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1. Summary

EMQ models with stochastic machine breakdown and
repair have been developed in the literature assuming
negligible corrective repair time and without preven-
tive maintenance (PM) (Groenevelt et al.!l), constant
corrective repair time and without PM (Kim et al.?),
generally distributed corrective repair time and without
PM (Abboud?®). EMQ model without PM or PM with
negligible time can not provide appropriate production-
maintenance strategy. The purpose of this paper is to
present an exact formulation of stochastic EMQ model
for an unreliable production system under a general
framework in which the time to failure, corrective and
preventive repair times are taken as random variables.
The criteria for the existence and uniqueness of the op-
timal production time (lot size) are derived under arbi-
trary as well as specific failure and repair time distribu-
tions.

2. The general model
Notation:

X: non-negative i.i.d. random variable denoting time
to machine failure; Fx (t): failure time distribution with
pdf.  fx(t) = dFx(t)/dt; Gi(l1): corrective repair
time distribution with p.d.f. g¢1(li) = dG:i(lL)/dly;
G2(l2): preventive repair time distribution with p.d.f.
g2(l2) = dGa(lz)/dl2; p (> 0): production rate; d (<
p): demand rate Co(> 0): set up cost; Ci(> 0): cor-
rective repair co t per unit time; C2(< C:): preventive
repair cost per unit time; C;(> 0): holding cost per unit
product per unit time; Cq(> 0): shortage cost per unit
product; @ (> 0): order quantity.

Description and formulation of the model:

Consider a single-unit production system which starts
at time ¢ = 0 with the aim of producing an amount Q.
If the machine does not fail until time ¢ = Q/p then
the process is stopped and PM is carried out to return
back the machine to the same initial working condition
before the start of the next production cycle. If, how-
ever, the machine fails before producing Q units then the
corrective repair action is started immediately. During
machine repair, the demand is met first from the accu-
mulated inventory. If there is sufficient stock to meet
the demand during machine repair then the next pro-
duction starts when the on-hand inventory is exhausted.
If shortages occur, they are not delivered after machine
repair and are considered lost. In order to avoid an unre-
alistic decision making, we assume Q <@ < @l, ‘where

Q and Q are lower and upper limits of Q respectively.

The mean time length of a cycle and the expected total

cost for one cycle are given by
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respectively. By the well-known renewal reward theo-
rem, the expected cost per unit time in the steady state
is given by

(p- d)pt2
2d

} 4G, () dFx(t)

E[total cost on (0,t]] S(Q)

lim = .
- ¢ Q)
Then the problem is to find the optimal production lg_t
size Q* which minimizes C(Q), subject to @ < Q" < Q.
Let to = Q/p,to = Q/p and T, = Q/p. Define the nu-
merator of the derivative of C(tg) = S(to)/T(to) w.r.t.
to, divided by 1 — Fx(to) as ¢(to), i.e
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where mi! (> 0) = [°h dGi(L); m3' (> 0) =

j(;)o 12 dGl(lz), and Tx(t) = fx(t)/ (1 - Fx(t)).
Differentiating g(to) with respect ty, we get
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To derive the criteria for the existence and uniqueness of
the optimal production time ¢ we make the following
assumptions:

(A-1) ¢(F) > 0.

(A-2) Gi(') and G2(') [Gl > (5] are both continuous
and increasing functions in the interval [0, (p — d)to /d]
such that 3 (tp) > 0.

"~ (A-3) The opportunity loss per unit demand C,d -and

the long-run average cost C(tg) are such that C,d <
C(to) < Csd+ ¢(t0)/%(to) ¥ to € [to, fo]-

Theorem 1: f uppose that the failure time distribution
Fx(t) is IFR (increasing Failure Rate). Under assump-
tions (A-1)-(A-3), (i) if g(t¢) < 0 and g(f) > O then
there exists a finite and unique optimal production time
th (0 < to < t§ < o < 00) satisfying the non-linear
equation ¢(t3) = 0.

(ii) If g(fo) < 0 then t§ = ?o and if ¢(to) > O then t§ = to.

3. Special case

Suppose that fx(t) = A exp{—-At}, A >0 ;9:1(1) =
1/by, 0 < Iy < bi592(l2) = 1/bg, 0 < Iy < by, where
bi,b2 > 0. Then, after some algebraic manipulations,
the mean time length of one cycle is obtained as
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S1(to)/T1(to) w.r.t. to divided by exp{—Ato} as qi1(to).
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Theorem 2: Suppose that ‘

(A-4) (b7! - bz‘ )/\to +b;! <0 and Ci(to) > Csd.
(A-5)(a) (b7! — by ) Mo+ b3 >0, (b) Cod < Cito)
< Csd+Cipd/ [(p- d) {(b7" b3 )M +03"}]. ~
Under (A-4) or (A-5), (i) if q1(to) < 0 and ¢:1(to) > 0
then the unique optimal production time ¢ exists in the
interval (to, fo) satisfying q1(t§) =
(i) if g1(to) > O then t§ is to.
q1(to) <0 then t} is Zo.
Remark: We have not considered more general failure
distribution e.g. Weibull distribution or Gamma. distri-
bution etc. instead of exponential distribution because
of mathematical intractibility.
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