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Therelationbetweenthega．metheoryandthe  

COmbinatorialoptimizationtheoryhasbeenexten－  

Sively discussed・For example，aCCOrding to the  

resultofShapleyandEdmonds，anyCOnVeXgame  

is equlValent to a polymatroid．Here we arein－  

terestedin another w叩．Ifthe core ofa game  

is empty，howisit related to combinatorialthe－  

Ory？Howshal1wecharacterizeandresearchthose 
games？   

ThispaperdenoteagamebyG＝（N，C），Where  

Nis the player set，and cis the characteristic  

function・Usual1yweuseitorepresentageneral  
PlayerinN・Thispaperassumesthatcisanon－  
decreaslngfunction．Thatis，forany7∈S⊆N，  

C（S－（i））≦c（S）・Fhrthermre，WeSuppOSe  

c（¢）＝0．ForfundamentaltermlnOlogy，SuChas  

imputation，COre，COnVeXgame，T－Valuesee【2】．   

1 Base and Cut   

Definitionl・1Fbr a subset5⊆N，げc（S）＝  

c（N），WeCallS aspanningset ofG（orN）．   

Definitionl・2GivenasubsetS⊆N，げc（T）＜  

c（β）わγα几ypmpeγざ祝むβeHr⊂β，血乃g盲βCαJJed  

independent．  

Letrbethefamilyofallindependentsets．   

Definitionl．3 We calla playeri∈ N null  

〆叩erゲルγαJJ5⊆Ⅳ－（盲），C（5∪（盲））＝C（β）・   

Theoreml．1Fbr a convex game without null  

〆叩er，班eo乃極印α几几去叩ざef扉Ⅳ五βⅣ五ねe折   

Definitionl．4A subsetB⊆Nis calLed abase  

qfG（orN）げBisaspanningsetpfGandevery  
pmperβ混む5ef扉β壱β乃Ofα叩α乃花王几タgefげC・  

Letβbethefamilyofallbases．   

Theoreml・2〝伽07℃〆Ccoγe（G）ぬ払出  
emp毎 払e花々rα乃y亀mpuね如乃ご ∈ core（C），  

ご（五）＝0げ班e代eご盲ねαあαβeβ⊆Ⅳ－（五）・  

De丘nitionl．5凡rαβe亡β⊆〃，αβ混む5efr⊂5  

ねcαJJedαCut O／∫げc（5－r）＜c（β）．r壱βCαJJed  

aminimalcutげanypropersubset ofTis not a  
Cl止β叩eC壱α勒，げr co乃β盲5ねイα5盲几タJe〆叩eγ壱，  
theniiscalledabridge qfS．   

Theoreml．3エe亡βらe班eβe±イαJJぁわ勾eβ扉  

Ⅳ．〝c（G）＞0班e乃COγe（C）≠¢0γ和げβ≠臥  

凡r班emo代，by班e乃ご岬）＝ご（〃）わrα叩ご∈  

coγe（G）．   

Definitionl．6LetS⊂N．Fbrany setT⊆S，  

Je£c躍）＝C（アリ（〃5））．me乃…eひタαme  

（S，Cs）iscalledtherestrictedga・me qfG onS・   

Theoreml．4LetD be the set pfallbridges qf  

Ⅳα几dβ≠臥 rんe乃COγe（C）≠¢げα乃do乃毎げ  

COγe（β，C上））≠臥  

From the above definitions，We know that  

empty－COre gameS Share many properties with  

gra，phs．SeeSection3・   

2 Generalized Core and Gener－  

ali2；ed T－VAlue   

Definition2．1An vector x ∈ 7Z，nis called an  

generalizedimputationげthefollowin9COnditions  
α代βαf壱ββed．  

1）（GeneralizedIndividual1yRationality）   

ヱi≧min（c（五），C（Ⅳ）－C（Ⅳ－（り））；  

2）（EfRciency）∑i∈NXi＝C（N）・  

NotethatifxisaiPutationthenx（i）≧c（i）・  

ThereforeimputationlSaSpeCialcaseofgeneral－  

i2：edimputation．   

Definition2．2 The set qfallgenenlizedimpu－  

lationxwhichsati励condition3）iscalledgener－  
alizedcore．  

3）IfthereisasubsetS⊂NsuchthatT（S）＜c（S）  

thenx（T）≦c（T）holdsfbranysubsetT⊂Nwith  
lrt＝l叫－1・  
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Theorem3・1Comp≠血gβαrわびα乃dPγ05Cんα几  

