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2．Embedded Markov Chain   

FiFStOfal1，WeformulatetheLaplaL：etranSform  

OfBi，ki】thedurationsofaperiodduringwhich  

the bridgeis continuously occupied by type・i  
CarS，COnditionedthat therearekiCarSWaiting  

i皿QiWhenBiStartS．First，WeCOnSiderthecase  

ki＝k＞ 0．Since we have to take the st．art－  

ingdelaysinto account when Qiis not empty，  
WedividetheperiodBi，kintotwopaFtSIi・e・）the  

霊Siごf慧禁慧  
WhichQiismPtybuttherearestillsometype－  
icaFSCrOSSmgthebridge（referredtoasB㌘），  

thatis，Bi，k＝甥＋Bf：・WbhwetheL叩1ace  

transformof堵弧dBFfFOmChatani【1】and  
Greenberg，etal．【2】，reSpeCtively：  

1．ModelDescription   

Wbanalyze an altemating tra瓜c crosslng a  

narrowone－1anebridgeonatwひ1anerOad．Once  

acarbeginstocrossthebridgelnOnedirection，  

arrivhgcaKSfromtheotherdi∬eCtio皿mⅦStWait，  

formlngaqueue，untilanthearrivalsinthedire仁  

tionhishcrossl皿gthebridge・Thequetl鴨Ofthe  
right－andtheleft－handsidetraBicwi1皿bereferred  

toasQlandQ2，r饉PeCtively CarsamivingatQi  

Wi皿bealsorefbrredtoastype－icars・Carsarrive  
atthequeuesBLCCOTdhgtoindependentPoisson  

PrOCCSSeS．Denoteby入ithearrivalⅡateat Qi．  

ktBibethedurationsofaperiodduringwhich  
thebridgeisconthuouslyoccupiedbytype－icars・  
Onceaperiodofonetypeends，CarSOftheother  

typeinqueue，ifany，imitiateaperiodoftheother  

type．Eachcarinq11eueneedsthesta∬tingdelay  

l－SeCOnds，thatis，iftheTearekcarswaitinginQi  

WhenPj（j≠i）ends，ittakeskTSeCOndsforthe  
kthcartostartcTO＄Slngthebridge・hthiscase，  

ifthe（k＋1）st cararriⅤ鴎in kTSeCOndsfrom  

thestartingpointofBi，thenthe（k＋1）stca甘  

alsoneedsthestartingdelay．OncethecarsstaFt  

CrOSSlngthebridge，theypiaSSthroudhthebridge  
afterTsecondslater，aCOnStant，beingindepend－  

1ngOfthenumberofcarsinthebridge・Thear－  
rivingtype－icarwhichGndsthatQiisemptyb11t  

therearestiusometype－icarsinthebridge，Can  

StartCrOSSl皿gthebridgeimmediateEya皿dtak彷  
0可yTseconds topa5S throughthebridge．Bi  

wi11beextended aslonga5thenext typ8・icar  
arriv彷Whiletype－icarsarecro881皿gthebridge・  
EvenifthereisnocarinQiWhenPjends，the  
SignalcontroIsthetra瓜csothattyp¢－icarshave  
apriorityatleastV：s∝0皿ds，thatis，eVenif皿O  
type－icairarrivesdtlringⅥ，tyP＆］CarSCanZ10t  

CrOSSthebridgedtlringthepeTiod・Ifthetype－i  
CarSarriveduringl々，BiWinbeexte皿dedhthe  

Samem乱mner．   

Thequeue皿gmOdelisamodi瓜edⅦrSionof  
thesimpletra瓜cmodelbyGr恍nberg，etal．［2】，  

Whi血incorporatesneitheFthesignalco皿trOlnoF  
Startingdelays．Notethatintroducingthestart－  

1ngdelaysmakesthemodelreahsticbuttheanaL  
ysisofthemodelwouldbeverydi瓜cult・Ⅵねan－  
abrzethequeuelngmOdeland obtain themean  
q11euelengthwhenBiStartS，forthespecialcase  
OfⅥ＝り＝r・  

巽【入i（た＋乃）丁】免‾1入誘丁  
－（右＋β）（た＋職）T  

′毎（β）＝∑         n＝0  
几！  

入i＋β  

電p（β）＝     l   
βe（ん＋可r＋入i   

Si皿Ce昭andBf7areindependenteachother，  

WehavetheLaplacetransfomofBiヰaB  

札よ（β）＝電琵（β鳩p（β）  （1）  

Ⅳ既t，竺CO皿Sid紺地ecase毎＝Owhe陀there  

isnotype－1CarWaitinginQiWhenPjends・Ⅵね  
refertothedurationasBi，0・Ⅰ皿thiscase）thesi㌢  

nalcontFOIsthetralEcsothattype－icarshavea  

PrioFityatleaBtV；seconds，thatis，Bi，OCOntinu饉  

㌫認識指呼誌認諾電  
∬饉山ts血Ⅵ：  

P（札0＝Ⅵ）＝e‾入‘Ⅵ  

Ontheotherhand，ifanytyPe－icarsa∬riveduring  

Ⅵ，BiwiⅡbeextended．Thedistributioムofthe  

extendedpartissameaSBF・Here，B昂denot傍  
theduratio皿丘omthestaFtinginstantOfBi，OtO  
theamvl皿ginstantofthe且rsttype－icar，l・e．，the  

Period duringwhich thebridgeisempty・The  
LaplacetranSformOfB昂iseasilyobtainedby   

【1－e㈱）Ⅵ 榔）＝ ト  

－266－   

© 日本オペレーションズ・リサーチ学会. 無断複写・複製・転載を禁ず.



