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An affine scaling algorithm for
semidefinite programming
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1 Introduction

Let us consider the set of n X n symmetric
matrices S(n). For X € S(n), we denote by
X > (>)0 that X is positive (semi-)definite.

Semidefinite programming problem is an
optimization problem which minimizes a lin-
ear function over an intersection of the cone
{X € S(n)|X = 0} and an affine space
{X € S(n)[tr(A,X) = bi,i = 1,...,m}
where A; € S(n). The standard form semidef-
inite programming problem can be written as
follows.

minimize  tr(CX)
subject to  tr(4;X)=b;,i=1,...,m,
z >~ 0,

(1)
where C € §(n).

The semidefinite programming can be
viewed as an extension of linear programming
which minimizes a linear function over an in-
tersection of the cone of the positive orthant
and an affine space. In fact, the above state-
ment sounds more natural if we remind that
the both cones are convex, closed, pointed,
and self-dual.

The semidefinite programming is now con-
sidered to be an important class of optimiza-
tion problems not only because this is a rea-
sonable extension of linear programming, but
also this problem arises in a wide variety
of fields such as control theory or discrete
optimization(1].

It is recently that interior point approach
was turned out to be theoretically and
practically efficient to semidefinite program-

ming(e.g. [3, 4]). In this talk, an affine scal-
ing algorithm for semidefinite programming is
addressed.

The affine scaling algorithm for linear pro-
gramming is proposed by Dikin[2], and well
known for its simplicity and efficiency. In fact,
the affine scaling algorithm is the first interior
point algorithm which turned out to be prac-
tically as efficient as the simplex method.

Below we introduce an affine 'scaling algo--
rithm for semidefinite programming and show
some preliminary propositions without proof.
In the talk, a more involved argument on the
property of the sequence generated by the
affine scaling algorithm will be shown.

2 The affine scaling algo-
rithm

In linear programming, we have several ways
to characterize the affine scaling direction.
Below we introduce the affine scaling direc-
tion for a semidefinite programming problem
by using dual estimate, which plays the same
role as the shadow price does for the simplex
method.

Given an interior (i.e., positive definite) fea-
sible solution X, we define the dual estimate
S(X) as the solution of the following optimiza-
tion problem:

Hxl/2sxl/2“2
S =0 —-LTiyA;,

minimize
subject to

where [|[X|2 2 %, X2 is called Frobensus
i, Vi

norm. The solution can be explicitly written
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as

S=C— Z :ljiAi, Y= G_lpa

where G;; £ tr(A;XA;X) and p; £
tr(A4;XCX). In consideration of the symme-

try, the affine scaling direction AX should be
defined by

AX £ XS(X)X = X(C— 3 GA)X.

Proposition 1 We have
tr(CAX) = || X285 X122,

i.e., the affine scaling direction is a decent di-
rection. '

We define the iteration by-using AX.
X Sp Xk,
e i3y
1517
. The following proposition ensures that the it-
eration is well-defined for all &, if a < 1.
Proposition 2 If a < (<)1, then Xiyy = (>
If A;,i=1,...,m and C are diagonal ma-
trices, then putting the diagonal element of
A, toa; € R" and C to ¢ € R*, we have a
standard form linear programming problem:

minimize
subject to

KXip1 = Xi —

ctz

t, _
a,r = b.,;,
>0

t=1,...,m,

2)

Proposition 3 X* 2 diag(z*) is an optimal
solution of the original semidefinite program-
ming problem.

Proposition 4 Let Az be the affine scaling
direction for (2) at an interior feasible solu-
tion x > 0. Then diag(z) is feasible for (1),
and the affine scaling direction at diag(X) is
diag(Az).

Corollary 5 (/5]) If all A;,C and X° (ini-
tial point) are diagonal, then the affine scaling
algorithm for semidefinite programming con-
verges to an optimal solution if a < 2/3.
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