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AConventionalSchemebrCopingwithNegativeOutputData   

inDEA：ASlacks－basedMeasure（SBM）Approach＊  
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2 The case by radial ap－   

proaches  

Inthissectionwedemonstratethat thetradit，ional  

radialmodelscannotdulycopewithnegativeout－  

putdata．   

The output－Oriented CCR modelfor evaluating  

therelativee用－CiencyofaDMU（x。，y。）isdescribed  

bythelinearprogramwithvariablesr7，入，S－，S＋  

as below：  

［CCR－0］ り＊＝maX叩  

1 Introduction   

ThispaperproposesanewschemeforcoplngWith  

negativeoutputdatainDataEnvelopmentAnaly－  

Sis（DEA）・SincetheinauguralpaperbyCharnes，  

CooperandRhodes（1978），mOStDEAmodelsas－  

sume positive（or atleast non－negative）dataset  

formeasurlngrelativee用．ciencyofdecision－making  

units（DMUs）・   

However，1n SeVeraloccasions，We are fbrced to  

dealwithnegativedatainoutputs．Fbrexample，if  

wechooseoperatingprofitsasanoutputitem，the  

Observedvaluemayvaryfrompositive（pro飢）to  
negative（loss）・Thus，Weneedaschemeforcoping  

dulywithnegativedata．Theschemeshouldrecog－  

nize a DMU with a smallloss to be more efEcient  

thanaDMUwithalargeloss，iftheremainlngOb－  

served dataoft．he two DMUs are same．As we see  

later，the traditionalDEA models，e．g．，the CCR  

andBCCmodels，CannOtdisciiminatethemprop－  

erly，1．e．，theyglVethesamee用．ciencyscoretothe  

twoDMUs．  

Inthispaper，WeprOPOSeaneWSChemefbrcop－  

1ngWithnegativeoutputdata，basedontheslacks－  

based measure（SBM）proposed by Tbne（2001）・  

This scheme can definitely discern the above two  

DMUs．   

Throughout this paper，We dealwith n DMUs  

WiththeinputandoutputmatricesX＝（xij）∈  
RmXn andY＝（yij）∈RSXn，Wheremandsarethe  

numbers ofinput and outputitems，reSpeCtively．  

We assumethattheobservedinput datasetXis  

positive（oratleastnon－negative）・Howver，the  

Observedoutput dataset Yisarbitrary，1．e．，pOSi－  

tive，ZerOOrnegative・   

TheproductionpossibilitysetPisdefinedas  

P＝（（霊，y）】諾≧ズ入，甘≦y入，入≧0），（1）  

where入isanonnegativevectorinRn．（We can  

imposesomeconstraintson入，SuChas∑完1入j＝1  
（thevariablereturns－tO－SCalecase），ifitisneeded  

tomodifytheproductionpossibilityset・）   

（2）  

subject to 
Tl  

∬豆。＝∑本品＋βJ（豆＝1，…，m）（3）  
j＝1  

†1  

りyr。＝∑ふ高一βJ（r＝1，…，β）（4）  
j＝1  

入j≧0（竹），βJ≧0（∀壱），βJ≧0，（∀γ），  

wheres；ands才designateslackstoinputiand  
Outputr，reSpeCtively．   

Apparently，［CCR－0］hasafeasiblesolutiongiven  

byり＝1，入。＝1，入ゴ＝0（ブ≠0），β‾＝0，β＋＝0，  

andhencewehave77＊≧1．   

Letusassumethat【CCR－0】hasafiniteoptimum  
rl＊（＜∞）andy。COntainsnegativeelements・Then，  

Withoutlosinggenerality，WeCanaSSumethatyl。＜  

0．Thecorrespondingconstraintin［CCR－0］is：  

り仇。＝yll入1＋…＋yl凡人れ－βト  

Thisconstraintcannotbeabindingonetor7，Since  

yl。＜Oands手≧0，i．e．，WeCanenlarger7aSlarge  
aspossiblebyenlarglngS手together・Therefore，We  
CandeletethisconstraintfromtheaboveLP［CCR－  
0］・Thisleadstothestatementthatthemagnitude  
Ofthenegativeoutputyl。isirrelevanttothee瓜－  

