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1 Introduction   

This paper considers strategic entry decisions in a 

duopolymarketwhentheunderlyingstatevariablefo1－  

lowsadi飢1Sionwithvolatilitythatdependsonthecur－  

rentst．at．evariable．Theextensiontothiscaseis more  

thanmarglnal，Sinceempiricalstudieshavesuggested  

thatthevolatilityisindeednon－COnStantinrealoptions  

practices．Itisshownthat，eVenintheextendedmodel，  

threetypesofequilibriaexistinthecaseofstrategic  

Substitution，9SforthegeometricBrowniancase，When  

therevenuefunctionsarelinear．AIso，thepresenceof  

Strategicinteractionsmaypusha鮎mwithcostadvan－  

tagetoinvestearlier，andthefirmvalueaswellasthe  

OPtimalthresholdfortheinvestmentdecisionincreases  

asthemarketuncertaintyincrea5eS．  

increaslngandcontinuousinx．Astotherelativemag－  

nituderelationbetweentherevenuefunctions，Wea5－  

Sumethat7TlO（x）＞汀00（x）and訂11（x）＞汀01（x）forall  

X≧0．Ontheotherhand，therelativerelationbetween  

7TlO（x）and7Tll（x）（also7Too（x）and汀01（x））dependson  

themarket condition．7TlO＞7Tlliscal1edthecaseof  

Stratqicsubstitution，Ⅳ10＜1rllisthecaseofstrutqgic  

COrTtPlement．Thesunkcost toadopt theinvestment  

OppOrtunityis assumed to be constantand equalto  

L，i∈（1，2），WhereIl＜h・Thatis，firmlhaBan  

advantageforthecostrelativetofirm2．Weca11the  

firmthatinvestsfirsttheleaderandt，heot．herfirmthe  

jbllower．Theupper－CaSelettersLandFareusedto  

Standfortheleader，thefollower，reSpeCtively．Theop－  

timalstopplngtimefor丘rmjisdenotedbyザiffirm  

jisn∈（L，F）．Andwedenotetheoptimalthreshold  

brTヂbyれ；（壱∈（1，2），m∈（L，F））・  

In order to discuss the maximi2；ation problem，We  

firstconsideTthefo1lowingproblem：h（ 

塩（ご）＝欝㌘［e‾rTん（瑚］，  （2）  

WhereTdenotesthesetofadmissiblestrategies．   

Proposition2．1Supposethath（x）isincreasin9and  

COm昭豆几ご≧0ひ肋頃0）＝0・me几肌derr印血両  

CO几加わ乃β，兢eγ血eカ▲れC知和lん（諾）dび乃ed血搾ノまβ  

αgβ0加c柁αβれタαれdcoれ〃e∬れごび鵡l定（0）＝0・7兄e  

UαJぴeカ仇C如れ由αね0れc㌍αβ血夕哀れγ0仏土夏物・  

Wbnotethatthereexistsaoptimalthresholdx＊for  

thestatevariableXtsilChthatT＋＝inf（t≧0：Xt＝  

x＋）ふhereT■denムtestheoptimalstoppingtimefor  

（2）・SinceX，・＝X■，itfo1lowsfrom（2）that  

2 The Model   

Considertwofirmsbothhavingthepossibilitytomake  

anirreversibleinvestmentthatincreasestheirprofits．  

The revenue ofeachfirmis uncertain depending on  

thefutureconditionfortheproduct．Wbdescribethe  

uncertaintybystatevariable（Xt）ontheprobability  

space（0，7，P）andafiltration（苫）t≧0・Itsatisfiesthe  

stochastic differential equation 

＝〃d冊（和之t，±≧0， （1）  

Wher？（z亡）denotesastandardBrownianmotion・It  

isadi凪1SionwithlineardriftpxanddinlSioncoe瓜－  

Cientxq（x）・Let汀NiNj（x）denotetherevenueflowof  

firmiwhenXt＝X，3；≧0，WhereN五＝Oiffirmk  

∈（i，j）hasnotinvested，Nk＝1if丘rmk∈（i，j）  

hasinvested・Itisassunedthat7TNiNj（x）isstrictly  塩（諾）＝・且咋‾汀－］ん椚・  （3）  
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respe申Vely・・the叫1Ction・げ（x）mヮ亭t－Satisfifhe  

