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1－C－9  

onthecomputationalside，COnSiderthefo1lowlngprOb－  

1ems，WherepdBfstandsforapaIrtiallydefinedBoolean  

function二   

（Recognition）：Given aDNF formula p，does p  

representadoubleHornfunction？  

（Extension）：GivenapdBf（T，F），doesithavea  

double horn extension？   

2 Preliminaries   

Recallthat aBooleanhnction，Orahnctionin  

short，isamappingf：（0，1）n→（0，1）・Thesets  

r（J）＝（可け（γ）＝1）andダ（J）＝やh恒）＝0）are  

thetruevectorsandfalsevectorsoff，reSpeCtively．  

ApdBfisapair（T，F）ofsubsetsT，F⊆（0，1）n・  

ThepdBfisusedtomodelapairofasetofpositive  

examplesandasetofnegativeexamples［2，3］・Notice  

that（T，F）canbeseenas？repreSentationfora11  

Booleanfunctions fsuchthatT⊆T（f）and F⊆  

F（f）；anySuChfiscalledanextensionof（T，F）・The  

mainisstleinthecontextofpdBfconcernsexistence  

andpropertiesofextensions，Subjecttothecondition  

thattheyarefromacertainclassofBooleanfunctions  

【2，8】・   
Letv∧wdenotetheinter＄eCtion（i．e．，thecom－  

I）OnentWiseconjunctionofvectors7）andw，e・g・，if  

v＝（1100）andtL｝＝（1010），thenv＜w＝（1000）・A  

HornfuIICtionfhasawell－knownalgebraiccharac－  

terization，glVenby  

J（γ∧ぴ）≦J（γ）∧J（ぴ），   

whichisequivalenttoF（f）＝Cl＾（F（f）），WllereCl∧  

（S）is the closureofaset S ofvectors11nde†tlle  

intersection，alsocalledtheintersectionclosure・An  

equlValentdefinitionofHornfunctio11SCanbeglVen  

intermsofdi如unctive normalhrm（DNF）・ADNF  

1Introduction   

Boolean functioIIS has been considerablyinvesti－  

gated，aSthesefunctions playanimportaInt rOlein  

manyfields such as artificialintelligence，database  

theoryandoperationsresearch・Inparticular，Classof  

HornfunctionsareoneofthemostimportantBoolean  

functions，because satisflability problem of a Horn  

CNF（conjunctivenormalform）（H－SAT）canbesoIved  

inpolynomialtime【5】，Whereassatisfiabilityproblem  

（SAT）ofageneralCNFisNP－COmPlete・Basedon  
thisresult，Hornfunctionsarewidelyusedin prac－  

ticeastheproductionrulesinexpertsystems・Thisis  
amotivationforrecentincreaslngaCtivitiesonHorn  

functions，e．g．，【1，6，8】・   

IntermsofsetsT（f）andF（f），WhereT（f）（resp・，  

F（f））denotesthesetoftrue（resp・，hlse）vectorsof  

aBoolean funCtion f，aHornfunction has an ele－  

gantalgebraiccharacterization：fisHornifandonly  

ifF（f）isclosedunderintersectionofvectors（i・e・，  

v，W∈F（f）impliesv∧w∈F（f），Where∧denotes  

thecomponentwiseANDoperation）・Inthispaper，  

weextendthissemallticalconditionalsotothesetof  

truevectors，and definethatafunction fis double  

HornifbothT（f）andF（f）areclosedunderinter－  

sectionofvectors．Inotherwords，fisdoubleHorn  

ifandonlyifbothfandfareHorn．   

The other restrictions on Horn functions in the 

lineoftheabovearetheconditionssuchas（i）fand  

fdareHorn，and（ii）fandrareHorn・Suchfunc－  

tionsareconsideredin［4，7】．Moreover，［7】pointsout  

thatcondition（ii）characterizestheclassofsubrTWd－  

ularfunctions，glVenbytheinequation  

J（∬∧y）vJ（£Vy）≦J（£）vJ（y）・  

Inthispaper，WeCharacterizeadoubleHornfunc－  

tionintermsofdisjunctivenormalform（DNF），and  
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P＝VitiiscalledHornifeachtihasatmostone  

negativeliteral．   

A function fis called double Hornif T（f）＝  

Cl＜（T（f））andF（f）＝Cl＾（F（f））；theclassofthese  

functionsisdenotedbyCDH．Notethat fisdouble  

HornifandonlyiffandアareHorn．Fbrexample，  

J ＝ 斎1V諾2：r3斎4V芯2二r3∬5訂6豆7   

isdoubleHorn，because   

7 ＝ エ1拝2V否。∨∬。）（蕾2V雷。∨蕾5V烹6Vエ7）  

＝ £1斎2V∬1雷3V∬1こr4豆5Vご1J4豆6V諾1エ4こr7．   

3 Double Hornfunctions   

In thissection，WeCOnSiderasyntacticalcharac－  

terizationofdoublefunctions，Whichwi11thenbeused  

forsoIvingtherecogIlitionandextensionproblemsef－  

ficiently．   

TheoremlEvery f ∈ CDH has a unique prime  

βⅣF，ぴん壱cんんα5班eJbrm  

Now，WeturntOtheproblemsaboutextensions・  

Theorem4Givenapd邸（T，F），WhereT，F⊆（0，  

ll‖．ノJ＝J呵Jり・Jりり仙〟り＝‥・ル…‡…‥・り＝J一‥Jり…・川  

0（m（lれ＋lダl））f盲me－  □   

Theorem5Cねemαpd即（r，ダ），班eγe豆βαpOJymo－  

mねJdeJ叩αわor鵡mJbγe†も祝me†Ⅶ如タαJJ血現ゎge月‾orm  

e∬fe71β盲0れ5扉（r，ダ）．  □  
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や＝Vflf2…f誘い  
i＝1  

（1）  

押／ノ川 川＝り川川丁′・ヾ√＝⊥、′川′JJ．′川′上∫・章／＝  

1，2，．‥，m，んrepα査rt〟ねe dぉか哀れfpoβ盲王立ue fermβ（去れ  

兢盲βCα5e，ごg‘αre re卵rdedα5ねrm5）肌dti♪r豆＝  

1，2，…，m肌d£g川α柁pOβ5乞的em〆y・Coγlγer5eJy，  

euery5uCんわrml血中γepγeβeγ1ね肌J∈C上）〃．  □  

Fromthistheorem，WeSeethatadoubleHornfunc－  

tioncanberepresentedbyalinearread－OnCebrmula  

【耳   

Theorem2 Gi・tlen a Hor71．DNFや，Checki77・gげや  

ハJり川′′／・‥‥ん川砧JJり／ソり′川′・汀…′川′′ん‥Jり′ハJ′′  

0（lやI）王宮me・  O  

However，ingeneral，Wehavethefo1lowlngnega－  

tive result．   

Theorem3Givcn a DIWp，Checkingげp repre－  

βeれねαdol上鋸e肋γれルれC如mま5CO一ⅣP－COm〆efe．ロ  

－69－   

© 日本オペレーションズ・リサーチ学会. 無断複写・複製・転載を禁ず.




