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INTRODUCTION  

ClassicalmathematicalprogrammlngapPrOaChes areusually assumed the system parameters are  
glVenindeterministic・WhensoIvingsuchaproblemunderanuncertainenvironment，thegeneral  

approachbyuslngtheclassicalmathematicalprogrammlngmOdelistoassumetheseparametersare  
wellestimatedbytheircorrespondingexpectedvalue・However，itisfoundthatalargeerrorbound  

mayariseifoneattemptstoadoptthismean－Valueapproach・【1］   

Earlyin1950s，OPerationresearchersrecognizedthatthedemandtotakesomepro－aCtiveapproaches  

toconsiderthestochasticnatureoftheproblemattheverybeginnlngOfmodeling・Oneofwidely  
adoptedapproachesisthestochasticprogramming［2，3］・Oneofthemainstreamsinmodelingthe  

StOChasticproblemistousetheconceptofrecourse・Thedecisionmakerfirstchooseadecision，  

SOmeCOrreCtiveactiopsarethentakenafterarealizationoftherandomevent・Theobjectiveisthus  
tominimizethetotalcostforfirst－Stageandexpectedrecoursecostforsecond－Stage・   

MostmethodologleStOSOIvetherecourseproblemsarebasedonthedecompositionprlnCipleand  
Cuttingplanesalgorithm．ThemostpopularoneisL－ShapemethodbyVan SlkyeandWets【4］・  

However，ithasbeenarguedthatthelinearstochasticprogramisnotabletoconsiderthevariability  
Oftheuncertainty・Thelackofconsiderationofvariabilitywillcreatesomeproblemsfbrdecision  
maker．Thestandardstochasticlinearprogrammlngisbasedontheexpectedrecoursecost・Whenan  

extreme case ofrealizationis glVen，the actualrecourse cost can be very high・In this case，a  

COmpanymayrunintoafinancialproblemifvariabilitywasnotconsidered・  

Arecentappr？aChbyMulveyetal【5］ca11edrobustoptimizationistoincorporatethevariabilityof  
recoursecostlntOtheplannlng・Similartoliteraturesinfinancialoptlmizationandriskmanagement，  

varianceisusua11yusedasthemeasurementofvariability・However，Whenapplyingtotwo－Stage  

StOChasticprogram，theintroductionofthis higher－mOmenttermCreateSCha11engestotraditional  

methodology・TheL－Shapemethodbecomehandicappedasthevariancetermisnotlinearandisnot  
separable by scenarios. 
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Inthispaper，WePrOPOSeaniterativeparametricseparationschemefortherobust－OPtimizationin  

two－StageStOChasticprogram・Theorganizationofthispaperisasthefbllowlng・Section2wi11  
brienydiscusstheしshape，WhichisthecoreconceptforsoIvingtwo－StageStOChasticlinearprogram・  

Robustoptlmizationwillbebrieflydiscussedinsection3・Wewi11alsoattempttoapplytherobust  
OPtimizationtothetwo－StageStOChasticprogram・Inparticular，thecha11engesforsolvingtherobust  

OPtimizationsecond－StagereCOurSefunctionwillbehighlighted・Insection4，Wewi11establishour  

iterativeparametricseparationschemeforsuchrobustoptlmizationrecoursefunction・Insection5，a  

design block diagram for the two－Stage StOChastic programwith robust optimizationwi11be  

PreSented・Someconclusionandrecommendationwi11beprovidedinlastsection・  

TWO－STAGESTOCHASTICLINEARPROGRAM   

Forsimplificationinourdiscussion，WeaSSumethestochasticnatureisdiscreteandmodeledby  

SCenariorepresentation・DefineE2isacollectionsetofallpossiblescenarioss＝1，2，・・・，Ssuchthat  

（ 

∫  

∫lp∫≧0，∑ク∫  
∫il  

畠＝  AgeneralstochasticlinearprograminextensiYeformisasthefollowlng，  

【SLP＿EF】   

肋 cT…圭ク∫ら∫rγ∫）  
∫＝1  

∫．J．  血＝わ  

I㌔γ∫＝力∫－モズ   ∫＝1，2，…，∫  

ズ≧0γ∫≧0  ∫＝1，2，…，∫  

（1）  

Wherex∈Rnlisthefirst－Stagedecisionvector・C∈RnlXlisthecostcoefficients，andAx＝b，  

X≧OaretheconstraintsonxwithA∈RmlXnlandb∈RmlXl・WedenoteX＝←lAx＝b，X≧0）asthe  

feasiblesetfbrfirsトStagedecisionvariables．   

Whileinthesecond－Stage，forscenarios（s＝1，2，．．．，S），y，∈Rn蔓isthedecisionvariableunder  

scenarios，qs∈Rn妄isthecostcoefficientcorrespondingtoscenarios・Wedenotethefeasiblesetas  