SmOdth－p鱒tin色COndition，becauseitisdeterminedby  

optimizingthestopplngtime7f．   

Ontheotherhand，thevaluefunction呼（x）in（5）is  

Cbncavein・Xandsatisfiesthevalue－matChingcondition  

柵）＝‡莞－ ち・  （8）  

Notethatthefunction呼（x）doesnotsatisfythe  

SmOOth－paStingcondition，becauseitisnotoptimized  

inl，termSOfthestopplngtimeげ．   

Sinceitis easlily seen that F；＜F；from some  

caluculation，Figtlreldepictsthevaluefunctionsげ  

and・呼forfirm2insomecaseofstrategicsubstitu－  

tion．Then，therei岳a■preemptionequilibrium．That  

呼，呼  

Hence，Calchlatior”f．th9・Valu？func－ioilltL（霊）isre－  

ducedtoobtainingtheLaplacetransformEエ【e，TT’］of  

theJirstpassa9etimeT’totheoptimalthresholdx■．  

Corollary2・1β叫甲0βe〟氾王統？舟陀Cf励ん（ご）由れ－  

c柁血タα乃dc抑γeヱ亨和ご≧0ひ豆九岬）＝0・  

乃帥，肌deγ門軍むぬ摘y co乃d豆fわ乃β，娩e上叩払ceかⅦ乃β一  

声m㌘【e－rT●］巾九e伽fp？云β聯f豆meT＊ね伽op－  

fまmαJ兢代β九ogdご＊由αね0れcr℃ム云如αmdco肌eエま巧ヱ  

ひ鵡が【e‾汀－】＝0．me血〆αCe摘花ゆm由αJ由れ  

C陀αβれgれγO仏土封加y．   

Itis wellknown that the valuefunction（and the  

Laplace transform）satisfies thefo1lowing（ordinary）  

diffbrentialequation：   

響佗（小〝叱（∬）＝rl定′（ご） （A）  

with boundary conditions．1も（0）主d，tk（x＋）＝  

九（ごり，1鳥（が 

0  
21 L；P；2 F；■F；   

⊥ム  

3 A Duopoly Market 

Supposethatthecurrenttimeist．＝0，thattheleaderj  

ha去alreadyinvested，i・e・寸＜0，andthatthecurrent  

StateVariableisbelowthecriticalvalueF；・Thelast  

assumptioni岳equivalenttosaylngthatthefo1loweri  

willnotinYeSthow・Thevalueoffirmjastheleader  

andthatoffirmiasthefo1loweraregivenby  

Figurel：thevaluefunctionforfirm2insomecase  

is，ifL；∈【P芸iP；2】whereP；1＝inf（x≧0：呼≧  

げ），P；2＝SupL（x≧0：吋≧げ）inFigurel，firm2  

mayhaveanincentivetopreepmtfirml．Hence，firml  

inv占st卓attiile桟where桟＝inf（t≧0：kt去P；J†  

withtakingaccountintofirm2’sstrategy，Whilefirm2  

investsattimeTぎ．   

Ontheotherhands，theredoesnotexitsanypreemp－  

tionequilibriumforthecaseofstrategiccomplement．  

（れ1一耳10）F；  

呼（ご）＝●≡警一－い叫rrげ］  
（5）  

r‾〝   

＋㌘［e‾汀F巨  （6）  

汀01エ  

γ‾〝  

．〈  

げい）  

ヰ （汀11一打01）F；  

r「〃  

4 Equilibria  

Ⅵ屯considerthecaseof占trategic．substitution占nly，l．9．  

qll＜7T10foral1x＞0．Now，from Corollary2．1，it  

isreadilyseenthatthevaluefunctionⅥF（x）in（6）is  

convexinx．AIso，itmustsatisfythevalue－matChing  

conditionandthesmooth－paSt．ingcondition，i・e・  

げ昭）＝禁－ん（げ（咄＝器 （7）  
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