meα5urei5＃クーCOm〆efe，Wi紙代叩eC£わ血i叩uf  

Je几がんt叫・   

ThereforewenowtrytousetheT－Valuetomea－  
surethecomponentimporta・nCe・SincethegameS  

relatedtonetworksystemareusual1ywithempty－  
core，WeCOnSiderthegeneralizedT－ValueofDefini－  

tion2．4．Fbrthermore，itcanbeusedtoaweighted  

networkinthefollowlngWay・   

We construct a game GT ＝（N，CT）ftom a  

weighted network GRAPH（V，N，W）・For any  

subsetS⊆N，W（S）＝∑i∈SW（i）・Thende丘ne  

thecharacteristicfunctioncTofgameGTby  

Itis easy to check that generalized core con－  

tainscorefbra・nygame・Furthermore，thefbllow－  

1ngtheoremshowsthatmanyempty－COregameS  

havenonemptygeneralizedcore・  

Theorem2．1〝∑土竺l（c（Ⅳ）－C（Ⅳ－（瑚）≦  
c（Ⅳ），班e乃班ege乃eγαJ壱zedcoγe古川0乃eわIpfy・   

Definition2．3In9ame（N，C），tWO VeCtOrS A  
α乃dβ∈取囲αγedび乃edαざ♪JわびざごかαJJ壱∈Ⅳ，  

A（盲）＝C（〃）－C（〃－（宜）），   

雛｛5岸言…Ⅳ｝〈c（βトふ，Aヰ   
Recalltha．tvectorsAandBarethelowerbound  
andupperboundinthedefinitionof7－－Value・We  
claimthattheTTValuecanbealsoappliedtothe  

casethat B＜A．   

I）efinition2．4HA≦B orB≦Alhenlhegen－  

eralizedT－ValueisdびnedasT＝入b＋（1一入）B，  

ぴんe几入∈【0，1】壱βd所乃edむy兢epγOpe巾∑iT（壱）＝  

c（Ⅳ）・   

Theorem2．2  

〝班eタe乃erαJ五zed coreiβm抑emp±y，班護乃e鵡er  

A＞βorβ＞A．  

〈岩 w 

（S）－W（Bs）ifSisaspanningset  
cT（g）＝  

otherwise  

wherew（Bs）istheweightofminimalspanning  
tree ofS．   

Definition3．1The 9eneralized T－VaLue for a  

タαme（β，CT）αCCOT肩盲几gわβeβ花王f壱0几β・イ盲5Cα抽d  

T－meαβ祝γeJoγfんe compoTleTlね壱乃α叩ざ亡em・   

According to Theorem2・1and2・2）the T－  
measurecanbeappliedtomanynetworksystems・  
Fhrthermore，thecomputationofT－meaSureisin  

P．Infact，thecomputationofAisevidentlyeasy・  

InordertocomputeB，1etT；beaspannlngtree  

ofGRAPH（V，E）containingiwiththeleastpos－  

sibleweight．77canbefoundbythegreedyalgo－  

rithm，Startingfromiandaddingoneedgeeach  
timewiththeleastweightwhilekeeplngbeinga  

tree．   

Theorem3．2  

月（壱）＝C（℃ト ∑ A（け  

ん∈れ－（り   
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3 Application   

As an application，Weinvestigate some games  

relatedtoreliabilitytheory．Inreliabilitytheory，  

howtomeasurethecomponentimportanceisan  

importantproblem・Givenanetworksystem，rep－  

resented by a connected graph GRAPH（V，E），  

whereVisthe vertexset and Eis the edge set  

where each edge may fail・This system works  
ifandonlyifal1verticesin V are conIleCtedby  

workingedges．【3】definesacooperativegameby  

consideringeveryedgeofEasaplayer（i・e・，1et  

V＝E）．ForanysubsetS⊆N＝Ec（S）＝1if  

SisaspanningsetofE，Otherwisec（S）＝0・In  

thisway，almostal1ga・meShaveemptycores・Fur－  

thermore，thebase（resp．cut，bridge）ofagame  

（Sectionl）correspondsto the base（resp・Cut，  

bridge）oftherelatedgraph・On theotherway，  

thefamousBarlow－Proschanimportancemeasure  

【1】forthegraphistheShapleyvalueofthegame・   

Thereexistsa．problemfromtheviewpoint of  

COmputationcomplexity・  
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