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1．Introduction  

DataEnvelopmentAnalysis（DEA）hasbeenwidely  
applied fbrevaluatingthe relativee代ciencyofde－  

Cision makingunits（DMUs）with multipleinputs  
and outputs．The relative efficiencylS mea5ured  
byaratioscaleofthevirtualinput vs．thevirtual  

Output，Whicharetheweightedsumsofinputsand  

OutputS，reSPeCtively・Since the orlglnalCharnes，  

Cooper and Rhodes（CCR）model，many Studies  

havebeendeveloped tocope with theactualsitu－  

ationsoftheproblems．Oneofthemisdirectedto  
researchin the ftasible reg10nOfthe weights and  

has actuallylmPOSed some additionalconstraints  

to the weights．Representatively，SuChstudies re－  

Sultedin the Assurance Region（AR）modeland  
theCone－Ratio（CR）model・Theassuranceregion  
method con6nestheftasiblereg10nOftheweights  

byimposlng alowerand an upper bounds to the  
ratio ofsome selected palrS Ofweights．On the  

Other hand，the cone－ratio modelsoIves the CCR  

modelArst and chooses a ftw exemplary efBcient  
DMUsfromamongalltheefhcientonesbyconsult－  

1ngwith experts on the prob】em．Then，the cor－  

respondingoptimalweightstotheselectedefRcient  

DMUs are used to construct a convex●COne aS the  
ftasiblereglOnOftheweights．However，uSuallythe  

optimal weights are not uniquely determined and 

hencethereisambiguityinselectingtheweightsto  

form the convexcone．  

Inaneffbrttoovercomethisproblem，thispaper  

Willpropose three practicalmethods fbr deciding  

theconvexconeinaccordancewiththreeprlnCiples  
Whichwillbeexplainedlater．  

2． CellSubdivisionofMultiplierSimplex  

Suppose there are n DMUs with m inputs and s 

OutputS．Thei－thinputandther－thoutputofthe  

j－thDMUaredenotedby旬andy，j，reSpeCtively・  

LettheinputandoutputmatricesXandYbe   

ズ＝（ヱij）∈月mXn and y＝（拘）∈ガ×n・（1）  

WeassumeX＞O andY＞0．Thevirtualinput  

andoutputfbrDMUjarede爪nedby  
nt  

り＝∑机句（ブ＝1，…，n） 
i＝1  

（2）  

and  
∫  

巧＝∑ u勅，（J＝1，…，m） 
r＝1  

（3）   

Where（vL）（（u，））isthethe weighl（or Tnu］lipLieT）  

totheinput（output）i（r）．Again，WeaSSumeVi＞  

0（∀i）andl▲r＞0（∀r）．   

Now，We Observe the ratio ofthe virtualinput  

γβ・Output：   

（ブ＝1，…，乃）（4）  
均＝号＝告諾  

Sincetheratio均isinvariantunderanymultipli－  
Cation byapositivescalarlto（v，u），Weimpose  

hereafterthesimplexconstraintto（v，u）asfo1low＄：  

m J  

∑巧＋∑｛＝1・   

i＝1 r＝1  

（5）   

Bythisconstraint，tOgetherwiththepositivenessof  
multipliers，theftasible（v，u）formstheinteriorof  

the（m＋s－1）dimensionalsimplexdenotedbyS．  

Undertheaboveassumptions，foreach（i），ii）∈S，  

thereexists atleast one DMり。that maximizes  

theratioRj（j＝1，…，n）de汽nedby（4）・Wecall  

DMり。dominales（i），ii）・Itcanbedemonstrated  

thatthe（m＋s－1）dimensionalsimplexSisdivided  
intoaAnitenumberof（m＋s－1）dimensionalcells  
domina・tedbysomeDMUs．Theremayexist（m＋  

S－2）orlessdimensionaldominant DMUs，With  

theextremalcaseOdimensional（point）dominant  
DMUs．   

3．AssuranceRegionandCone－Ratio  

Models   

InapplyingDEAtoactualproblems，WeShouldbe  

COnSCiousoftheeconomic／socioeconomicaspectof  

theproblerns，Whichiscloselyrelatedwiththevir－  

tualmultiplier（weight）v（u）totheinput（output）  

items．AlthoughtheorlglnalDEAmodelsimpose  

norestrictiononvanduexceptpositivity（ornon－  
negativity），WeCanintroducetherelativeimp？r－  

tanceofweights byrestricting thefeasible reg10n  

Ofweights．Alongthisline，tWOremarkablemodels  

havebeenproposed，i・e・theassuranceregion（AR）  

andthecone－ratio（CR）models．  
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ThefractionalpモOgram（FP上）canbesolvedasa  

！inearprogrammlngprOblemviatheCharnesand  
Coopertransfbrmation（1962）・  

4．2 The Most Relaxed Case  

Thiscaseaimstoobtainaconeapproximatelyre－  
aliAngtheconvexhullofexemplaryce11s・Instead  

