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1 Introductiom   

Supposeyouareanemployerandyouhavenemploy－  

eesfbrnjobs・Eachemployeecandoonlyonejob，  

andeachjobistobedonebyonlyoneemployee，SO  
youmustasslgnajobtoeachemployee．Letthecost  

fortheithemployeetodothejthjobbedenotedby  

Cij・Assumlngthatitisthetotalcostyouwantto  
minimize，thenwecanstatetheasslgnmentprOblem  

aS，  

P：Minimize  
Tl一丁l  

二＝∑∑√・り・′・リ  

ブ＝1壱＝1  

Subjectto   

†1  

∑句＝1（乞＝1 ，…，れ），  
ブ＝1  

Tl  

∑句＝1（ブ＝1 ，…，m），  
宜＝1  

∬宜ブ≧0（虞＝1，…，m；J＝1，‥・，れ）・ 口  

The variableニrij takes valuelifthejthjobis  
asslgnedtotheithemployee，andOotherwise．Itis  

WellknownthattheoptimalsolutionofPisinteger  

Valued，i．e．，00rl．  

ItisalsoknownthattheasslgnmentprOblemisa  

SpeCialcaseoftheminimumcostaowproblemina  

network［3］，andefncientalgorithmshavebeenpro－  

posed，e．g．，［1］，［4〕，etC．  

Inthispaper，WeeXtendtheasslgnmentPrOblem  

SuChthatthecostcijis2dimensional，i・e・，thecost  

払rtheithemployeetodothejthjobisevaluated  
ascijfromonepointofviewandasc；jfroman－  
Other point ofview．Thus we have two totalcost－  

S，∑完1∑た1C宣ゴ∬五Jand∑完1∑迄1C；j∬宜メ，SOthe  
problemis：  

P／：Minimize z  

Subjectto  

Jl  n  ∑∑c拘≦z，  
ゴ＝1五＝1  

nγl   

∑∑c；揮≦z，  
J＝1た1  

Tl   

∑句＝1（豆＝1，…，m），  
j＝1  

れ   

∑句＝1（j＝1 ，…，m），  

豆＝1  

£豆j＝00rl（豆＝1，…，れ；J＝1，‥・，m）・□   

TheintegralconstraintinP／isessential，because  

theunimodularityoftheconstraintsdoesnothold．   
Ourgoalistoproposeanalgorithmforproblems  

P／・RatherthansoIvingP／exactly，WhichisNP－hard，  

wefindasolutionthatis bettert，hanthetwoknown  

Subproblemsolutions・Thealgorithmisalsoshown  
tobeofpolynomialtimecomplexity．   

2 Parametric Assignment 

SinceproblemP／isdifnculttosolve，WeCOnSidera  
modifiedversionofP／，i・e・，aparametricasslgnment  

problem：   

Q′：Minimize   

γ1Tl れγl   

z＝壬∑∑c壱j∬豆j＋（ト壬）∑∑緑招）  
J＝1豆＝1  J＝1五＝1   

Subjectto   

Tl   

∑句＝1（乞＝1∴・，れ），  
j＝1  

γl   

∑句＝1（J＝1 ，…，乃），  

豆＝1  

諾豆J≧0（宜＝1，…，m；j＝1，‥・，乃）   ロ   

foragiven壬（0≦t≦1）．  

Iftisfixed，prOblemQ′isanordinaryassignment  

problem．   
LetusdenotetheoptimalsolutionofP／byiij（t）  

andthevalueoftheobjectivefunctionbyF（t）．Note  

thatiij（1）andiij（0）aretheoptimalsolutionsofthe  
OrdinaryasslgnmentPrOblemwithcostscijandc；j・  
Notingthatthereareonlyafinitenumberofdistinct  

iij（t）’s（atmostn！intotal），Wehave  

LemmalF（t）ispiecewiselinear．  

AIso，WeCanShow  
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Lemma2 F（t）isconcave，i．e．，  

ダ（人士1＋（1一入）f2）≧入F（士1）＋（1一入）ダ（わ）   

for any入（0≦入≦1），Where O≦tl≦1and  
O≦わ≦1．   

Theoremlshowstha七会ij（壬opt）isa“better”so－  

1utionthaniij（0）or盆ij（1）forP2・   

Finally，WeShowhowtoobtaintopt・Since，the  

functionF（t）isapiecewiselinearandconcavefunc－  
tion，itisclearthat  

F（t）＞O when t＜亡0。t  

and   

F（t）＜O when 士＞l。。t・  

Note that  

d  

孟叩）＝∑∑（cゎーC；J）盆誹），  
プ＝1宜＝1  

where盆ij（t）istheoptimalsolutionofP′・Itiseasy  
toobtainat。pt bybinarysearchintimeO（n3L），  

WhereLisnumberofbitsinthecomputer“word．”  

3 Conclusions   

WehaveextendedtheclassicalasslgnmentprOblem  

i．e．，VeCtOrCOSt aSSlgnment．Weconsideredapara－  

metricasslgnmentprOblemwhoseoptimalsolutionis  

better thanthe knownones．Detailed analysIS and  
thedevelopmentofmoreefBcient algorithmsofthe  

Parametric asslgnment prOblem areleftforfurther  
research．   

LetthemaximumvalueofF（i）（0≦t≦1）be  
F（topt）（0≦topt≦1）・Itisnotdifnculttoshow  

Theoreml   

71Tl TlJ】  

∑∑c乞J盆豆J（f。。t）≦∑∑長南（0），  
J＝1乞＝1  j＝1亀＝1  

rl  Il  Tl  ‖   

∑∑c鉾誹opt）≦∑∑c錘川）・  
J＝1宜＝1  J＝1i＝1  

Proof   

Sinceiij（t。pt）istheoptimalsolutionfortheas－  
Signmentproblemwithcosttoptcij＋（1－topt）c；j，  

れγも  

F（L。。t）≦∑∑（t。。tCij＋（1Ti。。t）c；j）iij（1）  
J＝1宜＝1   

However，   

γlγL れれ  

∑∑c示転（1）≦∑∑長砺（f。。t）・  
J＝1豆＝1  J＝1宜＝1   

Therefore   

Tlγ1 几れ  

∑一∑c；ゴ盆豆ブ（亡。。t）≦∑∑宮動（1）・  
j＝1五＝1  プ＝1宜＝1   

Similarly，Wehave   

†もれ れTl  

∑∑c宜J食塩J（f。。t）≦∑∑c豆j盆豆川）・  
J＝1宜＝1  J＝1i＝1  

Q．E．D．  
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