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Let S．be the server switch－OVer time between l  

StaLionsiandi（m∝1N）＋1withfirsttwomomentssi・  

s（？），Tnetotalswitch－OVertimeoftheserverduringa  l  

N  

CyCleisgivenasS：＝Siwithfirsttwomomentss，  
i  

卸ds（2）．  

LetCbethecycletime，i．e．thedmebetweentwo  

successivearrivalsoftheserveratasta山on．Theflow  

balanceaTgumentinleadstoLhemeancyclehmeas  

C：＝E［C】＝S／（1－P）．  （2．1）  

Let（e，g，1L，1d）bethepartitionofthestBtdon  

index set（1，2，…，N）wheree：＝（jlstationjis  

exhaustive），g：＝（jlstationjisgated），1L：＝（jt  

Stationjisl－1imited），andld：＝（jIstationjisl－  

decremenung）・D即OLebyAitheeventthattheservice  

isprovideduponitsarrivalatstadoni・TTlePrObability  

OfAi・Pr［Ai］，isthengivenby   

Pr［Ai］＝入iC＝LiS／（1－P）（i∈1L），  （2・2）   

Pr［Ai］＝㌔（l－Pi）s／（l－P）（i∈1d）・  （2・3）   

3．The pseudo－COnSerVationlaw  

Letwibethemeanwaiting也meofacus10merin  

Stationi（l≦i≦N）．Usingtheworkloaddecomposition  

result〔3］togetherwidlthelumpedworkloadresultfbr  

山enon－VaCation（Ordinary）system［9】，Wehave  

1．Introdu（：tion  

Boxma and Groenendijk〔3］find a pseudo－  

COnSerVadonlawfbradiscrete一山mecyclic－SerVicesystem  

withbatchBernoulliprocess（BBP）amiⅤals，eXpreSSing  

a weighted sum of Lhe mean waitinglimes atlhe  

individualstadonsintl℃SyStemaSafunctionofitstraffic  

Characterisdcs．Theapproachtakenin【3］isbasedon  

Lheircompanionpaper【2】treatingaconlinuous－time  

SyStemwithPoissonamivals．However，theresult［3］  

fbr the discrele－time syslem with BBP arrivals，and  

山erefore，theresultforthecontinuous一也mesystemwith  

batchPoissonarrivals（Obtainedbytakingthelimitasthe  

Slotlengthtendstozeroin［3］）aresecntobeincorrect  

［1，4］．TothebesLoftheauthor’sknowledge，however，  

thereexistsnoliteraturediscusslnghowsuchincorrect  

argumentaprxnrsin【3】．  

nemainpurposeofthepaperistopresenta（1ast  

fbrmof）pseudo－COnSerVadonlawforthediscrete－time  

SyStem With BBP arrivals，identifying two errorsin  

Boxmaa爪dGroenendijk［3］andmakingcorrecdons．   

2．Modeldescriptiom amd notation  

TimeisdiYidedintoslotswhichareequaltotime  

unity（One）inlength foramoment．Weconsidera  

multi－queue，Slngle－SerVer SyStem With Ninfinite  

queuelngCapaCltyStadons．Eachindividualstationis  

VisitedbytheserYerinacyclicorderaccordingtoone  

amongexhaustive，gated．1－1imitedandlJecrementing  

SerYicestntegies［7］．Arrivalso∝urattheendofasloL  

ThisarrivalassumptlOniscal1edasLatearrivaL；See  

Takagi［8】．CustomersarriveatastaLionaccordingtoa  

batchBemo山upr∝那S【8，9】．   

LetXibethenumberofamvlngCuStOmerSat  

Stationiduringaslotwithfirsttwomoments；九i：＝  

E［Xi】，入（字）：＝E［X子】・LetH・betheservicedmeofa l、1‾1  

CuStOmeramVlnginstadoniwithfirsttwomoments；hi  

：＝E【Hi】，a鵬h甲）‥＝E呵】・meO晩rdloads訂e山en                 l  

N  

giYenaSPi：＝軌抑dp＝計・  

子  

piWi＝㌫邑糟・綜幹                                            1  

N
∑
ニ
l
 
 
 
 
 
 
 
 
 
 
 
