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2 Preliminaries 

LetV＝（1，・・・，n）b9aSetOfvariables・・Eacn  
Variablehasa domalTLandfbrsumPlicity，We  
assume that au domalnS have丘Ⅹed size k and  
aJeequaltothesetK＝（1，…， 

． 

1ationoverKxKwhichde鮎IeSthepalrSOfval－  
uesthatiandLcalltakesimultalleOuSly．Given  
an a5Slgnment Cr：V一－→K，theconstraintis  

Sa．idtobesatis＄edi仔thepair（qi，JE）isanel－  
emellt Of the relation．A W－CSPinstanceis  

de丘nedbya，SetVofvariables，AcouectionM  
Ofconstraints，integerk，anda・WeightfunCtion  

w：M一・→Z＋・Itsoutputisan asslgnment  
SuChthattheyeightedsumofsatis丘edcon－  
Straintsismaxlmized・Denoteやyγ二CSP（k）  
the class ofinstances with domaln S）Ze k．   

恥r eacb constrailltJ∈ 〟1et叫，句  

1 Introduction  

訟霊忠霊慧滞凝轄盟慧農  
SetOfv打iables，tbeirassociaもeddomainsofYaト  
ues aJld a．set ofweighted binary constraints．  

Ourgoalisto丘ndanassignmentwhichmaxi－  
mizestheweightedsumofsatis6edconstraints．  
W－CSPisageneraliza・tionofcombinatorialop－  
timiヱationproblemssuchasMAXCUT．   

Finding optimalsol11tions of W－CSPis  
kn0wntO be computational1y hard・Freuder  
and Wauace【1〕ga・Ve thefirst fbrmalde丘ni－  
tionofPCSPwhichisaspecialcaseofW－CSP  
havingunitweights・Theyproposedageneral  
ffameworkbased on branch－and－bound．●   

Ourworkismotivatedmainlybythepo－  
tentiala・pPlication of W－CSPin scheduling．  

Withthera・pidincrepseinthespeedofcom－  
puting a・ndthegTOWlngneedfor efBciencyln  
SCheduling，it becomesincreaslnglyimportant  
toexplorewaysofdbtainingbetterschedulesat  
SOmeeXtraCOmputationaLcost，Shortofgolng  
a・11thewaytowardsthed●suallyfutileattempt  
Offindinganopti皿alschedule・Ourpaperde－  
SCribes anewappro？Chmeant to achiもve this  
gbal．Anotherhighlightofourapproachisthat  
thesolutionobtainedhasaprovableworst－CaSe  
bou皿d・hapreviouspaper［3】，WePerformed  
aworst－CaSeanalysisoflocalsearcllfbrPCSP，  
aLndinthispaper，Weimprovethatresult・The  

kLowledgeoftheworst－CaSePerfbrmanceglVeS  
ussomepea．ceofmind：thatouralgorithmwi11  
neverperformembarra51nglypoorly・  
Our approachisheavily basedon theno－  
tionofrando7niヱedTmndin9，duetoRaghavan  

andlThompson【斗Thekeyideaistofbrmulate  
a・glVen Optimization problem as a quadratic  

integer program and soIve a polynomialーtime  

SOlvablesemide丘niteprogTam．Thentreatthe  

Optimalftactionalsolution ofthesemide丘nite  
PrOgramaS aPrOba．bilitydistributionand ob－  
tainanintegersolutionuslngthisdistribution．  
Thisapproachyieldsarandomizedよ1gorithm．  
Whi血cazlbe dera・ndomized uslng the melhod  
qfconditionaZpTVbabiZities．Recently，Goemans  

andWiluamson applies asimi1arapproach to  
approximateMAXCUT【2］・Oure羊periments  
iuustra・tethatthisapproachcanllandleprob－  
1emsizesbeyondwhatenumerative search al－  
goritlmscan handle，and thusis acandidate  
fbrsolvingreal－WOrldlarge－SCaleproblems．  

lI／k2denoteitsweight，relation  
respectively；1etαj aLnd Pjde－  ぎ  

j  

notethetwovariablesconnectedbyj；a云dlet  
Cj（u，V）＝1if（u，V）∈Rja・ndOotherwise・Let  

S＝∑j∈MWjSj／∑j∈MWjdenotethestrength  
of a W－CSPinstance．A W－CSPinstanceis  
58ti5βαもki庁tllereeXistsanassignlnentWhich  
Satis丘esallconstraintssimultaneously．  

WesaythatalnaXimizationproblemPcan  
ムe叩pT℃エ五mα亡edwi紘iれ0＜（≦1i仔tbereex－  
ists apolynomial－time algorithm A such that  
fora11inputinstancesyofP，Acomputesaso－  

1utionwhoseobjectivevalueisatlea5tetimes  
theoptimal 

． 

． 

3 TheoreticalResults   

Linear－time Greedy Algorithm Suppose  
We are glVe11a n by たproba・bility matrix  
Il＝ bi・．．）such thatal1pi．”∈【0‥1】and  

