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1Introduction  

Overthelast30years，manypaperSStudieddiト  

fbrent versions ofthe service mechanisms and t，he  

COntrOloftheserviceprocessesinqueuelngSyStemS，  

dealing with both characterizationand computa－  

tionofoptimalpolicies．   

SzarkowiczandKnowles［1］discussedtheopti－  
malcontrolofanM／M／Squeueingsystemwitha  
COntrOllablenumberofservers．GeorgeandHarri－  

SOn［2］discussedthedynamiccontrolofanM／M／1  
queuelngSyStemwithadjustableserverrate．An－  

drad6ttiretal・［3］studieddynamicalassignment  

Oftheserverstostationsinordertoobtainoptimal  

long－runnlngaVeragethroughput．  

Mostoftheaboveresearchassumedthatthear－  

rivalrateisindependent ofthenumberofservers．  

In this paper，We are COnCerned with a general－  

izedM（k）／M／kqueueigSySteminwhichthear－  
rivalrateis anincreaslngfunctionofthe number  

ofservers．   

2 System NIodel 

WeconsideranM（k）／M／kqueueingsystemin  
Which the arrivalrate depends on the number of  

SerVerS．The notationsare asfo1lows：   

k：thenumberofservers；  
入（k）：arrivalrate，beingafunctionofk；  

FL：meanSerVicerateforeachserver；  

p（k）＝thetramcintensity；  

h（n，k）：holdingcostpertimeunitwhenncu－  

tomers arewaitinginthe queue with k serversln  

thequeuelngSyStem；  

S（k）：SerVicecost rate，repreSentingtheexpenses  

fbroperatingkserverspertimeunit；  

H（k）：eXPeCtedholdingcostrate，repreSentingthe  

COSt paidbrcustomers’waitingper timeunitin  
thesteady－StateWheretherearekservers．   

ItisassumedthatthetrafBcintensityp（k）＜  
1fora11k≧1andthatboth入（k）andS（k）are  
increaslngink・Thenthesteadyprobabilityofn  
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CuStOmerSinthesystemisasfollows：  

た仰）打刷1≦m≦た  

和（た）汀㈱m≧た  

－∴こ 

〈  

where  

打0（た）＝［覧響＋壁評  

Theaveragenumberofcustomersinthequeueis   

00  

上官（た）＝ ∑打m（た）（乃－た）＋  

m＝0  

たた〆＋1（た）  

打0（た）  （2）   

揖［1一β（た）］2  

Weconsiderthatinthesteady－State，thetotal  

COSt rateisthe sumoftheholdingcost rateand  

theservicecost rateas fb1lows：   

00  

C（た）＝ ざ（た）＋叫た）＝β（た）＋∑打m（た）九（れ，た）  
れ＝ニ0  

た－1  
た乃  

g㈲＋芸誹た）町榊恒）  

＋裏芸伸0（柚町   
（3）   

Inthefo1lowlng，WeCOnSiderthecaseofalin－  

earholdingcos七rate，thatis，h（n，k）＝h・（n－k）＋，  

Whereh＞Oistheholdingcostpercustomerwait－  
1ngin the queue per time unit．Then，We have  

H（k）＝h・Lq（k）andsotheholdingcostratede－  
PendsupontheaveragenumberLq（k）ofcustomers  
inthequeue．  

3 0ptimalNumberofServers   

Itis assumedin this sectionthat p（k）is de－  

CreaSingin k・Then Lq（k）is rapidly decreasing  

with k．This tells us that when the trafBcinten－  

Sitydecreases，theaveragenumberofcustomersin  
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thequeuewilldecreaserapidly．Hence，theholding  

COStrateH（k）israpidlydecreasingink・Let  

resultsaysthattheoptimalnumberisIwhensis  

Slgnificantlylarge．  

4 NumericalResults   

Here we glVe SOme eXamples toillustratethe  

modelandtheresults・AssumethatS（k）＝So＋s・k  

withso，S＞0．So H（k）＝h・Lq（k）．We can  

Seethatk＊dependsonlyonp（k）andthevalueof  
r＝S／hbutisirrespectiveoftheparameterso・So  
WeaSSumethatso＝Ohereafter．   

