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Monte Carlo Analysis of Convertible Bonds with Reset Clauses
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1 Introduction

Convertible bonds or more generally equity-linked se-
curities have greatly evolved in the past decade. Con-
vertible bonds are hybrid securities issued by a firm
where the holder has the right to convert the bond
into the common stocks of the firm according to pre-
specified conditions. An essential feature of ordinary
convertible bonds is that they may be converted at
any time until a pre-specified maturity date into stocks
at a pre-specified ratio, i.e., a fixed conversion ra-
tio. In recent years, however, various convertible bonds
have been issued with additional conversion provisions.
Among others, some Japanese bank convertibles have
a reset clause whereby the conversion ratio is adjusted
upwards, or equivalently, the conversion price adjusted
downwards if the underlying stock price does not ex-
ceed pre-specified trigger prices.

The price of any convertible bonds (Vo) can be ap-
prozimately viewed as a sum of values of an otherwise
identical non-convertible bond (Vsg) plus an embed-
ded option to convert the bond into the underlying
stock (Voo). In general, these two components inter-
act with each other and so prove to difficult to separate.
However, in some situations, the embedded option can
be separated and easily valued. A separable case is,
for example, that the convertible bond is non-callable
and non-convertible until maturity. As a basic frame-
work for pricing, we use the bond plus option valuation
whether or not the underlying stock has credit risk of
the issuer. We principally focus on the price of con-
version option, which is essential in analyzing the price
of convertible bonds under the constant interest-rate
assumption.

2 Exact Analysis of Credit-Riskless
Convertible Bonds

For a class of non-callable convertible bonds with the
reset clause, we first consider a special case such that
the issuer has no credit risk. Under the assumptions
of no dividends on the underlying stock and the flat
term structure of the risk-free interest rate, no conver-
sion occurs prior to maturity. Assume that the capital
market is well-defined and follows the efficient market
hypothesis. Let S; denote the underlying stock price at
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time ¢ and assume a geometric Brownian motion model
dSc = St(rdt-i-oth), (1)

The interest rate r, the volatility o and the maturity
T of the convertible bond are assumed to be positive
constants. The process W = {W;; 0 < t < T} is the
standard Brownian motion process under a probability
measure P which is risk-neutral, i.e., is chosen so that
the stock has mean rate of return r.

Let K (> 0) be the original conversion price, and
let 7 (€ (0, T')) be the reset time. Then, the actual
conversion price of the reset convertible is changed to
aS; if S; < K/a for a pre-specified constant a > 1, or
it remains K otherwise.

Assume that the convertible bond receives a coupon
of amount C (> 0) at time T; (¢ = 1,...,n) where
0<Ty <Ty <--- <T, <T. For the straight bond
value Vsp, we immediately have Vgg = C E?=1 e T4
Be~"T. On the other hand, for the conversion option
price Voo, we have

0<t<LT.

Theorem 1 Let Voo be the conversion option value of
the credit-riskless, non-callable, convertible bond with
the reset clause at time t = 0. Then,

Voo = So (‘I’(dﬁ - ae_r(T_T)‘b(df))‘p(—dcT)
+ /h,(x/aso) (Soe™"@(d (w))e
- Ke™ T a(d; (v) ) $(w)dy, (2)

where ®(-) is the cdf of the standard normal distribu-
tion, i.e., forx € R
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8(z) = / oWy with o) = =¥,
y—(r—%az)T)

1
v = o=e (L2

and the parameters da', df and d:z*:(y) are defined by
In(aSo/K) + (r + 30%)r

’

d§ = ,
o7
df = —lna+ (r+i0?)(T 1)
oV T -1 ’
5 y+1In(So/K) + (r £ $6?)(T ~ 1)
dy(y) = .
ov1I —1

© —242—



290

conversionoption value
[N N
~J (o]
o o

N
o
o

N
w
k=]

« = simulation result

0 1 2 3 4 5
reset time ©

Figure 1: Conversion Option Values of Credit-Risky
Reset Convertible Bonds

3 Simulation Analysis of Credit-Risky
Convertible Bonds

We use Monte Carlo simulation to analyze features
of the credit-risky and non-callable convertible bond
with the reset clause. The first step in Monte Carlo
simulation is to generate sample paths of the process
S = {S;;0<t<T} Let N be the total number of
sample paths and let M be the number of time steps
in the following discrete-time version of (1):

S,’j = S,’,j_l(l +rAt + 0'\/A—t£ij), 3)
forj =1,....,M, i =1,...,N, where At = T/M
and S;; is the simulated stock price at time t; = jAt¢
(7 =0,...,M) in the i-th sample path starting from
Sio = So (i = 1,...,N). The variables {;;} are iid
standard normal random numbers.

As a credit-risk dynamics, assume that defaults may
occur depending on the stock price at that time. More
specifically, assume that the issuer defaults during the
time interval [tj_i,t;) with probability A(S;;-1)At
given that it survives until time t;_; < T, where
A(S:) = 0 is the instantaneous default rate. For
the case that A(-) is independent of S, this assump-
tion clearly implies that the time of default, say D,
is exponentially distributed with parameter A, i.e.,
P{D >t} =e > fort > 0.

To compute the conversion option value, we adopt
the Grant-Vora-Week (GVW) method [1].

Figure 1 respectively illustrates simulation results
for the conversion option value embedded in a risky
convertible bond with the reset clause, where a = 1,
T = 5 and K = 1100. Assume Sy = 1000 and
o = 0.3 for the underlying stock, and » = 0.02 for
the risk-free interest rate. We used the constant de-
fault rate satisfying P{D > T} = e™*T = 0.93, i.e.,
A = —1n(0.93)/5 =~ 0.0145. To compute the locus of
critical prices in the modified GVW method, we used
M = 50 and N = 500,000, together with a standard
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Figure 2: Conversion Probabilities of Credit-Risky Re-
set Convertible Bonds

antithetic variance reduction technique of coupling a
pair of sample paths.

Figure 1 also shows two curves indicating Voo and
P{D > T}Vco for the credit-riskless convertible bond
with the same parameters.

We see from Figure 1 that the simulation results are
located between these two curves, which certainly justi-
fies the theoretical result that the proportional impact
of default risk on the price of an American option is
less than that for a similar European option. As in the
riskless cases, the bond-holder can expect high returns
when the reset time is in the former half of the trading
interval.

Figure 2 illustrates the conversion probabilities of a
risky convertible bond with the reset clause as a func-
tion of the reset time 7, by smoothing simulation re-
sults. Taking account for the risk premium of the stock,
we assumed instead of (1) that the process S is gov-
erned by the stochastic differential equation

dS, = Sy(pdt + 0dW,), 0<t<T, (4)
where p (> r) is the return rate of the underlying stock
and W = {Wi0<t< T} is a P-Brownian motion
for a probability measure P in the real world. From
Figure 2, we see that the conversion probability is a
non-decreasing function of 7, i.e., the later the reset
time, the higher the conversion probability. This im-
mediately means that the best reset time for the issuer
is 7 = T. Combining this fact with the preference of
the holder, we can conclude that there exists in the
latter half of the trading interval an optimal reset time
for both investors and the issuer.
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