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1 Introduction   

Givenapairofnon－negativeintegersmandn，P（m，n）  

denotesthesubsetof2－dimensionalintegertriangular  

latticepointsdefinedbyP（m，n）竺（（xel＋ye2）lx∈  

（0，‥．，m－1），y∈（0，…，和一1））whereel（望・  

（1，0），e2竺（1／2，V5／2）．Givenafinitesetof2－  
dimensionalpointsP⊆R2andapositivereald，a  
unit disk9rYq）h，denoted by（P，d），is an undirected  

graphwithvertexsetPsuchthattwoverticesaread－  
JaCentifand onlyifthe Euclidean distance between  
thepairislessthanorequaltod．Wedenotetheunit  

diskgraph（P（m，n），d）by7Lt，n（d）・   

GivenanundirectedgraphHandanon－negative  

integervertexweightw′ofH，amulticolorin90f（H，W′）  

isanasslgnmentOfcolorstoverticesofHsuchthat  

eachvertexvadmitsw′（v）colorsandeveryadjacent  
Palr Oftwo vertices does not share acommon color．  
A multicolorin9PrVblemon（H，W′）findsamulticol－  

Oringof（H，W′）whichminimizestherequirednumber  

ofcolors．   

ThemulticolorlngprOblemhasbeenstudiedinsev－  
eralcontext．When a glVen graPhis the triangular  
latticegraph㌦，n（1），theproblemisrelatedtothe  

radiochannel（frequency）assignmentproblem・Mc－  
DiarmidandReed［3】showedthatthemulticoloring  
problemontriangularlatticegraphsisNP－hard．Some  

authors［3，5］independentlygave（4／3）－apprOXimation  

algorithms払r this problem．For coloring（general）  

unit disk graphs，there exists a3－apprOXimation al－  

gorithm［2，6］・Herewenotethattheapproximation  

ratioofouralgorithmislessthanl＋2／J豆＜2．155  
払ranyd≧1．  

2 Ⅵ7毎Il－SoIvable Cases and Per－  
fbctness   

AnundirectedgraphGisperjbctiffbreachinduced  

SubgraphHofG，thechromaticnumberofH，denoted  

by x（H），is equaltoitscliquenumberLJ（H）・The  

b1lowlngtheoremisamainresultofthispaper．  

Theoeml［4］帆enn≧1andd≧1∫Wehavethe  
ル路用加邪［∀m∈Z＋，㍍，れ（d）由peγカcりぴαれdo吻  

榊≧J…＋3．  

Tablelshows the perf6ctness andimperfbctness of  

7Ll，n（d）forsmallnandd・  

Tablel：Perf6ctnessandimperfbctness   

d  

1  

2  

3  

4  Perfbct  

5  

6  

Anundirectedgraphwhichistransitivelyorientable  

is called comparability gruph．The complement ofa  

COmparabilitygraphiscalled co－COmParability9r叩h・  

Itiswell－knownthateveryco－COmparabilitygraphis  

perfbct．   

I，emmalLetd＞1bearealnumber・men，TLl，n（d）  

由αCO－CO叩αmわ血yタ叩れげαmdoγ舟函≦3＋ノ好＝巧 2  

Thefo1lowlnglemma deals with the specialcase  
that†l＝3，d＝1．  

Lemma2Fbr∀m∈Z＋andl≦∀d＜ヽ乃，thegrq）h  
㍍，3（d）戎5peγ矩cf・  

Note that thoughthe graph7Lt，3（1）is perfect，the  

graph7Lt，3（1）isnotco－COmparabilitygraph・   

From the above，the perf6ctness ofa graph sat－  

isfyingthe conditions ofTheoremlis clear・Inthe  
fo1lowlng，Wediscusstheinverseimplication・Wesay  

thatanundirectedgraphGhasanodd－hole，ifGcon－  

tainsaninducedsubgraphisomorphictoanoddcycle  
Whoselengthisgreaterthanorequalto5．Itisobvi－  