Next，WeCOmPutetheoptimalnumberofservers  

fbrdifferentparametersandvariousformsofp（k）  
andcomparetheseresults．Weconsideranexam－  

ple，WherethemeanarrivalrateofcustOmerSisa  

linearfunctionink：入（k）＝入・kwith入＞0・Then  

thetrafncintensityisp（k）＝入（k）／FL・k＝入／FL・   

We denote that po＝入／p and select various  

Valueofrandpotocomputetheoptimalnumber  

Ofserversinthesystem．Theresultsarelistedin  

Tablel．FromTablel，We See that the optimal  

numberofserversk＊increaseswithpoanddecrease  

With r．Thisis stilltruefor severalexamples of  

nonlineartra航cintensitywemade．  

Tbblel．Optimalnumberofservers．  
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 （4）  たた‾豆〆ナ1‾五（た）■ β（た）   

and△Lq（k）＝Lq（k＋1）－Lq（k）・Fbr∀k≧1，We  

haveupperandlowerboundsof△Lq（k）givenby  

入2（1） ノ  タ（た＋1トタ（1）  
≦△エq（た）＜0・（5）   

〝2一入2（1） 、 タ（た）タ（た＋1）  

According to the above discusSions，the hold－  

ingcostrateH（k）israpidlydecreasinginkwhile  
theservicecostrateS（k）increaseswithk・Sowe  
should seek a trade－Off between these two costs．  

The objective ofthe problemis to minimize the  

totalcostrateinthesteadystateasfollows：  

min（C（た）】た＝1，2，…）・  （6）   

Denotek＊astheoptimalnumberofservers．Namely，  

k＊istheoptimalsolutionoftheproblemglVenin  

Eq・（6）・   

Let△S（k）＝S（k＋1）－S（k）and△H（k）＝  

ガ（た＋1）一方（可・Then  

△C（た）：＝C（た＋1）－C（た）＝△g（た）＋△ガ（可．  

Wehaveobviouslythatl）if△C（k）≧Ofbrall  
kthenk＊＝1；2）if△C（k）＜0fora11kthenk＊＝  

＋∞；and3）ifthereisko≧1suchthat△C（k）≦0  

forallk．＜koand△C（k）≧0forallk≧ko，then  

k＊＝ko・Moreover，iflimk→＋∞S（k）＝＋∞then  

k＊isfinite．   

Inthe‘fo1lowlng，WeCOnSideraspecialcasewhere  

theservicecostrateS（k）＝So＋s・kislinearfbr  
SOmeCOnStantSSoands＞0．Thenfromtheabove  

result，theoptimalnumberofserversisfinite．Let  

γ：＝   10  1．0  0．5  0．2  0．1  0．05   

伽＝0・1  u  B   
伽＝0・7  口  B   2  5  10   

伽＝0・99  山  B   1  9  35  126   

5 Conclusions   

In this paper，We have discussed the optimal  

designprobleminanM（k）／M／kqueueingsystem  
Withthearrivalratedepending onthe numberof  

SerVerS．By analyzlng the cost structure，We get  

thattheholdingcostrateisrapidlydecreaslngln  

relation to the number ofservers．Moreover，We  

presentamethodforarrivlngattheoptimalnum－  

berofserversinaqueuelngSyStem．   

Furtherstudiesshouldincluderesearchintody－  

namiccontrolofsuchqueuelngSyStemSWherethe  

arrivalratedependsonthenumberofservers．  
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タ（た）タ（た＋1）  

＞‡）  〈  
たlた∈Ⅳ，   ＿打＝min  

タ（た＋1）一夕（1）   

whereNisthesetofallpositiveintegers．Wewill  

Show that Kisfinite．Thenthe optimalnumber  

Ofserversisless than K and equalsIwhen s＞   

入（1）2  

〃2一入（1）2■   

Thisgivesanupperlimitoftheoptimalnumber  

Ofservers．Duetothedefinition，Kisdecreaslng  

inthecoefBcientsinS（k）・Whensislarger，the  

SerVicecostrateislarger・Sotheoptimalnumber  
Ofserverswilldecreasewiths．Infact，theabove  
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