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A COST ALLOCATION GAME RELATED TO A SEARCH PROBLEM
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1. Introduction
A cooperative game is defined via a cost allocation problem.  We calculate the Shapley value of

the game and interpret it to be an index of importance of each vertex.

2. The Model A

A (undirected) graph G is an ordered pair (V,E) in which V ={0,12,...,n} is a finite set of
vertices, and E is afinite set of pairs of different vertices, (i,j), called edges.. A path between
i,,i; €V 1s a finite sequence of distinct edges of the form (iy,i,),...,(i_,,i). This is denoted as
(ig1y5e-»1;) . A simple path between Z and j is a path between Z and j with no repeated vertices.

We assume G = (V,E) is a rooted tree, and O €V 1is designated the root. 1t is well-known that
forany i,j €V, there is uniquely a simple path between Z and j . The set of vertices on this path
is denoted by [i,j]. For i,j €V suchthat 7 #j, Z iscalled an ancestor of jif i€[0,j]. jis
called a descendant of £ if Z isanancestorof j. j iscalleda childof i if jisadescendantof i
and (i,j)€E. For i€V,let D, K, and A for i#0 be the sets of all descendants, all children
and all ancestors of # respectively. Welet D= D,. Forany j€&D, thereis uniquely a(j)EA,
such that jE€K, ;. Let V,={}UD, For i€V and Y C D, define = Uyey[i,y]. Define a tree
with Z asitsrootby Gy, = (D, U{i}{(a(j).j)) EE: jED,,,}). Foranonnegative-valued
function g on D, we let g(Y) = Eieyg(i) for YCD. Welet g(Y)=0if Y=&. Forafiniteset

X, |X|is the cardinality of X. Eachedge (a(j),J) is associated with a positive number d(j),
called the weight of (a(j),j). The length of a path is the sum of the weights of all the edges in the
path. For i,j €V, we define d(i,j) by the length of the simple path between Z and j. Clearly
d(a(j),j) = d(j) for j ED. '

Defineagameon G. Player 1 (the hider, or H) hides among one of all vertices in D, and
stays there. Player 2 (the searcher, or S) examines each vertex until S finds H, traveling along

edges. Itis assumed that at the beginning of the search S isat O, and that S travels along the simple
path between Z and j when (i, /)€ F and S examines # after having examined j. Associated with

the examination of i €D is the examination cost that consists of two parts:(I) a traveling cost

d(j,i) >0 of examining . after having examined j, and (II) an examination cost ¢> 0. Thereis
not a probability of overlooking H, given that the right vertex is searched. Welet d(i,i) =0 for all
i€D. Before searching (hiding resp.), S (H resp.) must determine a strategy so as to make the
cost of finding H as small (large resp.) as possible. A (pure) strategy for H is expressed by an
element, say ¢, of D, which means H determines on hidingin Z. D is the set of all strategies for
H. A strategy for S is a permutationon D. Thus under a permutation o, S examines Vertices
o(1),0(2),...,0(n) inthisorder. Welet o(n+1)=0(0)=0. Weassume

(2.1) S travels along each edge in E at most twice in his search.
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Intuitively it is efficient in distance for S to choose a permutation which indicates a search procedure
satisfying (2.1). For YC D, let 2(Y) be the set of all permutations on Y which satisfies (2.1).
Welet 2 =2(D). For astrategy pair (i, 0) ED x X, the cost of finding H, written as f(i,0), is:

()

(2.2) f()‘,a)= E d(o(x),0(x - D)+ o' (i)c.

x=1

Letting the payoff for H be f(i,0), we have a [inite, two-person zero-sum game, denoted by
(f;D,Z). Let (f;P,0Q) be the mixed extension of (f;D,Z) and we call ita game G just as we
denote the graph. ~ Similarly we can define a game on G,,,(i €EV,Y C D), where at the beginning S
isat Z,and Y is the set of pure strategics of H.  Call the mixed extension of ita game Gy, .

[Y]+1

Theorem 2.1. = The value of the game G, 1s C(i;Y) = d(D,,) + c.
Foreach SC D, C(S)=C(0;S) is the expected search cost for the company. And in turn, C(S) is

the joint cost in which the facilities in S must pay when they consider the maintenance cooperatively.
Define v(S)=01if S=&. For S(= ) C D, define v(S)= EC(O;{[})— C(0;S). v(S) is the
i

saving of the cost which is 6btained by considerin g jointly the maintenance of the network of S.  Our
purpose is to consider how the total saving v(N) should be reallocated to each company, applying the -

solution-concepts in cooperative games in characteristic-function form.

3. The Shapley Value of the Game
The Shapley value of a game (D,v) is defined tobe : For i €D,

@ (v) =d(0,i) +c-—c(i) :

where c(i) = e Uiy - C(8).

(n—-s-1)
Sligs ‘

Theorem 3.1. For i €D, let (iy,i,,...,i,,) be the simple path between i, =0Oand i, =i. Then

B e d@i) . d@)
,C(D—(Hn)2+l‘/,.ll+m+IVil'
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