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1 Introduction  

There has been muchinterestin semidefinite pro－  
gramming（SDP）・The objective ofour studyis to  
analyzethepowerandtheapplicabilityofSDPチp－  
proachestocombinatorialoptimizationvialeXtenSIVe  
COmPutationalexpefiments・TheSDPislmpOrtant  
notonlybecauseltlSSOIvableinpolynomialtimeby  
aninterior pointorellipsoid algorithm（see，forex－  

ample，Iくojima’stutorialpaperinthisissue）butチ1so  
becauseitleads totighter relaxations than cla5SICa1  
1inearprogramrrungrelaxations．   
RecFntly，GoemansandWilliamson［2】deウVedan  

approxlmat10n algorithm for MAX CUT uslng the  
SDP relaxat．ion whose worst case ratiois much bet．－  
terthanthepreviouslyknoⅥ：nbound・Weapplythe  
SameteChniquetothefollowlngPrOblem．  
（GraphPartitioningProblem：GPP）  
GivenacompleteundirectedgraphG＝（V，E）・As－  

SOCiatedwithanedge（i，j）∈E，thereexistsanon－  

negativeweightcij・AssumethatJVlisanevennum－  
berandletn＝lVl．ApartitionofVisapair（L，R）  

ofvertex sets such that LnR＝¢and LuR＝V．  
Apartition（L，R）ofViscalledunifbr7nWhenlLl＝  

JRJ＝n／2．Then theobjectiveoftheproblemisto  

負ndauniformpartition（L，R）ofVthatminimizes  

C（エ，月）＝∑∫∈エ，ノ印Cij・   
The GPP used as a test bed to investigate the 
POWerOfmetaheuristics［1，3】・Johnsonetal・【3】  
providedbenchmarkinstancesonwhichsomeheurlS－  
tics have been compared via extensive computati－  
ionaIexperiments；theyshowedKernighanandLin’s  
heuristic（KL）【4】worksTellongeometric（struc－  

tサred）problernsbut theslmulatedannealing（SA）  
glVeSbettersolutionsthan KLonrandomgraphsif  
muchcomputationaltimeisallowed．Theauthors［1】  
showed that．avariantoftabusearchthatwecallthe  
liftspanmethod（LSM：See，forexample，Kubo’stu－  

torialpaperinthisissue）beatsbothSAandKLon  
randomandgeometricgraphs．   
Theorganizationoftherestofthepaperisasfbl－  
lows．Section2gives two SDPformulationsofthe  
GPP．Basedon aSDP relaxation，Wederivean ap－  
proximate algorithmfor the GPPinSection3・In  
Section4，WeCOmParethealgorithmderivedinSec－  
tion3withtheLSMviacomputationalexperiments．  
FinalsectionglVeSSOmeOpenPrOblems・  

ThentheedgeformulationoftheGPPis   

mln  ∑i＜ノC挿J   

S・t・  ∑‘＜パ樟＝n2／4  
（2）  

4∑‘＜Jα巧yり≦（∑挿）2 た）rα∈況n（3）  

yiJ∈（0，1）  わrブ＜ノ．（4）  

Theinequalities（3）canbederivedbytheinequality  
4（∑i∈エα‘）（∑i∈月α‘）≦（∑‘∈川）2foranypartition  

（L，R）ofl′，andberewrittenbythesemide鮎itecon－  

straint  

1  

－ノーyト0   
2  

（5）  

whereJdenotes the al11，smat．rixand Y denot，eSt．he  
n x n syrrlmetric matrix with zero diagonalandij  
andjientriesyij・   

Byreplacingtheconstraints（4）withO≦yij≦1  
fori＜j，Wederive asemidefiniteprogrammlngre－  
1axationoftheGPPthatcanbefurtherstrengthened  
byaddingthelinearinequalities  

拘＋訓ほ＋的た≦2 fbrf，ノ，た  （6）  

and  

肌ノー肌た一班た≦O fbrf，ブ，た・   （7）  

Wedenotethisrelaxtionby（P）・   

Letx＝（ci）∈沢nbethevertexincidencevector  
Oftheuniformpartitiondefinedby  

筍＝ 
（＿壬…≡え   （8）  

Then t，he vertex Lbrmulation ofthe GPPis  

min を∑f＜ノCiメ（トー釣り）  

S・t・   ∑湾＝0  
（9）  

勘∈（－1，1）   払rf・（10）  

Notethatfbranyincidencevectorscandy，rirj／2＝  

1／2一期holds・   

ByFeplaclngOnedimensionalvectorriWithn－  
dimenslOnalvector viOf unit norm，We derive the  
relaxtion  

min を∑；＜ノ句（1一明・り）  

s・t・   ∑‘巧＝0  
（11）  

腑‖＝1  鈷rf （12）  

Wherevi・りrePreSentStheinner（dot）product・  

2 Formulations  

Lety＝（yij）∈沢n（n．1）／2betheedgeincidencevec－  
toroftheunifbrmpartitionde負nedby  

拘＝（去  

f＜ノ，f∈エ，ノ∈月o一言∈月，ブ∈ム  

otherwise．  （1）  
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4 Computational experiments 

