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1 Introduction  

Intllispaper，WeaddressafundalllelltalproblelllrC－  

1atedtotheinductionorBooleal1logic（e・g・，【2，3】），tllat  

lS，glVen aSet Ofdata，repreSellted as aset ofbinary  

“truen－VeCtOrS”（or“positiYeeXamPles”）alldasetof  

“falsen－VeCtOrS”（or“11egativeexalllples”），Wehaveto  

establisllaBoolean function（extensioll）f withsollle  

SpeCi丘ed properties，SO that fis true（resp．false）ill  

everygiventrue（resp・false）vector．   

ForillStanCe，dataxrepresentthesymptonlStOdiag－  

710Seadisea5e，e・g・，ご1denoteswhethertemperatureis  

high（ご1＝1）ornot（3：1＝0），andェ2denoteswhetller  

blood presureis high（ェ2＝1）orrLOt（ご2＝0），etC．  

Establishing an extension／，Whichis consistent with  

theglVendata）amOuntStOfindingaloglCaldiagnostic  

explanation oftheglVen data．Therefore，this may be  

COnSideredasaformofknowledgeacquisitionfromglVen  

exanlples．  

Illthisprocess，SOmeknowledgeorhypothesisa．bout  

the extension／may usua11y be available beforellalld．  

Such kl10Wledge mqy be obtained frollleXperience or  

fromtheanalysisofllleChanislnSthat mayormayl10t  

CauSetllePhenomenaunderconsideration．Intheabove  

exalllPleofdiagnoslngdiseases，it would be naturalto  

a5Sume that we somehow kl10W the direction of each  

Variablethattendstoca・uSethediseasetoappear・By  

Changlngthe polaritiesofvariablesifnecessa．ry，there－  

fore，theextensionf（3：）canbeassulnedtobepositivein  

allvariables．Inotherwords，Wearea5kedtoestablish  

anextensionf，Whichisapositive】ヨ001eallfunction．In  

thisapplication，nOtOl11ytheobtainedfunctionfitself  

butalsothefactthatthegivellSetOfdataactual1yhas  

apositiveextensionareimportamtinformationtoknow，  

Sincethelatterveri丘esthat the a5Sumptionontlledi－  

rections ofvariablesisin fact correct，   

Restrictiononthefunctionalformofanextensionlllay  

alsoarisein adifferentcontext．Forinstance，applica－  

tionsin arti負cialintelligence often requlre the exten－  

Sion／tobeaHornfunction，becausesuchfunctioncan  

becharacterized by DNF（disjunctive normalform）of  

Horn terms，and hence can be realized by Horn rules．  

Thesesuggestsallimportantproblel－1illthisarea，tllat  

is，dctermi1－111g the existenceorl10neXistellCeOfalleX－  

tel－Sio11／ofgiven data，Whichisin a givellClass of  

I3001eaIlfullCtio－1S・In addition to classes ofpositive  

functiollSalldHornfullCtions，SOmeOtherclassesoffunc－  

tiollS，SuCllaSk－DNFfullCtions，h－terlllDNFfunctiollS，  

duaトcomparable functions，thresl101d functiollS，read－  

011Cefunctions，arediscussedintllispaper・   

Ullfortullately，tl－ereal－WOrlddatamiglltCOlltailleト  

rors・As for the above examples，l11eaSurelllent errOr  

mightcomeinwhellgettingdata，Ortherelllaybesome  

Other factors not represented as variablesin the vec－  

tors（e・g・，SOmebacteriawhichcausethedisease，inthe  

aboveexampleofdiagnosis）．TbcopewitllSuCllSitua－  

tions，We mayllaVe tOglVeuptllegOalofestablishing  

alleXtenSiollthatisperfectlyconsistentwiththeglVen  

data・Ifthereisl10SuClleXtenSion，tllebestwecalleX－  

PeCtistoestablishanextellSion／，Whichha5thel11ini－  

1numerrOrOfl11iscla5Sincations．Thisproblemwillalso  

beextensivelystudiedinthispaper．   

Theproblel－10用IldillgeXtenSionsofgivendataarises  

illYariousfieldsillCludingnotonlyartificialillte11igellCe  

【2，3】butalsolearningtheory【1】，gal11etheory，alldso  

Oll．  

2 Definitions and Problems  

ABooleanhmction，Ora・／unctioninshort，isamap－  

pingf：（0，l）nト→（0，1），Wherex∈（0，1）7．iscaued  

aBooleanve？tOr（avectorinshort）・If／（x）＝1（resp・  

0），thenごiscalledatrue（resp．jhlse）vectoroff・The  

SetOfalltrueVeCtOrS（fa・1sevectors）isdenotedbyT（f）  

（ダ（／））・   

Apar・tiaELydqPnedBooLeanルnction（pdEf）isdefined  

by apair ofsets（T，F）ofBoolean vectors ofn vari－  

ables，WhereTdenotesasetoftruevectors（orpositive  

exal11ples）andFdel10teSaSetOffalsevectors（orlleg－  

ativeexamples）．Afunction／iscal1edanextension（or  

theory）ofthepdI〕f（T，F）ifT⊆T（f）andF⊆F（f）・   

Evidently，the disjointness ofthe sets T alld Fi5a  

necessary alld su爪cient condition for the existence of  

an extension，ifany Boolean function flllay be used．  
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It may not beevident，however，tO£nd out whether a  