Combiningtwocas窃，WehavetheLaplacetransp  

brmofβi，Oa5  

fbrたi＝0，丘om（5）wehave  

eんr－1 ＿ e九（r－Ⅵ）－1  00  

∑如，0，た∫＝入J  
ち＝0  

入i【1－e‾（入汁β川 
】  札。（β）＝e‾（抽）Ⅵ ＋   （2）   

入i＋βe（入‘＋可r  

Fbrki＞0，from（1）and（4）weget   

Now，WeCOnStruCtaninfinitestateembedded  

Markovchain．Letl遁CO71Sidertheinstant．swhen  

BlOr B2ends as the embedded points．Let  

i（i〒1，2）betheindicatorvariablethatshows  

Whichdllration（BlOrB2）starts．kidenotethe  
nu皿ber ofcars waitingin QiWhen BiStartS．  

Thenthestate（i，ki）hasMarkovproperty．Let  
Pi凧denot‘芳thesteadystateprobabilityofthe  
State（i，ki）．SinceBlandBbappearex∝tlyaL  

ternately，thestatetranSitionssuchasfrom（i，ki）  

to（i，k；）neveroccur・Henceqi，kihdenotesthe  

transitionprobabihtyfr0ⅡlState（i，ki）to（j，ち）  

（i≠j）・Thenwehmthesystemofhearequar  
tio皿Sa5丘）皿ows：   

00  

恥＝∑印刷叫（よ，ブ＝1，2，i≠J）・（3）  
たi＝O   

qi，ki，kjCanbeexpressedby  

！e彗 帰＝上∞欝 恥（堰  
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たiT e入汀－1  
00  

∑如，叫  
ち＝0  

Substitutinざtheminto（6）weget  

OO  

OO   

∑如＝蓋昌梅干    ち＝0  
e入汀－1 ＿ e入‘（r－Ⅵ）＿1  

玖0‘・（7）  ＋  
2入i   ▼▼J   

入i   

Notethat∑冨＝OPi，ki＝1／2，SinceBland哉  

appearexactlyalternately．（7）meansthat we  

Cangetthemeanqueuelengthat．theembedded  

POintsifweobtai皿edpl，0andp2，0・   

Here，WeCOnSiderthespecialcasel勺＝り＝T・  

Then（7）isequiⅦlentto  

入メT 苔L＿． eんr－1  L“ ＿  
∑毎＝式 

ち＝0  議如＋   
（8）  

2入i   

By・SOIving（8）themeanque11elengthattheem－  
beddedpoints，LT，isobtainedby 

00   

エ㌻＝2∑毎兢  
h＝0  

（1一入わ（中（e昭一1）＋入‘（1一入JT）（e～r－1））  

（－1）叫ブ  

札た二（β）  （4）  

ち！  

（1一入iT一入JT）入J  

（9）   

When栃＜Tandり＜T，（9）givestheup－  

perbounds◆ofL㌘，andtheboudsbecometight  
aBV；，り→T・Theboudsalsobecometightas  

入iT＋入jT→1，becausePi，Oin（7）approachesO  
誠入iT＋入ブT→1・Sim山一ly，WbenⅥ＞rand  

り＞T，（9）givesthelowerboundsofL㌘   
The meanWaiting time tostart crosslng the  
bridgeismoreusefu1informationforthedrivers  
thantheperformancemeasuresobtainedinthis  

PaPer，butitisnotstraightforward・   
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WherefBi，ki（t）isthestochasticdensityfunction  

OfBi，hi・ThenweareabletocalculatethetranSi－  

tionprobabilitiesus1ngtheLaplacetranSformof  

札hi（s）in（1）and（2）・Inparticular・  

（入JⅥ）たブ  e‥入Jl々  e一入‘Ⅵ   

軌鳥ブ＝   
ち！   

（－1）ちぢブdたり‘【1－e－（抽）Ⅵ 
】  

（5）  

吋 ゐち 入i＋βe（入i＋可r   

Throughout the paper，the stabihty condition  
glVenby入jT＋入iT－1＜0・isa8S11medtohokl・   

3．MeanQueueLength  

IIere，Weanabrzethemean 

． 

a, （X）00  

∑ち勒，ち＝∑∑如，柚恥・（6）  
ち＝0  上i＝0ち＝0  

ー267－   

© 日本オペレーションズ・リサーチ学会. 無断複写・複製・転載を禁ず.




