geOllletricforlllSOlutiollS  

Ofthe QBD process【3］・This theory was ex－  

telldedtotheQBDprocesswithcountablenuln－  

berofphases【2】，［4】．Inwhatfo1lows．wefirst  

providesollleaSymptOticpropertiesoftheQBD  

pl・OCeSS With countablellulnber of phases and  
tllenSllOWthegeometricdecayofthestational・y  
distributiollOfthetandelnqueue．   

3 QBD with countable number of   

pb．ases  

VVe consider a time－COntinuous Mal・kov chain  

（X（i））onthestatespaceS＝（（n，i）い再∈  

N）．Wede且nethelevelkofthestatespaceby  

L：ん＝（（k，i）l（k，i）∈S）・LetQbetheinfi11itesi－  

malgeneratorof（X（i））withlexicographicorder  

Ofstates．Weassumetllat（X（i））isergodic，and  

thatQisofblock一七ridiagollal払rm：  

βo Ao  

Cl．β A  
C β A  

C■．β  

（1）  ¢＝  

Inthiscase，tllereeXistsa＄tationaryprobability  

vectorq．Moreover，ifwedivide7T＝（汀0汀1・・・）  

accordingtoL：k，then汀nSatisfies  

汀托＝汀】屈，l－1  

whereR，Cal1edratematri：r，istheminimalnon－  

negativetmatrixwhicllSatisfie＄A＋RB＋R2c＝  
0．   

Theorem3．1．Supposethatthereexistapos→  

itiveconstantll（＜1）andpositivevectorsxりand  

臥7SuCllthat  

諾り（A＋岬＋り2c）  

（A＋叩β巾72c）町  

0，   （2）  

0，   （3）  
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諾りyり＜∞，諾りe＜∞・   （4 

Then，undersonlemildconditiollS，   

1・諾りR＝叩り・  

2・y＝（叩－1A－G）町1S allOlトZerO，nOn－  

negativevectorsuchtllatRy＝77y．  

3・Xpqy＜∞，andhenceRisl卜pOSitive・   

Theoreh3．2．UndertheassulllptiollSOfThe－  

01・eln3・1，汀11aSageOmetrictail  

灯れ～Cγ7Tl∬り（乃→∞）・   

4 Geometric tailof the steady－State   

distributionintandemqueues  

Wcl●earrallgethestatesoftheMarkovchainde－  
rivedhomthetandemqueuesas（n2，n，i，il，i2）  

allddefi11ethelevelbyL：k＝（（n2，nl，io，31，i2）：  

n2＝k）・Thelltheinfinitesimalgenerator  
OfthischainllaSablock－tridiagonalformasin  

（1）．IfthetrafBcintensitiesplalldp20fthefirst  

alldthesecondstagesarelesstllanl，thechain  

iscrgodic andhence the steady－StateprObabil－  

ity汀eXistsandhastllematrix－geOlT16tricform  
灯明＝汀1月れ・2－1   

Weshowthatthereexist77，CllandyりWhich  

satisfytl16conditionsinTheorem3．1asfo1lows．  

Defiue rll alld 172 by 

叩2＝（g；（u2））‾1，机＝r＊（．uo），  

Wllere r（S）’and S芸（s）（k ＝1，2）are the  

Laplace－Stieltjes nallSforms of theillteralTival  

arld the ktllStage’s service time digtributions，  

a11d（uo，LJ2）is thenon－ZerOSOlutioll（so，S2）of  

tlleequation  

LetD＝dia9（yりヱ），andconsiderthematrix  

∬＝β‾1（A＋↑72β＋↑7…c岬．  

Since（A＋772B＋17Zc）hasablbck－tridiagonal  

fbrln，it callbe seen that Kis a11infinitesimal  

gelleratOrOfaQBDprocesswllichisergodiciff  

111＜172・Thellifweassunle771＜772thcreexistsa  
positivevectora：SuChthatxK＝Oanda：e＝1，  

andx，た＝XD．1satisfies（2）alld（4）．Thel・e払re，  

thefbllowlllgtlleOremisproved．  

Theorem4・1・Iflll．＜↑72，then the 

StateprObabilityvector7r＝（汀0汀1‥・）has a  

geometrictail  

汀几。～Clり芸■2諾り2（れ2→∞）・  

Ifwedividethevector3＝IT72illtOSubvectorsac－  

COrdingtonlaSXり2＝（x7）2（0）a，77コ（1）・・・），  

tllenX772hasamatrixgeollletricfbrlllalldage－  

Ometric tail  

尤り。（れ1）～Cポl釜（陀1→∞），  

where   

釜 ＝［α（叫∫0－r）‾1血叩（γ0）‾1】  

⑳β1（－（uo＋u2）∫1－51）‾l 

⑳【β2（u2∫2－52）‾1動叩（γ2）‾1】．  
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