glVenpdBfhasaextensioninC，WhereCisasubcla5SOf  

Booleanfunctions，SuCha5theclassofpositivefunctions，  

the cla5SOfk－DNF’s，etC．Therefore，We丘rst consider  

thefollowlngprOblem：   

ProblemEXTENSION（C）  

Input‥apdBf（T，F），WhereT，F⊆（0，1）Tl・   

Question：Isthereanextension／∈Cof（T，F）？   

Furthermore，fora・pdBf（T，F），definethe erTOrSize  

Ofafunctionfby   

g（／）＝l（α∈rけ（α）＝0）トl（む∈ダけ（わ）＝1）卜  

Basedonthis，WeintroducethefollowlngprObleln：   

ProblemBEST－FIT（C）  

Input‥aPdBf（T，F），WhereT，F⊆（0，1）7L，   

Output：f∈Cthatrealizeslninf∈Ce（f）・   

Clearly，prOblelllEXTENSIONis a specialca5e Of  

problem13EST－FIT，Since EXTENSION has a solu－  

tion fifand onlyifBEST－FIThasasolution fwith  

E（f）＝0・ThismeanSthatifBEST－FIT（C）issoIvablein  

polynomialtime（i・e・，pOlynomialinn，JTlandIFl），for  

SOlneClassC，then EXTENSION（C）isalsopolynolni－  

al1ysoIvable；COnVerSelyifEXTENSION（C）isNP－hard，  

thellSOisBEST－FIT（C）．   

Afunctionfispositiveif・ご≦y（i・e・，3：i≦yiforall  

i∈（1，2，・・・，n））alwaysimpliesf（x）≦f（y）・Apos－  

itive functionis also cal1ed monotone．The variables  

Xl，エ2，・・・，〇nand their complements豆1，豆2，．‥，豆，lare  

Cal1edlileTYlls．A te77nisaconJunCtionofliteralssucll  

thatatmostoneofxiand豆iaPpearSforeachvariable．  

Theconstantl（viewedastheconjunctionofanenlpty  

SetOfliterals）isalsoconsideredtobeaterm．A dis－  

junctivenonnalJbrm（DNF）isadisjunctiol10fternlS．  

Clearly，aDNFde負nesa．function，anditiswelトknowll  

thateveryfunctioncanberepreselltedbyaDNF（how－  

ever，SuCharepresentationlnaynOtbeuIlique），alldfis  

positiveifandonlyiffcanberepresentedbyaDNF，ill  

WhichalltlleliteralsofeaclltermareunCOmplemented．  

A functionis cal1ed a k－DNFifit has a DNF with at  

lnOStkliteralsineacllterl11，h－termDNFifi‖laSaDNF  

Withatmosthterms，andHornifithasa．DNFwitlla．t  

l110StOnenegativeliteralilleaChterl11．   

Thedualofafunction／，del10tedfd，isde餌edby  

ハェ）＝f（烹），  

wllereialld丘denotethecolnPleIl－elltOffalldご，re－  

SPeCtively・Asiswell－known，aBooleanexpressiondeLin－  

ingfdisobtailledfrol－1thatoffbyexcllangingV（or）  

and・（and），aSWellastheconstamtsOandl．Itiseasy  

toseetha・t（fV9）d＝fd9d，andsoon．Afunction／  

iscalled duαトmimoriり≦／d，duαJ－mqわriり≧／J，  

duαトcom匹rα鋸eiり≦／dor／≧／d，and5e佑dむα川  

J－l＝J．  

3 Results   

In the table below，WeSumlnarizethe colllplexity of  

EXTENSION（C）alld BEST－FIT（C）forvariousclasses  

C offunctiollS．  

l   EX  B－F   

T一礼llSitive：   

Gelleral   P   P  

P（）SiLive   P   P   

Reg11lar   P  P  

HcrediLal・y：   

（Positivc）ん－DNF   NPC   NPH  

（Positivc）k－DNFwitlltixc（lk   P  NPH   

（Positivc）h－tCrl11－DNF   NPC  NPH   

（Positivc）ん－tCrllトDNFwith氏xcdん≧2  NPC  NPH   

（PosiLivc）1－ter11トDNF   P  NPH   

（Positivc）ん－terHl－ん－DNF   NPC  NPH   

（Positivc）h－tCr111－k－DNFwitll月xcdh≧1  NPC  NPH   

（Positivc）h－tCrlll－ん－DNFwitll危xc（1k≧1  NPC  NPH   

（Positivc）h－Lcr11l－k－DNFwitll抗ⅩCdh、L：   P   P   

Hol・ll   P  

D11al－CO叫）aral）le：   

Sclf－d11al   P   P  

Dll礼1－111il10r   P   P   

Dual－111ajor   P   P   

Positivesclト（111al   P  NPH   

Positive（111aト111il10l・   P  NPH   

Positive（lllaトtllajOl・   P  NPH   

TllrCSl10l（l   P  NPH   

2－n101LOtO）licl）OSitivc   NPC  NPH   

EX：EXTENSION，B－F：BEST－FIT、P：Poly】10111i；tl、NPC：  
NP－（：Oll叩1ete，NPH：NP－llitr（1  

Tat）1cl：Su111maryOfl・CSlllLs．  
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