We test the randomized algorithm derivedin Sec－  
tion30nthestandard test problems availablefrom  
DIMACS（ftp・dimacs．rutgers．eduinthedirectory／DSJ）  
and TSPLIB problems，and then compareit with  
the LSM．Developlng the LSMfor MAX CUT and  
thencomparlngWithGoemansand Williamson’sal－  
gorithmwould be ofinterest．Results ofcomputa－  
tionalexperimentswillbereportedintalk．   

5 Conclusion  

Wedemonstratetheapplicabilityofthesemidefinite  
programrrungtothegraph partitionlngprOblem．It  
Willbe ofvalue to apply the similar technique to  
thestablesetproblemandthequadraticasslgnment  
problembecausebothproblerrBhavetightrelaxations  
thatarenatual1yfbrmulatedassemidefiniteprogram－  
ming．We can also derive thefo1lo、Ving（semide汽－  

nite）cutforthen－Citya5ymmetrictravelingsalesman  

PrOblem（n≧3）：  

4∑叫勒≦（∑げ 払ーゐ∈町  
；J l  

∑α岬ノー∑叩欄1≦cos≡（∑αf）2 brα∈沢n・  
り≠1  1  ‡   

Analyzlngthestrengthoftheseconstraintsisanin－  
terestingopenproblem．  

Byreplacingvi・Vj With＜ij，We deriveanother  
semide£nite relaxation ofthe GPP  

min 喜∑‘くjC‘j（1－㍍）  

S・t・ ∑iそiブ＝一円／2  

三ト0  

（13）  

（14）  

吉日＝1  fbrf・ （15）  

Notethat（13）and（14）correspondto（2）and（5），  
respectively，and a symmetric positive semide£nite  
matrix≡＝（fLj）witheiL＝1correspondstoaset  
ofvectors vi，i∈Vsatis付ing（12）．Notealsothat  

the dualoftheaboveSDPleads tothe（min－maX）  
eigenvaluebound【5］・  

3 Therandomizedalgorithm  

Using the SDP relaxation，We derive thefo1lowlng  
randomizedapproximatealgorithmfortheGPP．  

Stepl：SoIve（P）．LettheoptimalsolutionbeY＝   

（拘）・  

Step2：UsingaCholeskydecomposition，負ndama－  

trixVsuchthatl′rV＝（喜J－y）・  

Step3：Chooseahyperplanethroughtheorlgln．If  

thecolurrmvectorviOfVliesabovetheplane，  
thenvertexiisinL；OtherwisevertexiisinR．  

Remarkl（P）canbesoIvedbyacutting－planemethod  
TheidentiBcation problem ofthe semide危nite con－  
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isreducedtofindingtheminimumelgen－  

． 

最  COrreSpOn   

Remark2Sincethevectorvobtainedbytheabove  
algorithmalwayssatisfies∑i∈VVi＝0，anyhyper－  

planethroughtheoriginderivesaunifbrmpartition；  
S？rePeatedtrialsoftherandomizedalgorithmmay  
glVebettersolutions．  

Remark3ワSingthe tighterinequaliti？Sthan（3）  
SuCh as gaplnequalities or hypermetriclnequalities  
【5］，WeCanderiYetighterrelaxationsthatmaylead  
tobetterapproxlmateSOlutions．But，unfortunately，  
theidentification ofthe gapinequalityis NP－hard  
andsomeheuristicidenti汽cationschemewillbe11eeded．   

Remark4For the GPP，the direct application of  
thetechniqueby GoemansandWilliamson doesnot  
glVeareaSOnableworsecasebound．Acriticalpointis  
thatMAX CUTistheproblemofmaximizlngnOn－  
n？gativeweights，WhiletheGPPistheproblemof  

mlnimlZlng nOn－negative weights．Theslmilar phe－  

nomenonoccureswhenwederivetheworstcase（prob－  
a9ilistic）boundsviatherandomizedroundingtech－  
nlqueOflinearprogrrammingrelaxations〔6】．  
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