Ciencyscr叩＊oftheDMU（xo，yO），ifn＊isfinite・   

Thus，1n Order to overcome this di伍culty，We  

need to translate the negative output to positive  

by adding a positive common number to allout－  

putsin the same outputitem．However，thi＄Op－  

erationdeformstheproductionpossibilityset，and  
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usuallyproducesawronge用・Ciencyscore，eXCeptfor  

theinput－Oriented BCC case（seeAliand Seifbrd  
（1990））・   

3 A scheme using the non－   

radialSBMapproaches  

Theslacks－basedmeasure（SBM）evaluatestherel－  
ativee航ciencyofDMU（x。，y。）bysoIvingthefo1－  

lowlngPrOgramWithvariables入，S－ands＋・  

In any case，the denominatoris positive and  

Strictlylessthany㌢・Furthermore，itisinreverse  

proportiontothedistanceyr－yr。．Thus，this  
scheme takes into account the magnitude of the 

non－pOSitive output．The score thus obtainedis  

unitsinvariant，i．e．，itisindependentoftheunitsof  

measurement used．  

In order to demonstrate the suitability of this  

SCheme，We eXamine the case with two DMUs  

（xl，yl）and（x2，y2）thathavethesameinputsand  

OutPutSeXCePtforthefirstelementoftheoutputs，  

i．e．，Xl＝X2andy，1＝y，2（r＝2，‥・，S）・Asfor  

thefirstelement，WeaSSumethatyll＞y12．Letthe  

Optimalobjectivevaluesfbr（xl，yl）qnd（x2，y2）be  

P；andp芸，reSpeCtively・Thenwehavethetheorem：   

Theorem177Le OPtimaloqjective value p；jbr  

エ用オU（諾1，γ1）由タreα亡er兢α乃兢αfβ芸ルγβ〟打  

（諾2，y2）・   

3．2 The efBcient status and proJeC－  

tion   

ADMUise伍cientifandonlyifp＊＝1，i．e．，S‾＊＝  

Oandβ＋＊＝0．   

AprojectiontoefEcienth・Ontiersisgivenby  

芯。←諾。－β‾＊  

＋＊ 

（14）  

封。←y。＋β・   （15）   

4 Anillustrative占Ⅹample  

We exhibits asimple examplewith aslngleinput  

andoutput．  

Tablel：ASampleNegativ占DataSetandResults  

1一志∑≡1三た  
［SBM］ p＊＝minp＝   

（5）  

1＋吉∑；＝1嘉  

subject to 

諾。＝ズ入＋β‾  

y。＝y入－β＋   
（6）  

（7）  

入≧0，β‾≧0，β＋＞0． （8）  

The［SBM］encounters trouble with non－POSitive  

y，。，SincethetermsJ／y，。isindefiniteify，。＝O  

andnegativeifyr。＜0．  

3．1 A・neW SChemefor resoIving the  

non－pOSitiveproblem  

In an effort to resolve this problem with the case 
yr。≦0，WemOdifythetermsJ／y，。intheobjective  

function as fo1lows．   

First，Wedefineyrandy㌢by  

y㌘＝ maX（祈葎朽＞0）  
ブ＝1，．‥，几  

（9）  

好＝hlyrj＞0）・ （10）  

Iftheoutputrhasnopositiveelement，Wedefine  

＝ ＝1．  （11）   

Secondly，WerePlacetheterms［／yr。intheob－  

jectivefunctioninthefo1lowingw町・（Wenotice  
that we never change the value y，。in thelcon－  

Straint・）  

【Casel】Ifyr＞y㍗，Wereplacethetermby  

DMU（Ⅰ）Input（0）Output Score  
A
 
B
 
C
 
D
 
E
 
F
 
G
 
 

3 1  

2 0．667  

1 0．333  

0 0．182  

－1 0．111  

－2 0．074  

－3 0．053  

y㍗（封㌘－－y㍗）  
（12）  
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【Case2】Ifyr＝y㍗，WerePlacethetermby  

（J／J†J）コ  

（13）  

β（y㌢一yγ。）’   

WhereBisalargepositivenumber，e・g・，B＝100・  
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