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Optimal Number of Servers in an M(k)/M/k Queueing System
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1 Intrbduction

Over the last 30 years, many papers studied dif-
ferent versions of the service mechanisms and the
control of the service processes in queueing systems,
dealing with both characterization and computa-
tion of optimal policies.

Szarkowicz and Knowles [1] discussed the opti-
mal control of an M/M/S queueing system with a
controllable number of servers. George and Harri-
son [2] discussed the dynamic control of an M/M/1
queueing system with adjustable server rate. An-
dradéttir et al.
of the servers to stations in order to obtain optimal
long-running average throughput.

Most of the above research assumed that the ar-
rival rate is independent of the number of servers.
In this paper, we are concerned with a general-
ized M(k)/M/k queueing system in which the ar-
rival rate is an increasing function of the number
of servers.

[3] studied dynamical assignment

2 System Model

We consider an M(k)/M/k queueing system in
which the arrival rate depends on the number of
servers. The notations are as follows:

k: the number of servers;

A(k): arrival rate, being a function of k;
(: mean service rate for each server;
p(k) = 2)
h(n,k): holding cost per time unit when n cus-
tomers are waiting in the queue with k servers in
the queueing system;

S(k): service cost rate, representing the expenses
for operating k servers per time unit;

H(k): expected holding cost rate, representing the
cost paid for customers’ waiting per time unit in
the steady-state where there are k servers.

the traffic intensity;

It is assumed that the traffic intensity p(k) <
1 for all £ > 1 and that both A(k) and S(k) are
increasing in k. Then the steady probability of n
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customers in the system is as follows:
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The average number of customers in the queue is

La(k) = 3 ma(k)(n—k)*
n=0
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We consider that in the steady-state, the total
cost rate is the sum of the holding cost rate and
the service cost rate as follows:

Clk) = S(k)+H(k i:
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In the following, we consider the case of a lin-
ear holding cost rate, that is, h(n, k) = h-(n—k)™*,
where h > 0 is the holding cost per customer wait-
ing in the queue per time unit. Then, we have
H(k) = h - Lq(k) and so the holding cost rate de-
pends upon the average number Lg(k) of customers
in the queue.

)h(n, k). 3)

3 Optimal Number of Servers

It is assumed in this section that p(k) is de-
creasing in k. Then Lq(k) is rapidly decreasing
with k. This tells us that when the traffic inten-
sity decreases, the average number of customers in



the queue will decrease rapidly. Hence, the holding
cost rate H (k) is rapidly decreasing in k. Let
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and ALg(k) = Lq(k + 1) — Lq(k). For Vk > 1, we

have upper and lower bounds of ALg(k) given by

_g9(k+1) —g(1)
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According to the above discussions, the hold-

g(k) = (4)
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ing cost rate H (k) is rapidly decreasing in k while
the service cost rate S(k) increases with k. So we
should seek a trade-off between these two costs.
The objective of the problem is to minimize the
total cost rate in the steady state as follows:

min{C(k) | k=1,2,--}. (6)

Denote k* as the optimal number of servers. Namely,
k* is the optimal solution of the problem given in
Eq. (6).

Let AS(k) = S(k+ 1)~ S(k) and AH(k) =
H(k+1)— H(k). Then

AC(k) := C(k +1) — C(k) = AS(k) + AH (k).

We have obviously that 1) if AC(k) > 0 for all
k then k* = 1; 2) if AC(k) < 0 for all k then k* =
+o0; and 3) if there is kg > 1 such that AC(k) <0
for all k < kg and AC(k) > 0 for all k& > ko, then
k* = ko. Moreover, if limg_, ;o S(k) = 400 then
k* is finite.

In the following, we consider a special case where
the service cost rate S(k) = so + s - k is linear for
some constants sy and s > 0. Then from the above
result, the optimal number of servers is finite. Let

K=min{k|k€N, _gM%—_l)_>é}

gk+1)-g(1) " s
where NN is the set of all positive integers. We will
show that K is finite. Then the optimal number
of servers is less than K and equals 1 when s >
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This gives an upper limit of the optimal number
of servers. Due to the definition, K is decreasing
in the coefficient s in S(k). When s is larger, the
service cost rate is larger. So the optimal number
of servers will decrease with s. In fact, the above

< ALg(k) < 0. (5)

result says that the optimal number is 1 when s is
significantly large.

4 Numerical Results

Here we give some examples to illustrate the
model and the results. Assume that S(k) = so+s-k
with sg, s > 0. So H(k) = h- Lg(k). We can
see that £* depends only on p(k) and the value of
r = s/h but is irrespective of the parameter sy. So
we assume that sg = 0 hereafter.

Next, we compute the optimal number of servers
for different parameters and various forms of p(k)
and compare these results. We consider an exam-
ple, where the mean arrival rate of customers is a
linear function in k: A(k) = A-k with A > 0. Then
the traffic intensity is p(k) = Mk)/p-k = \/p.

We denote that pg = A/p and select various
value of 7 and pg to compute the optimal number
of servers in the system. The results are listed in
Table 1. From Table 1, we see that the optimal
number of servers k* increases with pg and decrease
with . This is still true for several examples of
nonlinear traffic intensity we made.

Table 1. Optimal number of servers.
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-5 Conclusions

In this paper, we have discussed the optimal
design problem in an M(k)/M/k queueing system
with the arrival rate depending on the number of
servers. By analyzing the cost structure, we get
that the holding cost rate is rapidly decreasing in
relation to the number of servers. Moreover, we
present a method for arriving at the optimal num-
ber of servers in a queueing system.

Further studies should include research into dy-
namic control of such queueing systems where the
arrival rate depends on the number of servers.
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