℃＝‡y，［町y＝hs－Tix，ys≧0）with町∈Rm蔓×n蔓，h∈Rm呈and7こ∈Rm蔓×nl   

Whenproblemissmall，theextensiveformcanbesoIvedbystandardlinearoptlmizationpackage・  

But，Whenthenumberofscenariosislarge，theprobleminextensivefbrmbecomesalarge－SCale  

problem・Therearenl・¢；・n…・＾・n…）decisionvariables，andtotallyml＋bz；＋m：＋＾．m…）  
COnStraints．   

TheformulationindeedhasaspeCialblockstructure・WecanapplydecompositionprlnCipleand  
embedthesecond－StageCOStaSafunctionofx・Thelinearprogramisthendecomposedintoaseries  
Ofsub－PrOblemsfbrsecondstage（withgivenx），andamasterproblem．  

加co／叩0∫∫Jわ〃βr∫加んα∫庇アrogrd椚∽i〝g  

Amasterproblemoftwo－StageStOChasticprogrammlnglSaSthefo1lowlng  

【MasterProblem］  

漉〃 CTズ＋0（て）  

∫J．  Ar＝占  

ズ≧0  

（2）   
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ThefunctionO←）iscalledrecoursefunction．Instandardversionofstochasticlinearprogramming，  

therecoursefunctionOいistheexpectedvalueofrecoursefbralldifferentactionscorresponding  
todifferentrealizationsofuncertainty・Definesub－PrOblemforscenariosas  

¢∫い＝〟玩ヴ∫Tγ  

（3）  
∫・J・ 町γ＝ゐ∫－㌔ズ  

γ≧O  

and  

O←）＝gk∫捌  （4）  

Ineachsub－PrOblem，thescaleforproblemisreduced・Foraparticulars，thenumberofdecision  

variableisonlynミandnumberof．constraintsisonlym芸・Anotherobviousadvantageisthesub－  

PrOblemscanberuninparallelifparallelcomputlngequlPmentisavailable・   

Based on this decomposition approach，Van Slkye and Wets developed a well－known solution  

SCheme，Ca11ed L－Shape method，for the stochasticlinear programmlng・While utilizing the  

decomposablepropertyofthemodel，theylnCOrPOratedcuttingalgorithmsinthesolutionscheme・  

ThelowerboundofOいisdenotedbyaparameterO・ThevalueofOG）inthemasterproblemis  
thenapproximatedbysequentiallyaddingcuttingplanestotheproblemuntilthefeasibilityand  
optimality are reached・The cuttlngplanes are expressedin termsofO and x with coefficients  

Obtainedfromthesub－PrOblems・   

Ineachiteratioq，eaChsub－PrOblemoflinearoptlmizationisfeasibleifandonlyifthefollowlng  

COnditionissatisfied．  

∬∫（ん∫－㌔ズ）≦0  
（5）  

Where7｛sisthedualmultipliersforthesub－prOblemofscenarios・1ncasethesub－PrOblemis  

infeasible，aCOnStraint（5），Calledfeasiblecut，isthenaddedtothemasterproblem・Therevised  

masterproblemisthensoIvedtogenerateanewvalueofxforeachsub－PrOblem・  

SinceOisthelowerboundfortheOG），thevalueofOcanbefurtherimproveduntilthefollowing  
COnditionissatisfied．  

∂＝∑押∫¢∫－ちズ）  
感  

Otherwise，thefbllowlngOPtlmalcutisthenaddedtothemasterproblem  

∂≧∑押∫¢∫－㌔ズ）  
感  

Themasterproblemisthenre－SOIved・  

（6）  

（7）  

0wingtothepropertyOfseparablebyscenariointhesecondstage・Decisionmakerneedsonlyto  
soIve a series ofsmall－SCalelinear optlmizations・The expectationis then taken after thelinear  

Optlmizations・ThispropertymakestheL－Shapemethodbecomesefficientincomputations・  

ROBUSTFORMULATIONINTWO－STAGESTOCHASTICPROGRAM  
Robustoptimization（RO）can・beconsideredasanintegrationofmulti－OqeCtiveprogrammingand  
stochasticprogrammlng・Inthesecondstage，therecoursefuhctionisconsideringboththeexpected  

valueofrecoursecostsandthevariabilityofthesecosts・   

AgeneralmodelofROintwo－StageStOChasticprogramcanbeformulatedintosimilardecomposed  
formasthefollowlng．  
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【RO＿Master］  