Ofmaxiiヲingtheobjectivefunctionin（FPk）・We  
trytomlnlmizeit，Subjecttothesameconstraints・  

Tlmstheobjectiveis：  

TheARmodelimposeslowerandupperbounds  

totheratioofsomeselectedpalrSOfweights・For  
example，Wemayaddaconstraintontheratioof  

WeightstoInputlandInput2asfbllows：  

J12≦≦u12，  
γ1  

（6）  

wheret12andl112arethelowerandupperboundsto  
theratio，reSpeCtively．Likewise，Similarconstraints  

maybeadded topalrSOfsomeoutputmultipliers  

and even to multipliers between some input and 

outputmultipliers・   

Ontheother hand，in thecone－ratiomodel，eS．  
peciallyin the polyhedralcone－ratio model，SOme  

exemplary DMUswi11be chosen from among the  

CCR efncient DMUs a5a reSult ofexpert knowl－  
edge．Then，theoptimalweightscorrespondingto  

theselectedDMUswillbeusedtoformapolyhedral  
COneforanadmissiblereg10nOfmultipliers・How－  
ever，uSual1ytheoptimalweightsarenotunlquely  

determined．Therefbre，Weneedsomeothercriteria  
fbr selectingareasonable pointin the cell・There  
may be atleast three prlnCiplesfor this purpose．  

The負rstone，themostrestrictedcase，istochoose  

theconeastheminimumdiamet．erconvexset，Which  

makestheexemplaryDMUsefBcient．Thenextone，  

the mostrelaxed case，is tochoosethe coneasthe  

COnVeX hullofthe exemplary ce11s，Thela5t One  

Choosestheconegeneratedbythecentralpointsof  
eachexemplaryDMUs．   

However，itis noteasy toimplementthe above  

threeprlnCiples．Infact，theGrsttwomightbelong  

to NP－hardproblems andthelastonedependson  
the method ofchooslng the centralpointfor each  

cell．   

4． PracticalMethodsfor Three Cases  

Correspondingtotheabovementionedgeneralprin－  

Ciples，We Willpropose three practical methods  

WhichapproximatelylmPlementthem．  

4．1 The Most Rest．ricted Case  

Let the chosen exemplary DMUs be DMUc，1，  

・・”DMUop・WesoIvethefo1lowlngfractionalpro－  

gram（FPた）breach上）〟U。－（た＝1，…，p）・  

∑ニ＝1ur∑榊yrαメ  
（10）  mlnlmZe   

∑ニ1γ‘∑榊エ‘αJ   

This programmlng Will負nd a vertexin the cell  

DMUk Whichis，1n a SenSe，farthest from other  

exemplary DMUs．Let the optlmalsolution be  

（i）；，弔）（k＝1，・・・，P），Whichwillbeutilizedto  

fbrmthe cone fbr the cone－ratio model．   

4．3 The CentralCase  

Theremaybeseveralapproachesforobtainlngrel－  

ativelyinteriorsolutions，amOngWhichwewillex－  

plaintwo．  

4．3．1 PrimaしDuallnterior Point Method  

The prlmal－dualinterior point methods fbrlinear  

programmlngPrOblemwilltheoreticallyconvergeto  

thecenteroftheoptimalfacetoftheproblemand  

thesolutionisstrictlycomplementary．  

4．3．2 ParametricLinearProgrammlngApproach  

If a strictly complementary solution，i．e．v’＞  

O and u’＞0，isrequiredinsteadofthecentralone，  

wecanobtainone，byasimplexbased parametric  

programmlngmethod．  

5． EnumerationofOptimalVertices  

Itisinterestingtoknowallthevertices（v，u）ofthe  

convexpolyhedron，WhichmakesaDMUe代cient，  

notonlyfbrthepurposesmentionedinthepreced－  

1ngSeCtionsbutalsofbrunderstandingtheoveral1  

positioningofthee代cientDMUinthe（v，u）space・   

Recently，Fukuda（1993）hasdevelopedanalgo－  

rithmandsoftwarelfbrenumeratingallvcrticesora  
COnVeXpOlyhedrondeRnedbyasystemoflinearin－  

equalities，baseon theDouble Description Method  
（1958）．Thissdftwareworkse用cientlyfbrmedium  

Sizeproblems．   

6． An Example   

Anexamplewillbeexhibitedatthepresentation．  

∑ニ＝1Ur∑榊yrαJ  
（FP鳥） max   

m  

subjectto∑viXi。k  
i＝1  

m   

∑；‡1明∑榊叫  
さ  

∑明妬＝1（7）  
r＝1  

J   

∑叩旬 ≧ ∑明旬（∀J）（8）  
i＝1 r＝1  

巧≧0（∀り  叫≧0（∀r）・（9）  
1Thef代eSOrtWare”cdd．c＝isavailableviaanonymousftp  
fromftp．epfl・Ch（direcLoryincoming／dma）・  
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