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ThefundamentalperiodofaG／SM／1queue  
FumiakiMachihara 〃rrTbZecormunicadonNetwork！エαboratories   

l．Introductiom  
WestudythefundamentalperiodofaPH－MR／SM／1queuewithaphase－typeMarkov  

renewalinput and semi－Markovian services．TheLST（Laplace－Stieltjes transform）ofthe  
fundamentalperiddis扇butionhastxenobtainedasama扇x－eXPOnemialfbrmforaPH－MRA3I／1  
queuewithi・i．d．services［1，2］．Lucantoni－NeutsrecentlygeneralizedthisresulttoaPH－  
MR／SM／1queue［3］，butitsfbrmdoesnotseemtobesuitablefbrcomputation．Inthisrepor（，We  
glVeadifftrentfbrmfbrtheLSTofthefundamentalperi∝1distribution．Thisfbrmismore  
tractablefbrcomputationthanLucantOni－NeutsT．  

2．QueueingModelandtheFundamentalPeriod  
WeconsidertheG／SM／1queuei撃m∝lelcharacterizedasfollows：   
（a）nLeSerVicetimesofsuccessIV？CuStOmeTSfbrmanirTeducible semi－Markovprocess  

WithmlPOSSiblestates・GiventhataservICeStartSlnStatei，itsservicetimefbllowsdi紆ibution  

t  

．  

becomesemptyinservicestatei（i＝1，’’’，ml），   
（b）TheaHivalprocessisaphase－tyPeMarkovreりeWalprocess（oraMarkovianArrival  

m∝eSS）withm2Phasestatesandtheinteramvaltimedensltyisgivenby  

f（x）＝αexp（Tx）ザ，  （1）  

whereα，TandTDrespectivelyhavethenxm2，m2×m2andm2×nma血fbrms・BetTeen  
SuCCeSSivearrivals，thefluctuationofm2StateSfb1lowsaMarkovprocesswiththeinfiniteslmal  

generatorT．Wecallthesestates”arrivalphasestates．’lThearrivalpr∝eSSandtheservicetimes  
aremutuallyindependent．  

Weassumethattheservicedisciplineisnon－preemPtlVe．Wenowcohsidertheembedded  

MarkovrenewalprocessatdepartureePOChs・DefineてLtObethel－thdepartureep∝hsof  

CuStOmerSfbmthesystem，Withて0＝0，and（ちL，IL，Jl）tobethenumberofcustomersinthesystem，  

theservicestateandthearrivalphasestateatてL＋，immediatelyafterてJ・Then（ちJ，IL，JL・てL．1－てt）  

isasemi－Markovprocessinthestatespace（（i，j，k）：i≧0，1≦j≦ml，1≦k≦m2）・Thisprocessis  

positiverecurrentwhenthetrafficintensityp＝入小＜1，Wher叫－1andL－1arethemeanservice  

timeandmeaninterarrivaltime．Now，WeaSSumeP＜1．Wedefinelevelitobethesetofstates  

（（i，j，k）：1≦j≦ml，1≦k≦m2），i≧0・ThestatesofleveliareOrderedlexicographical1y，thatis，  

（i，1，1），…，（i，1，m2），（i，2，1），…，（i，2，m2），…，（i，ml，1），…，（i，ml，m2）・Wecallthesemlm2  

StateS一一service－arrivalstates（Ofleveli）．‖  

Letusconsideraservicecompletionep∝hてkatWhichthenumberofcustomersbecomes  
leveli＋2魚・Omleveli＋1．Wenowstudythefirstpassagetimefromleveli＋1toleveli（i＝0，1，・・・）・  

）1 

慧悪霊ご£言て器？誓チ㌫霊霊慧慧i慧ごt：：よ1チ，ユニごt：≡告1）完了S£  
1exicographicallyorderedservice－arrivalstates，1≦j，j’≦mlm2・NotethatGjj・（x；i＋1）is  
independentofi≧0．TheLaplace－StieltjestransformG＊（s）of  