OuSthatifagraphhasanodd－hole，thegraphisnot  

perfbct．  

Lemma3Fbr∀n≧4，げ1≦d＜Jn2－3n＋3∫  

兢eγ1］m∈Z＋ク㍍，れ（d）んαβαmOdd一如才e・   

Lemma3showstheimperfbctnessofeverygraphwhich  

violates aconditionofTheoreml．   

GivenanundirectedgraphG＝（tlE）andver－  
texweightvectorw∈Zr，themulticolorm9number  
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X（G，W）is theleast number ofcolors requiredin a  

multicoloringof（G，W）・Thewei9htedcliquenumber  

LJ（G，W）istheweightofamaximumveightcliquein  

（G，W）．Itisclearthatx（G，W）≧LJ（G，W）．   
Thenwehavethefo1lowlng・  

Theorem2［4］TmLenn≧1，the  

ん0勒［∀m∈Z．αれd∀w∈Z：（m，れ）′  
X（㍍，几（d），ぴ）＝山（㌦，m（d），ぴ）］  

げαれdoれgyげd≧…＋3．   

Assumethatwehaveaco－COmparabilitygraphG  
andrelateddigraphHwhichgivesatransitiveorienta－  

tionofthecomplementofG．Theneachindependent  

setofGcムrresondstoachain（directedpath）ofH・  
ThemulticolorlngprOblemonGisessentiallyequiva－  

1enttotheminimumsizechaincoverproblemonH．  

EverycliqueofGcorrespondstoananti－ChainofH．  

Thustheequality（〟（G）＝X（G）isobtainedfromDil－  

WOrth’sdecompositiontheorem．Itiswe11－knownthat  

theminimumsizechaincoverproblemonanacyclic  

graphissoIvableinpolynomialtimebyuslnganalgo－  
rithmfbrminimum－COStCirculationflowproblem．  

Incasethatagivengraphis（7L，3（1），W），WePrO－  

POSedastronglypolynomialtimealgorithmformuti－  

COloring（7Ll，3（1），叩）（see［4］）・   

3 Approximation Algorithm 

Whend＝1，McDiarmid andReed［3］proposed an  

approximationalgorithmfor（㍍，几（1），W），Whichfinds  

amulticoloringwithatmost（4／3）LJ（7Ll，n（1），W）＋1／3  

colors．   

Theorem3［4】Ⅵ仇end＞1，there exists apolyno－  

m豆αほmeα如r助mルrm祝損coわr哀れタ（㍍，乃（d），W）餓Cん  

problemexactlyinpolynomialtime，Sinceeverycon－  

nectedcomponentofthegraphinducedbythesetof  
Vertices with positive weightis a perfbct graph dis－  
CuSSedintheprevioussection・Thusx（7㌦，n（d），W乞）＝  

LJ（7L，n（d），W乞）foranyk∈（0，1，・・・，K2－1）・Put  

w′′＝W－∑慧JIw乞．Theneachelementofw”isless  
thanorequaltoKl－1．Thuswecanfindamulticolor－  

ingof（7Lt，n（d），W′′）fromthedirectsumofKl－1triv－  

ialcoloringsof7Ll，n（d）・Theobtainedmulticoloring  

usesatmost（Kl－1）x（7Ll，n（d））colors・Lastly，WeOut－  

putthedirectsumofK2＋1multicolorlngSObtained  
above・Thedefinitionoftheweightvectorwkimplies  
that∀た∈（0，1，…，∬2－1），∬1し，（㍍，れ（d），び乞）≦  

LJ（コ㌦，n（d），W）・Thus，theobtainedmulticoloringuses  

at，mOSt  

（∬2／∬1）山（㍍，れ（d），W）＋（∬1－1）x（㍍，れ（d））colors・t  

Wehavealsoshownthebllowlnghardnessresult．  

Theorem4【4］LetdbeaconstantrYuionalnumber・  
C豆γe？αpα五r（㍍，れ（d），ぴ）ク夏子由ⅣP－CO〝頑eねわde－  

／什JJ＝J－・′JイJ＝／Jげ（了」川（－／い再 ′・ヾJJ川／／′川／＝・り／′／－ 〃・′仙  

β打戌c勒geββ触れ（4／3）山（㌦，m（d），ぴ）co～orβ0γ乃Of・   
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＋（L旦雫ト1）x（㌦，几（d））・  

Proof：Wedescribeanoutlineofthealgorithm・Fbr  
simplicity，WedefipeKl竺L廻∠歪≡⊇」1andK2竺 2  

し辻』匠⊇」＋塙d」・ 2   

First，WeCOnStruCtK2VerteXWeightsw乞fork∈  

（0，1，…，K2－1）bysetting  

0，封∈（た，…，た＋し烏dト1）（mod∬2），  

KIL竺宴ぎ」，Otherwise・  
〈   

巫（∬，封）＝  

Next，WeeXaCtlysolveK2multicoloringproblemsde－  

finedbyK2pairs（7L，n（d），W乞），k∈（0，1，・・・，K2－  

1）andobtainK2multicolorings・WecansoIveeach  
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