腑乃 CTズ＋6（ズ）  

∫J． ．4ズ＝わ  

ズ≧0  

（8）  

ThebasicideaofrobustoptimizationdoesnotlimitthechoicefortherecoursefunctionO（x）．The  
robust optlmization can be considered as an aggregate o句ective concemlng both“solution  
robustness”and“modelrobustness”．TheterminologleS“SOlutionrobust”and“modelrobust”are  

definedasthefollowlng．   

Defin五tionlSolutionRobustness：Anoptimalsolutionissolutionrobustwithrespecttooptlmalityif  
itremains“close”tooptimalforanyscenarioss∈n・   

DefinitioTL2ModelRobustness：Anoptlmalsolutionismodelrobustwithrespecttooptimalityifit  

remains“almost”feasibleforanyscenarioss∈0．   

Simi1artoliteraturesinfinancialoptimizationandriskmanagement，OneOfcommon－uSedfunctions  

forrecoursefunctionisinmean－Variancesetting・Thesecond－StagereCOurSefunction6いcanbe  
expressedinmeanandvarlanCeOfrecoursecosts・Define，Zisarandomvariableofrecoursecost・  

Weuseg（Eレ1拘r帥fornotationasthefollowing．  

g（g［zl拍r♭わ＝且（z）＋入拍r（z）  
（9）  

The coefficientlin the recoursefunctionis a trade－Offfactor．The higherthe value ofl，the  

decisionmakeremphasesmoreonthevarianceterm（i・e・SOlutionrobustness）thantheexpectedterm  
（i．e．modelrobustness），andviceverse・   

Furtherarrange，WehaveanequlValentfunctioninthetwo－mOmentfbrmulation．  

g（ヰ1伽帥＝押［1g［2も≡鴎卜遁［2ト入¢帥2  
（10）  

Thisrecoursefunctioni（EklEL2bishowever，nOtSeParablebyscenr0・SeCihcally，thenon－  
separableisduetotheexistenceoftheterm（E［zD2．TosoIvethemlnlmlZatlOnOfthisrecourse  
function，We have to soIve alarge－SCale quadratic program．The decision variables under all  

scenarios have to be considered．Al1constraintsin allscenarios have to be considered too，The  

dimension for decision variablewi11become n圭×n言×＾×n亨．And number of constraintsis  

m圭×m書×＾×mぎ．Inthiscase，WeCanSeeWegalnlittletoworkingdecomposetheproblemthan  
WOrkingonitsextensiveformdirectly．   

加rα血ePαrαmefrfc∫甲α柑fわ乃∫cあe〝‡e．  

ToutilizetheefnciencyofL－Shape，i・e・SeparatlnglntOaSeriesofsmall－SCaleproblem，Wehaveto  

lookforaseparationschemesothatthehugenonlinearoptlmizationcanbebrokendown．Inthis  

Sub－SeCtion，WeCOnSiderin the space offirst－Stage decision variable（i．e foragiven x）．Since  

i（EklE♭2bisaconvexfunctionofEHandE［2j．Dehe  

＝1－2通（z）  
（11）  

（12）  

the optlmalsolution set for allyminimlZlng the problemwith objectivefunction  

pWeconstructanauxiliaryproblemwithobjectivefunctionasthefo1lowlng  

Denote rIlaS  

押巨1g♭2ム  
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g〃（舶来2ム＝轟（z）＋入捌  （13）  

Themostprominentfeatureoftheauxiliaryproblemisthatthefbrmulationisnowseparableby  

SCenario・Wecanseparabletheproblemintoaseriesofquadraticprogramsforeachscenario・Denote  
n2（FL）astheoptimalsolutionsetforallyminimizingtheauxiliaryproblemforaparticularp．   

Theoreml：Theoptlmalsolutionsettotheorlglnalproblemnlisasub－SetOfoptimalsolutionset  

totheauxiliaryproblemn2（Al）  

Proof．Assume y’∈nl′but y♯¢n2（△1）．Then there exist a y such that  

g（E（zIE仁2bJ，・≦g（E（zIEG2hf，，buti△1い＞gAl（y）・i・e・   

叫軋＞叫劃  
sinceiAl匝IEMisaconvexfunctionofEHandE♭2」，thefbllowingprop云rtyholds‥  

（14）  

繍加恥△1船蛾・［△1△2］脚上靴  （15）  

CombingA2＝ネ，（14）and（15）．Thishowever，iscontradictingtheassumptionofy＊∈nl  

Theorem2：Anoptimalsolution／totheauxiliaryproblem（i．e．／∈n2（FL））isalsooptimaltothe  

recoursefunctionintwo－mOmentform（i・e・y■∈nl）・Anecessaryconditionis〃’＝1－2逓［］，・・  
Proof‥Allvalue ofrecourse costis parameterized by y（z＝q：y，S＝1，2，3，．．，S）．Whileyis  