 
●
l
 
 

・P【芸一圭】・誌訂P2儲】  

N  

＋孟mi・（3・1）  

wherem．denolesthemeanamountofworkthatisleftat l  

StationiafteranarbitrarydepartLlrefねmthtstadon．   

Rema，k3．1Forazeroswitch－OYer也me（S＝0，S（2）／  

S＝1）system，（3．1）reducestotheconservadonlawof  

Bisdikian【1］andTakahashi＆Hashida【9］．InBoxma  

＆Groenendtjk［3】thesecondtemof（3・l）is  
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2（1－P）  

whe托h：＝芸㌢い（2）  

Substitudng（3．2）through（3．5）in10（3．1）yields  

山eね110Wlng陀Sull．  

Theorem 3．1（Pseudo－COnSerYalionlaw）For a  

discreLe－timeGeomX／GI／ltypemulti－queueSyStem  

under mixed exhaustive，gated，1－1imiLed andl－  

decremenLlngSerVices打ategleS，Wehave   

i∈eUg  ∑piWi＋i真LPi（1．九iC）wi   
＋i真。Pi［l．LiC（1－Pi）】wi  

and入denole the first two  

N  

momentsfbrlumpedarrivalbalchsize（X：：Xi）・  

Boxma＆Gm¢nendiik［3］miscalculatethemeanlum匹d  

WOrkloadfbrthenon－VaCationsystem．Indeed，their  

result［3］isvalidfbrasingle－Stadon（N＝1）system．l   

Itremainsfbrustoderivethequan山ymiforan  

individualstation．Forexhaustiveandgatedstationsitis  

easily verified that ffom the defini山）nS Of service  

Sけa蛤gies  

mi＝0（i∈e）・  （3・2）   

mi＝㌔（CPi）hi＝CP！（i∈g）・   （3・3）  

Forl－1imitedandl－decrementlngStations，SOmeWhat  

more workis required・Conditionlng On Ai，and  

applyingtheargumentinShimogawa＆Takahashi［6】，  

weob仏in  

九（享）＿九．   
mi＝CPi［hwi＋Pi＋‾‾吉㌃」】（i∈1り，（3・4）  

1  

入．h（p   
mi叫（トPi）［piWi，（pi  

入（？）一申i 入（芦）＿入．   
）］（i∈1d）・（3・5）  

・h・－ ⊥一功i  

Remark3．2In［3】，thelastterminthecurlybracket  

Of（3．5）is missing．Boxma＆Groenendijk【3］  

misunderstanddlatdlemeannumberofcustomerswho  

amivewhiletheserverispresenlatsta山onibutwhoare  
Slillwaitingtotxserved，E【呵］，isequaltothemean  

numkrofcustomersleftbehindbyadepartlngCuStOmer  

inaGeomX／GI／1systemwiLharrivalbalchX・and l  

SerVicedmeH・・However，E【N：］isthemeannumt＊rOf l  

CuSLomersleft behind by a deparLlng CuStOmerin a  

modifiedGeomXp3I／1systemwitharrivalbatchX・and l  

SerVicetimeHi・Here，bymodqiedwemeanthatcach  

busyperiodt＊ginswithonlyonecusLomer（batchsiz  

initiatingeach busyperiodis one）．Thus，Boxma＆  

GroenendUk’sresult【3］isvalidforasingle（non－batch）  

arrivalsystem．b  

hiPi・P【－  
－糟・  

白 2入i（1－P）  

・きp2一芸小clぶ子一誌謹桝i  
入（子）＿入！  九（声）＿入．  
：1－Pi）pi】  

1  

十C【 
i′ l 

－乞真よ入（子）一入字一榊i               l  

d   

（3．6）  

Remark3．3a）Wehavesofarexpressedallquantities  

inslotswithunityslotlength．Wenowassumeaslotto  

beoflength△．TakingthelimitasA→Oin（3．6），We  

Obtainthecontinuous－timeresultofChiarawongse＆  

Srinivasan【4］fbrabatch－PoissonarrivalMりGI／11ype  

multi－queueSyStem．b）Foranextensionofthepseudo－  

COnSerVationlawtopnontysystems，SeCTakahashiand  

Kumaり10】．I  
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