（G力l（x，i’1））（1≦j，j’≦mlm2）   

isgiv   

G＊（s）＝「（叫x）⑳ち）ex，（（－SI＋Il⑳T＋（Il⑳TOα）G＊（S））x），  （2）  

O  

WhereI・ismiXm・indentitymatrix（i＝1，2）・ 11  

Thisma扇x－eXPOnentialformisthesimpleext？nSionoftheresultforthei・i・d・SerVicequeue（［1］，  
【2］）．WhatisthedifftrencebetweenthecaseslnWhichH（x）hasthematrixfbrm（Semi－Markovian  
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SerVicecase）andH（X）hasjustascalarform（i・i・d・SerVicecase）？Inthelatter，Ilisscalarandwe  

canSimplysubstitutesI－T－TOαG＊（S）intothevariablewoftheLSTH＊（w）ofH（t）・＝owever，  
whenH（x）hasthemadxform，Wehavetodirectlycomputethema扇x－integradon・Now，Wewi11  
givethesimplerfbmthanEq．（2）．  

Theorem TheLSTofthefundamentalperiodlengthdis扇butionisgivenby   
G＊（S）＝（G＊（S；j）㌔・）（1≦j，j’≦m），  （3）  

Where   

（4）  

G＊（S；j）＝（㌔⑳b）FdHj（x）exp（（－SI・Il⑳T・Gl⑳TOα）G＊（s））x）（el⑳b）・ 0  

知1＝（11・…，1，ml）・  
Pr00f   Letusassumethattheservicestateatてk＋Oustafterてk）isj・LetG（x；j）（m2×m2  

ma扇x）denotethefundamentalperiodlengthdis扇butiongiventhattheservicestateatてk＋isj・  

Now，WeShallconsiderthattheservicedisplineisLIFO（Last－In－First－Out）preen？Ptionduringthe  
COnSideringfundamentalperiod・NotethatthefundamentalperiodlengthremalnSunalteredfbr  
anyservicedisciplinesiftheyarework－COnSerVlng・  

DenoteX＝Servicetimeofthenrstcustomerwhoseservicestartsatてk＋  
andY＝Totalservicetimeofallcustomersinthefundamentalperiodotherthanthe蝕stcustomer・  

Wedefinetheconditionaldis扇butionglVenthatX＝X  
m盟・（yIx＝X）＝P（Y≦y，K（Tr）＝k－1JOk・）＝j，K（てk・）＝k，X＝X）・  

andthemnsform   

M＊（x，S；j）＝（［e．sym盟・（x，d，y））1≦k，k・≦m2，  
WhereTfistheepochatwhichthefundamentalperidends，andJ（t）andK（t）denotetheservice  

Stateandarrivalphasestateatt，reSpeCtively・Notethattheservicestateatてk＋isequaltothe  

ServicestateatTf－fbmtheassumptlOnOftheLIFOpreemptlVediscipline・  

InordertoderiveM＊（x，S；j），WeCOnSiderthecaseinwhichtherearenarrivalsduringthe  

nrstcustomserviceperiod（n＝0，1，・・・）・Whenn＝0，itsprobabilityisgivenbyexp（Tx）（＝qo）・  

Whenn＝i（＞0），SerVicetimeofacustomerwhopreemptsthefirstcustomerservicefbrthe血st  

）i よ（三；． 
peridends，theserviceofthefirstcustomerisresumed．Therefbre，theprobabilityofthiscaseis  
glVenby   

αi＝J…Jexp（Tu．）TO叫⑳b）G＊（s）  
ul＋…＋ui十1＝X  

x（Il⑳exp（Tu2）TOα）G＊（S））・・・（Il⑳exp（Tui）TDα）G＊（s）（Ⅰ．⑳exp（Tun．1））（e．⑳b）・  
Then，Wehave  

00   

M’（x，S；j）＝息αn＝q⑳b）exp（（Il⑳T＋（Il⑳TDa）G＊（s））x）（el⑳h）・  
Since   

G・（s；j）＝re－SXM＊（x，S；j）呵X）， O  
Wehave（4）・SincePr（J（Tf＋）＝j’lJ（Tf－）＝j）＝㌔17Wehave（3）・  
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