parameterizedbyp．Inotherwords，WeCaneXPreSSa11zintermsofFLaSZ（FL）．Theoriginal  

PrOblemisthusconvertedintothefollowlngabstractform・   

讐ズg〃（g【z仙kz（〃））ヱも＝g【z（ル凍〃））2ト入（仙）D2  
（16）  

宮〃（勅岬州］）  
＊． AfirsトOrderconditionforoptlmalFLIS  ＝0．i．e．   

■   
）
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〓
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 （17）  

∂〃  

On the other hand，for y■∈n2（FL），We have the following necessary conditionfrom  

g〃（且【zlg♭2♪＝gi〃（z）＋九州，  

－276－   © 日本オペレーションズ・リサーチ学会. 無断複写・複製・転載を禁ず.



（18）  

∂〃  

ト2ヤ（〝＊当is  

∂〝   

Thusthevector  ．sincetheirsecondelementsarebothequal  proportional to 

tol・Wefurtherhave〃＊＝1－2AE牲  

Combiningthetwotheorems，WeCanSOIvethesecond－StagerObustoptimization（anon－SeParable  
problem）via thewell－COnStruCted auxiliaryproblem・The remaining taskis a one－dimension  
searching for the newlyintroduced parameter FL・The gradient for FL，∇p ＝  

．（入）幽     ∂Jl  ∂種（〃）】  

（1－2遁（z（〝）））   Wecanthensetupagradient－basedsearchingscheme  
∂〃  

MODULARDESIGNFORSOLUTIONSCHEME  
TheFigurelsummariesoursolutionschemearchitecture・  
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Risk attitude ofparameterlis required tolnPut by the decision maker・Cost coefficients，and  

COnStraintcoefficientsarestoredinadatabase・Scenarioclassificationandvaluesofprobabilityfor  
eachscenariomaybeobtainedfromhistoricaldata．Sometimeitmayneedfromexpertiseandbeliefs  

Ofdecisionmakers・TheselnPutSarethenfedintothesystemviaauser－17PutmOduleanddata－  
retrievalmoduleforrobustoptlmizationintwo－StageSetting・   

Adeco′甲OSitionmoduleisrequiredtobreakdowntheproblemintoamaterproblemandasub－  
PrOblem（non－SeParableyet）．AlinearqptimizationmoduleisusedtosoIvethemasterproblemto  

generate afirst－Stage decisionvariable・Aparametricsqparation module then separatesthesub－  
PrOblemasweproposedinthispaper・Eachseparatedsub－PrOblemisaquadraticprogrammlng・A  
quadraticqptimizationmoduleisthencalledforsolvingeachproblem・Iftheproblemisinfeasible，a  

jtasiblecutinsertionmoduleisca11edtoaddtomasterproblem・Thislo¢pingendsuntilthesub－  

PrOblemsareallfeasible・AlinearsearchingmodulewillbeusedtosearchforoptimalparameterFL  
Thesearchingendswhentheconditionintheorem2ismet・Thesolutionthencompareswiththe  
lowerboundinmasterproblem・ThislooplngWillendupwhenoptlmalityisreached，Otherwise，  

qptlmalcutinsertionmodulewi11addcuttomasterproblem・  

CONCLUSIONSANDRECOMMENDATIONS  

Robustoptlmizationisanintegrationofmulti－0叫ectiveprogrammlngandstochasticprogrammlng．  

RobustoptlmizationconsidersnotonlythevaluerecoursecostbutalsothevariabilityofthiscosL  

However，a drawback to the formulationis the second－Stage prOblem cannot by separated by  

SCenario・Traditionaltool，likeL－Shapemethod，becomehandicappedforsoIvingtheproblem・   

Inthispaper，Wedevelopedaseparationschemeforrobustoptimization・Thenon－SeParablepartof  

themodelisembeddinglntOaparameter，thesecond－StageprOblemissoIvedviaawell－COnStruCt  

auxiliary problem，Whichis separable・The efficiency oftradition L－Shapemethod can then be  

appliedafterimplementationoftheseparationscheme・Abasicsolutionschemearchitectureisalso  
PrOpOSedwithmaJOrmOdulesarebeinghighlighted・  
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