∑霊＝1Pi．－．＝＝1for叫1≦壱≦乃・Ifwe  
asslgn eaCh variablelilldepelldently to value  
u with probability pi：u，then the expected  
Weight of the resulting asslgllmentis glVen  

by卸＝去ひブ（－▲註p刷・・Cパ叫ヰ  
Themethodofconditionalprobabilitiesspeci一  
£esthattheremustexistanaLSSlgnmentWhose  
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WeightisatleastWandsuchanasslgnmentCan  
befounddeterministicauyviagTeedyinlinear  
time．Now consider the random asslgnment，  
i．e．pi．L＝1／kfbralli，k．Bylinearityofex－  

pectation，・WeCanShowthat：  

Theorem3・1・W－CSP（k）can be‘approxi－  
matedwithinabsolutera．tiosinO（mk2）tilne．  

′ Next，Wewi11considertwotypesofrouJld－  
1ngOfsemide丘niteprogTamSandanalysetheir  
respectiveworst－CaSeperformances・   

SimpleRounding Formulateaninstanceof  
W－CSP（k）by a Quadratic hteger ProgTam  
（Q′）：  

Q′：maXi血ヱe∑ひブ方（ヱ）  

ブ∈〟  

subjectto ∑和叛＝－（k－2）fori∈V  
v∈g  

エi，Ⅷ∈（－1，＋1）ねr盲∈V，V∈∬  
和＝．＋1  

wbere  

碑〒圭cブ…（1＋町T▲）（1・勒乎）  

encodesthesatis丘abilityofcoムstraintj．  

hterpreteaJ：hvariable〇aSal－dimensional  
VeCtOr Ofunitlength a．nd relaxit to aunit－  

VeCtOrXlyingin thesphere SN Where N＝  
nk＋1．The notation A・B mea．ns theinner  
productofve亡tors74a．ndB．Theresultingre－  
laxationproblem（P）isthefouowing‥  

P：ma裏血ze∑隼湾．（ズ）  
ブ∈〟  

shbjecttp∑xo・・Xi，u．＝－（k－2）fbri∈V  
u∈g  
ズ0，ズi．祉∈5Ⅳ わri∈V，u∈・∬  

血ereろ（ズ）＝主∑cブ（叫ル）（1＋ズ。ノ．T▲・鞄ノ．γ＋  
1l，1I  

ズ0・ズ。ノ，≠＋ズ0・鞄ノ．－，）・  
Weproposethefb1lowingrandomizeda・1go－  
rith皿tOapprOXimate（Q′）fbrk＝2：  

1．（Relaxation）SoIve（P）tooptinlality a・nd  
ObtainanoptimalsetofvectorsX’・   

2・（RandomizedRounding）Constructa・COr－  

responding a5Signmerrt for（Q’）as fol－   
lows．1For eachi，With probabilityl－  

Rounding Via Hyperplane Partitioning  
Adopting a・rOundillg SCllelneillthe veins of  
GoemansチndWilliamsoll【2】，WeCanimprove  
theapproxlmatiollra．tiofork＝2：  

Theorem 
withillO．634，all（10．878forsatisfiableinstallCeS．   

4 ComputationalExperience  

h this sectioll，We rePOrt Our COl11Putatio甲I  
experience．We experimellt OllSati頭abZein－  
Sta・nCeS SO that we caIICOnlpute tlle aPPrOXi－  

mationratiowithouthavingtoobtainoptimal  
solutions．  
FouralgoritllmSareCOnlpared．Greedy LS  

ref占rstohill－Climbillglocalsearcllwithanini－  
tialasslgnment generated greedily，i．e．aJ－  

rangethevariablesillalinearorderallda5Slgn∴  
theminsequellCethevaluethatmaximizesthe  
Weightedsumofsatis6edconstraints．Random  
LS refers to hill－Climbingloca・1searchwith a  

randomillitialasslgn111e11t・Rand Roundrefers  
tooursimpleroundingalgorithm，andRR LS  
referstohill－ClimbillglocalseaJChwithanini－  
tial assignnlellt generated by Rand Round. 
OurexperilnelltSyieldtheseobservations：  

1．Greedy LS performs wellon densein－  

StanCeS，butnotsowellqnsparseones・   

2．Random LS perfornlS reaSOnably wellon  
SparSeinstallCeS but not on densein－  
StanCeS．   

3／Rand Round performscollSistentlyweuon  
allinstances，aChievingatleaLSt97％opti－  

mality fork＝2aユ1d86％optimalityfor  
k＝5．Rand RoundoutperfomlSGreedyLS  
a．nd Random LS for k＝5．   

4．●RRLSoutperforlnSallotherapproachesin  

a11cases，aChieving99％optimalityfork＝  
2and96％optimalityfbrk＝5．   
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arccos（ズJ・ズ∴）  
，aLSSlgn〇i．u tO＋1and＝i．一，   

（v≠u）to－1．  

For the case of k ＝ 3，We Can Show by  
addingvalidinequalitiesthatitreducestothe  
ca5e Orた＝2．  

Theprem3・2・W－CSP（k）（k≦3）canbeap－  
PrOXユmatedwithinO・408・  
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